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ON SOME CHARACTERIZATION OF
 
DARBOUX RETRACTS
 

RYSZARD JERZY PAWLAK· 

ABSTRACT. In this paper, a characterization of Dar
boux retracts is given. The paper ends with the con
siderations concerning sufficient conditions for Darboux 
retracts of given spaces to Borel sets. 

The obtaining of many interesting results concerning retract
s of topological spaces caused that this notion went through a 
number of generalizations. Among other things, since the six
ties there' have been studied situations where as "retractions" 
discontinuous maps connected with the notion of connected
ness were considered ([1], [2], [5], [7]). In 1980 paper [8] ap
peared in which the authors considered Darboux retracts. This 
paper started with an example of "neither closed nor locally 
connected Darboux retract" . Further considerations led to 
formulating many interesting properties of Darboux retracts 
of metric spaces. This subject is important because it is close
ly related to the problems of extending Darboux maps. The 
relationship between those two questions is reflected by the 
following two theorems. 

Theorem A. Let X, Y be an arbitrary topological spaces and 
let A eX. If A is a Darboux retract of the space X and 
f : A --+ Y is a Darboux function, then f possesses a Darboux 
extension to the space X (i.e. there exists a Darboux function 
f* : X --+ Y such that fiA = f)· 

• Supported by KBN research grant PB 691/2/91. 

197 



198 RYSZARD JERZY PAWLAK 

Theorem B. Let X be an arbitrary topological space. Then 
a subset A C X is a Darboux retract .of the space X if and 
only if each Darboux function f : A --+ A possesses a Darboux 
extension to the space X. 

The problems of extensions of functions connected with the 
notion of connectedness have lately been investigated rather 
intensively by many authors ([4], [9]). 

In this paper we shall give a characterization of Darboux 
retracts. Making use of this characterization, we can show 
the existence of non-Borel Darboux retracts. The paper ends 
with considerations concerning sufficient condition for Darboux 
retracts of given spaces to be Borel sets. 

Throughout the paper, we shall consider T1-spaces only (i.e. 
topological spaces in which everyone-element set is closed). 
The notions of Darboux function, a Darboux retract and a 
Darboux retraction are accepted as in [8] (that is, f is a Dar
boux fU)lction if the image of every connected· set is connected 
and a subspace A of a sp~ce X is said to be a Darboux retract 
of X if there exists a Darboux function - called a retraction 
r : X --+ A such that r(x) = x for each x E A). 

Also in the remaining cases we -use the classical definitions 
and notations (as, for example, those from [3] or [6]). In par
ticular, sets A and B of the space X are called functionally 
separated if there exists a continuous function f : X --+ [0, 1] 
such that f(x) = 0 for x E A and f(x) = 1 for x E B. We 
say that a set A is a set of type F; (which is written down as 
A E F;) if A = U~=l Fn where Fn (n = 1,2, ... ) are closed sets 
functionally separated from each closed set disjoint from Fn • 

We say that a set A is of type G6 (written down as A E G6) if 
X\A E F;. 

If A is a Darboux retract of the space X, then it is easily 
noticed that each component of X can contain at most one 
component of the set A. This last property will be written 
down in short as A @ X. 

If A is a subset of the topological space X, then the nota
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tion c(A) ~ c means that each component of the set A has 
cardinality. not greater than the continuum. Let Xo EX. By 
S(X, xo) we denote the component of X to which Xo belongs. 

At last, for the set A C X and for Xo E A, let us adopt the 
notation: 

EA(xo) is the set of all those a E A for which: 
10 if Xo E C\ C, then a E C for each connected set C C A; 
20 if A n S(X, xo) =1= 0, then a E S(X, xo). 

Lemma. Let r : X ~ A be a Darboux retraction. Then if 
x E C where C is a connected subset of A, then r(x) E C. 

Proof: Suppose to the contrary that r(x) rt. C. Since r is a 
Darboux map, therefore r(C U {x }) is a connected set. On the 
other hand, however, r(C) = C, which, in view of the closed
ness of {x} and our supposition, means the disconnectedness 
of r(C U {x}). The contradiction obtained ends the proof of 
the lemma. 

Theorem 1. Let A =1= 0 be a subset of a space X, such that 
c(A) ~ c and A E G6. Then A is a Darboux retract of the space 
X if and only if A e X and, to any x E A \ A, we may assign 
an element Zz E EA(x) in the way that (CnA)U{z:c : x E C\A} 
is a connected set for any connected set C c A. 

Proof: Necessity. Of course, A E X. Let r : X --+ A be a 
Darboux retraction. For any x E A\ A, let us adopt Zz = r(x). 
Then, in virtue of the Lemma, Zx E EA(x). Let further C be 
any connected subset of A. Then 

(C n A) U {z:c : x E C \ A} = r(C), 

which proves that (CnA)U{zz : x E C\A} is really a connected 
set. 

Sufficiency. Let {At}tET be a family of all components of 
the set A and let, for any t E T, X t be the component of the 
space X, containing At. Besides, let X = X \ UtET X t and let 
us adopt the notation A; = An X t • 
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Fix t E T. Define first the map Tt : X t --+ At. For x E A; let 

X when x EAt,
Tt{X) = 

{ Zx when xE A; \ At. 

If A; = X t , the defining of Tt would be finished. So, let us 
consider the case when A; is a proper subset of X t • 

. Of course X \ A = U~=l Fn, where Fn = Fn (n = 1,2, ... ), 
and, for any n, there exists a continuous function fn : X --+ 

[0,1] such that fn(A) = {OJ and fn(Fn) = {I}. Put I(~ = 
Fn n X t • Since X t \ A; = U~l I{~, therefore, for infinitely 
many n, I{~ ¥= 0 (if {n : I(~ ¥= 0} were finite, X t \ A; would 
be a closed set and, in consequence, X t = A; U (X t \ A;) 
would be a disconnected set ). So, for simplicity of notation, 
assume that, for all n, I{~ =F 0. Put f~ = fnlXc : X t --+ [0, 1] 
(n = 1,2, ... ). Then f~ (n = 1,2, ... ) is a continuous function 
with the property that f~(A;) = {OJ and f~(I{~) = {I}. Let 
us adopt 9t = E~=l 2~f~ : X t --+ [0,1]. Then 9t is a continuous 
function such that 9t(A;) = {O} and 9t(x) > 0 for x fI. A;. 

Consequently, define in Xt \ A; the equivalence relation H 
in the following way: 

x H y if and only if 9t(x) - 9t(Y) E Q 

where Q denotes the set of rational nUITlbers. This relation 
partitions the set X t \ A; 'into disjoint equivalence classes. In 
view of the connectedness of X t , we may infer that the number 
of these classes is continuum. Let Pt be the family of all those 
equivalence classes and let CPt : Pt ~ At. Let then 

Tt(X) = CPt{[x]) for x E X t \ A;, 
where [x] stands for the equivalence class of the relation H to 
which x belongs. Then rt is defined on the entire set Xt. 

Moreover, let ao be any fixed element of the set A. Then, for 
x E X, let us adopt r(x) = ao. Now, define r : X ~ A in the 
following manner: r = r \l rt (where V denote a combination 

teT 
of maps, see [3], p.99). 
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Of course, then r : X --+ A and r(x) = x for any x E A. 
Consequently, in order to finish the proof of this theorem, it 
suffices to demonstrate that r is a Darboux function. 

So, let C be any connected set in X. Then C is contained 
in some component L of the space X. If L n A = 0, then 
r(C) = {ao}. Thus we may assume that there exists to E T 
such that L = X to • Evidently, if C c A to ' then r(C) = C. 
Whereas if C c A;o' then r(C) = (CnAto)U {zz : x E C\Ato }; 
therefore, also in this case, r(C) is a connected set. 

So, suppose that C \ A;o =/; 0. Then there may occur the 
cases: 

10 C C P E Pto. Then r(C) = rto(C) is a one- element 
set. 

20 C cuts at least two equivalence classes belonging to 
Pto (this situation comprises the case when C \ A;o =/; 
o=/; C n A;o ). 

We shall show that 

(1) Vqepco,q n C =I 0. 

Indeed, let q E Pto . Fix Xl E q and let 9t o(Xl) = (3. In view 
of the assumption on C, there exist two distinct real numbers 
01, 02 E 9to (C). Let ~ be a rational number such that (3 + ~ E 
(01, 02). In view of the continuity of 9to and connectedness of 
C, we may infer that there exists c E C such that 9to (c) = (3 +e. 
It is easy to see that cEq, which ends the proof of (1). 

In virtue of (1), we may deduce that r(C) = rto(C) = Ato ' 
which concludes the proof of the theorem. 

By using the above theorem, it is not difficult to construct 
an example of a non-Borel Darboux retract even if we shall 
consider normal connected spaces. On the other hand, there 
exist spaces which possess only Darboux retracts being Borel 
sets, although they need not be closed sets. An example of 
a space with this property can be X = {(X, y) E ]R2 : X = 0 
A -1~y~1}U{(x,y)ElR2:0<x~1 A y=sin~}with 
the topology generated by the natural topology of the plane. 
This fact follows, among other things, from the theorem below 
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which will be preceded by the notation: 
Let A and B be any subsets of X. We shall 
write A E RB if, for any distinct points x, yEA 
of which at least one belongs to B, there exists a 
connected set C C A such that x E C and y rt. C. 

Theorem 2. Let X be a connected topological space which pos
sesses an open and dense set V such that X \ V is a connected 
set. Moreover, let the following conditions be satisfied: 

(i) C n V E Rv for any connected set C eX; 
(ii) C E lRX\V for any connected set C C X \ V; 

(iii)	 if C n V :I 0 # C \ V, then X \ Vee n V for any 
connected set C eX. 

Then each Darboux retract of the space X is a Borel set. If 
we additionally assume that X is perfectly normal ([3], p. 68), 
then each of its Darboux retracts is a set of types Fq and C6 • 

Proof: Suppose that A is a Darboux retract of the space X, 
and r ~. X --+ A is a Darboux retraction. Of course, A is a 
connected set. First, note that 

(2) A n V is a closed subset of the subspace V. 

Indeed, let x be an arbitrary element of the closure of the set 
A n V in the subspace V. Then x E A n V (that is, x belongs 
to the closure of the set A nV in the space X ). Suppose that 
x f/.: A n V. Then r(x) :I x. On the basis of condition (iii), 
we may infer that r(x) E A n V, which, in view of (i) means 
that there exists a connected set C cAn V such that x E C 
and r(x) ft. C. However, this fact contradicts our Lemma. The 
contradiction obtained proves that x E Anv, which completes 
the proof of (2). 

Now, we shall show that 

(3) A \ V is a closed subset of the subspace X \ v. 
This fact is obvious when A \ V = 0. So, we shall further 

assume that A \ V :I 0. Let us consider the cases: 
1° A C X \ V. Let x E A and suppose that x rt. A. Then 
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r(x) =F x, thus, by condition (ii) there exists a connected set 
C C A such that x E C and r(x) rt C, which again leads to a 
contradiction with the Lemma. 

2° A n V =F 0. Note that, in this case 

(4) r(X \ V) c X \ V. 

Indeed, in view of (iii), we have X\ V cAn V. So, suppose 
that inclusion (4) is not true. Consequently, there exists an 
x E X \ V such that r(x) E V. Evidently, r(x) # x. In 
virtue of (i), we may deduce that there exists a connected set 
C cAn V such that x E C and r(x) rt C, which leads to 
a contradiction with the Lemma. The contradiction obtained 
proves (4). 

In view of (4) we may conclude that r(X \ V) = A \ V, 
thus A \ V is a connected set. So, let x be any element of the 
closure of the set A \ V in the subspace X \ V. Then x E A \ V. 
Suppose that x ~ A \ V. Proceeding further similarly as above, 
we come ,.(on the basis of assumption (ii) ) to a contradiction 
with the Lemma. The contradiction obtained ends the proof 
of (3). 

From (2) i (3) one can easily deduce the assertion of the 
theorem. 

PROBLEM. It remains open to characterize those spaces 
which possess Borel Darboux retracts. However, this question 
seems rather difficult, therefore it would be interesting to give 
partial solutions, for instance, sufficient conditions (other than 
those in the above Theorem) for Darboux retracts to be Borel 
sets. In connection with this, let us finally note down a simple 
proposition being a corollary from Theorem 1 and methods 
applied in the proof of Theorem 2. 

PROPOSITION. Let X be a connected T6 -space and let A 
be a set of cardinality continuum, such that A E Rx . Then A 
is Darboux retract of the space X if and only if A is a closed 
set. 
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