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STRATIFIABILITY OF FREE ABELIAN
 
TOPOLOGICAL GROUPS
 

OL'GA V. SIPACHEVA 

ABSTRACT. It is proved that if X is a stratifiable T1 

space then the free Abelian topological group of X is also 
stratifiable. This implies, in particular, that every strati­
fiable space can be embedded into an Abelian stratifiable 
group as a closed subspace. 

The purpose of this work is to gain insight into the relation 
between the properties of a topological group and those of a 
subspace generating this group. More specifically, we will be 
concerned with the question of what properties of a topological 
space are inherited by its free Abelian topological group. This 
problem is closely related to the still more general problem of 
embedding a space with certain topological properties into' a 
topological group having the same or some other properties. 

The free Abelian topological group A(X) of a completely 
regular T1 space X is the free Abelian algebraic group of X with 
the stgrongest group topology such that induces the 
original topology of X. In other words, any continuous map 
of X to an arbitrary Abelian topological group G can be ex­
tended to a continuous homomorphism of A(X) to G. A free 
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Abelian topological group is a convenient and important ob­
ject: every Abelian topological group algebraically generated 
by X or by its continuous image is a continuous homomor­
phic image of A(X). Thanks to this solving many problems 
concerning the properties of topological groups and embedding 
into topological groups may be reduced to consideration of free 
groups. However, free Abelian (and non-Abelian) topological 
groups are never metrizable, except for the trivial discrete case, 
though one can easily embed any metric space (X, p) into a 
metric topological group; to do this, it is sufficient to consider 
the Graev extension of p to the free group of X [1]. 

Here we deal with stratifiability, which is one of the most 
popular generalizations of metrizability. Stratifiable spaces 
were introduced by Ceder [2] as M3-spaces; the term 'strat­
ifiable space' was proposed by Borges [3]. One of the reasons 
why the class of stratifiable spaces is important and useful is its 
invariance under many operations: in particular, this class is 
hereditary, countably productive, and preserved under closed 
mappings. At the same time stratifiable spaces are not too 
unlike metrizable spaces. For example, every stratifiable space 
is paracompact and has a Gs-diagonal (see [4]). 

The principal result of this work is that the free Abelian 
topological group of a stratifiable T1 space is stratifiable. This 
allows any stratifiable T1 space to be embedded into an 
Abelian stratifiable To group as a closed subspace. As far as I 
know, the possibilty of embedding a stratifiable space into an 
arbitrary, not Abelian, stratifiable group as an arbitrary, not 
closed, subspace has been unknown yet. 

I don't know the answer to Arhangel'skii's question [5] if the 
free (non-Abelian) topological group of a stratifiable space is 
stratifiable. Free groups of metric compacta are stratifiable [6], 
but for non-compact metrizable spaces the problem is open. 

Free Abelian topological groups were introduced and first 
investigated by Markov [7, 8]. Algebraically the free Abelian 
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group A(X) of X is the set of words 

9 == C191 + ···+ cn 9n, 

where n is a positive integer or zero (in the latter case word 
9 is empty), Ci == ±1, and 9i E X for i == 1, ... , n. So, every 
nonempty word is the sum of letters, or the elements of the 
alphabet X U -X, where -X is a homeomorphic copy of X 
such that X n -x == 0. To make words distinguishable from 
letters, words are given in boldface. For example, g= C19r + 
· · ·+cn9n represents 9 as the sum of letters Ci9i, while 9 =u+v 
represents this word as the sum of words u and v. The zero of 
A(X), the empty word, is denoted o. 

When we speak about a word we mean that its letters are 
numbered in some fixed way, and by a letter of a word we 
mean not only an element of the alphabet X U - X but also 
its position in the word. For example, if i i= j, the letters Ci9i 

and Cj9j are different in g, even if Ci9i == Cj9j. 

Let C191 + · · · + Cn9n be the reduced form of a word g. The 
number n is the length of 9 denoted 1(g). We use the desig­
nation An(X) for the set of all words in A(X) the length of 
which does not exceed n. 

The symbol N+ stands for the set of all positive integers, 
and N for the set of all nonnegative integers. Letters i, j, k, 1, 
m, n, P, q, r, s, and t are positive integers. The closure of a 
set A is denoted as A, and the integral part of a number a as 
[aJ. 

Let A be a family of subsets of set X and A eX. By the 
star of A about A we mean 

St.A(A) == {U E A : UnA =1= 0}. 

In other works the star of A about A is often defined as the 
union of the elements of StA(A) defined as above. 

Let II and 12 be covers of a set X. The relation II -< 12 
means that /1 is a refinement of 12. The composition of II and 
12 is the cover 
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An open cover, of a space X is said to be normal if there 
exists a sequence {,(n) : n E N+} of open covers such that 
,(I) 0,(1) ~, and ,(n+ 1) o,(n+ 1) ~ ,(n) for any n E N+. 
Clearly, for every normal cover, and for every k there exists 
an open cover " such that 

" 0 • • • 0 " -< I.
"'--v------' 

k times 

In particular, every open cover of a paracompact space has this 
property, since all of them are normal (see [9, Theorem 5.1.12]). 

The following remark is a modification of the well-known 
fact; we include its proof for completeness. 

Remark 1. Let {,n : n E N+} be a sequence of covers such 
that for every n 

In+1 0 · · · 0 ,n+1 -< In· 
, v ~ 

5 times 

Suppose that n, m, i I , ... ,im E N+, i j > n for j ~ m, and for 
every p ~ m there exists not more than one q ~ m, q i= p, for 
which ip = iq • Then 

Proof: This is evident if m = 1. Assume that m > 1 and for 
smaller m the assertion is proved. Let p ~ q ~ m and ip and 
i q be the smallest number(s) among i l , ... ,im • We will suppose 
for definiteness that ip ~ iq • By the induction hypothesis IiI 0 

•. ·o~· -<~.~. 0·· ·o~· -<~. and~· 0·· ·o~· -< "Y ••
/tp-l Itp' /~p+l /~q-l Itp' /tq+l Itm Itp 

Therefore, 

,il 0 • • · 0 lim 

= 'il 0 · . · O,ip_l 0 lip o,ip+l 0 • · • O,iq_l 0 'iqO 

/iq+l 0 • · • 0 lim -< lip 0 lip 0 lip 0 liq 0 lip' 

and the last cover is a refinement of In by the conditions. D 
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For covers II and 12 of a set X 

11 A 12 = {U1 n U2 : U1 ElI, U2 E 12, U1 n U2 # 0}. 

Clearly, II A 12 -< Ii for i = 1, 2. 
All covers and neighborhoods are presupposed to be open 

below. 
For a pseudometric d on X, a nonnegative number c, and 

x EX 
Bd(x,e) == {y EX: d(x,y) < e}. 

A space X is called semi-stratifiable if there is a function 
G which assigns an open set G(n, H) to each n E N+ and a 
closed set HeX such that G(n, H) ~ H and the following 
conditions are met: 

(i) H == nn(n, H); 
(ii) H c!( :::::::> G(n,H) c G(n,!{). 

If also 
(iii) H == nnG(n, H), then X is stratifiable (see [4]). 
A space X is monotonically normal (see [4]) if to each pair 

(H, J<) of disjoint closed subsets of X, one can assign an open 
set D(H, !() such that 

(i) H C D(H, !() C D(H, !() c X \ !{; 
(ii) if H c H' and !{' C !{ then D(H, !() C D(H', ]('). 

We will use the following characterization of monotonically 
normal spaces: 

Proposition 1. (see [4, Theorem 5.19]) A space X is mono­
tonically normal if and only if to each open set V C X and 
x E V, one can assign an open set U(V, x) containing x in 
such a way that for any x, y E X and their neighborhoods V, W 

U(V, x) n U(W, y) =1= 0 implies x E W or y E ~ 

A space X is a u-space if X has a u-discrete network (see [4]). 
In the following reasoning we will need 

Proposition 2. If X is a paracompact u-space then A(X) is 
also au-space. 
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This fact is, probably, known; in any event, Arhangel'skii 
proved in [5] that if X is a paracompact a-space then F(X) is 
a paracompact a-space. His proof is valid for Abelian groups 
almost without changes. 

Proposition 3. Let X be an arbitrary completely regular T I 

space. For every sequence r = {,(n) : n E N+} of open covers 
of X put 

U(f) = U {Xl - YI + X2 - Y2 +···+ Xn - Yn : 
nEN+ 

The family 

{U(r): r = {,(n): n E N+}, ,(n) is a normal cover of x} 

constitutes a base at zero of the topology of the free Abelian 
topological group A(X). 

Proof: The proposition can be proved following the standard 
line of reasoning (see, for example, [11-13]); for shortness we 
reduce the description of the free Abelian group topology to 
one of the earlier descriptions of the free non-Abelian group 
topology. 

Let F(X) be the free topological group of X in the Markov 
sense and 

in : (X U x-I)n --+ F(X) 

be the natural map defined by (X~l, ••• , x~n) t---+ X~l ••• x~n , 
where n E N+, X-I is a disjoint homeomorphic copy of X, 
Xi EX, and Ci = ±1. For each n define map 

in : (X U X- 1 )2n --+ F(X) 

by the rule (z, y) t---+ in ( z)· in(y)-1 for z, y E (X U X-I)n. Let 
Un denote the universal uniformity of (XUX-1)n, i.e., the finest 
uniformity that induces the original topology of (X U X-I)n, 
and R the family of all sequences E = {Un: n E N+} such 
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that Un E Un whenever n E N+. For k E N+ and E E n, 
where E = {Un: n E N+}, put 

Vk(E) = U{i1r(l)(U1r(l») · · · · · i1r(k) (U1r(k») : 1r E Sk}
 

(Sk is the set of all permutations of {I, ... , k}). Finally, put
 

V(E) = U Vk(E).
 
keN+ 

Tkacenko proved [11] that the family 

{V(E) : E E R} 

is a neighborhood base of the unity in F(X). 
Group A(X) is the quotient group of F(X) modulo the com­

mutator subgroup of F(X) [8]. The natural homomorphism h 
of F(X) onto A(X) maps in(Un) to 

el en -5n -51) .
{h (Xl ••• X n Yn · · · Yl ·
 

Xi, Yi E X, ci,8i = ±1, (X~l, ••• , X~n, yf1, ... ,y~n) E Un}
 

{CIXI - 81Yl +... + cnXn - 8n Yn :
 

Xi,Yi E X, ci,bi = ±l, (X~l, ... ,x~n,yfl, ... ,y~n) E Un},
 

and Vk(E) to 

- U{h(j1r(l) (U1r(l»)) +···+ h(j1r(k) (U1r(k»)) : 1r ESk} 

- h(jl(U1 )) + ... + h(jk(Uk)) 
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{ cI,IXI,1 - 81,IYI,1 +CI,2X I,2 - 81,2YI,2 +C2,2 X 2,2 ­

~2,2Y2,2 +···+CI,kXI,k - 81 ,kYI,k +C2,k X 2,k - ~2,kY2,k +···
 
+ck,kXk,k - Sk,kYk,k: Xi,j,Yi,j E X, Ci,j,Si,j = ±1,
 
(Xl .e1,j X2 .E2,j X· .Ej,j YI .61 ,j Y2 .62,j y' .6j ,j) E U·


,3 , ,3 , • • ., 3,3 , ,3 , ,3 , • • ., 3,3 3 

for i,j = 1, ... ,k}. 
Denote the universal uniformity of X U -X as U. Put 

and 

U(E') = U {CIXI - SlYI +C2 X 2 - 82Y2 +.. ·+CnXn - 8n Yn : 

nEN+ 

for E' = {U~ : n E N+} E R'. Evidently, for each E E R there 
exists E' E 1(,' and for every E' E 1(,' there exists E E R such 
that 

U(E') = h(V(E)) = U h(Vn(E)); 
nEN+ 

it is sufficient to identify X-I with -X and consider elements 
of U produced as projections of members of E and, accord­
ingly, elements of Un produced as powers of members of E'. 
Therefore, the family 

{U(E') : E' E R'} 

is a base at zero of the topology of A(X). Obviously, the family 
1(,' may be replaced by 

'R" = { E" = {U: : n E N+, U: E V} }, 
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where V is the universal uniformity of X, not X U -X. The 
family 

{U{V x V: V E,} :, is a normal cover of X} 

generates the universal uniformity V (see [9, Exercise 8.1.C(b)]). 
This completes the proof. D 

Theorem. If X is a stratifiable T l space then the free Abelian 
topological group A(X) of X is stratifiable. 

Proof: Every u-space is semi-stratifiable (see [4, Theorem 5.9]), 
and every semi-stratifiable monotonically normal space is strat­
ifiable (see [4, Theorem 5.16]). Therefore, all that we need is 
to prove that A(X) is monotonically normal and apply Propo­
sition 2. 

Every open neighborhood of an arbitrary word 9 from A(X) 
is representable as 9 +0, where 0 is an open neighborhood of 
zero in A(X). According to Proposition 1, we must assign an 
open neighborhood W (U, g) of zero to each open neighborhood 
U of zero and 9 E A(X) in such a way that for any g, h E A(X) 
and open neighborhoods U, V of zero 

(g + W(U,g)) n (h + W(V, h)) =f. 0 

implies 
9 E h + V or h E 9 + U, 

or, which is the same, 

9 - h E W(V, h) - W(U,g) 

implies 
9 - h E V or 9 - h E -U. 

By Proposition 3 the family 

{U(f): f = {,(n): n E N+}, ,(n) is a normal cover of X}, 

where 

u(r) = U {Xl - Yl + X2 - Y2 + · · ·+ X n - Yn : 
nEN+ 
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constitutes a base at zero of the topology of A(X). It is clear 
that U(f) = -U(f) and 

The space X is stratifiable and therefore paracompact (see 
[4, Theorem 5.7]), hence all its covers are normal. Besides,­
without the loss of generality we may only consider sequences 
f = {,en) :nE N+} of covers such that for all n 
(2) ,en + 1) 0 ,en +1) 0 ,en + 1) -< ,en). 

Put 

9 = {r ~ fr(n) : n E N+}, ,(n) is an open cover of X, 

,(n +1) 0 ,(n +1) 0 ,(n +1) ~ ,(n) for n E N+}. 

According to what has been said above, the family {U(f) : f E 
Q} is a base at zero of the topology of A(X). 

Principal Lemma. There exist maps 

f: A(X) x 9 ~ N 

and 

F : A(X) x Q --+ Q 

such that if 

(i) g,h E A(X)J fg,fh E QJ 
(ii) f(h, f h ) ~ !(g, f g)J and 
(iii) 9 - h E U(F(g, f g)) +U(F(h, fh)) 

then 9 - h E 2U(fh ). 
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Monotone normality of A(X) easily follows from this lemma. 
Indeed: suppose, the Principal Lemma is proved. For every 
open neighborhood U of zero fix f u E 9 such that 2U(fu ) C 
U. Assign W(U,g) == U(F(g,fu)) to each neighborhood U of 
zero and 9 E A(X). Then by the Principal Lemma we have 
that condition 

9 - h E W(U,g) + W(V,h) = U(F(g,fu )) + U(F(h,fv )) 

implies 

9 - h E 2U(fv), if f(h,fv ) ~ f(g,fu),or 
h - 9 E 2U(fu), otherwise. 

As U(r) = -U(f) for any rEg, we eventually have that 

g-h E W(V, h)-W(U,g) implies g-h E V or g-h E -U, 

as required. 

Proof of the Principal Lemma: Since X is stratifiable it has a 
Gs-diagonal (see [4]). As X is paracompact, there is a contin­
uous metric p on X (see [9, Exercise 5.5.7]). In addition there 
is a stratification in the Heath sense on X [14], i.e., a sequence 

M == {M n : n E N+} 

of open covers of X such that for any n 

M n == {Mn(x) : x EX}, 

where M n (x) is an open neighborhood of x and where 

for any point Xo from X and for any its neigh­
borhood UXQ there exists m E N+ such that 
Xo fI. U {Mm(x) : x fI. Uxo }· 

Clearly, this condition is preserved with decreasing open neigh­
borhoods Mn(x) for x E X, therefore, we may, without the loss 
of generality, assume that for every n from N+ and x from X 
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(1 M ) M n+1 0 ... 0 M n+1 -< M n (here we use the paracom­
, v # 

5 times
 
pactness of X);
 

(2M ) Mn+1 (x) C Mn(x);
 
(3 M ) Mn(x) c Bp(x, 1/2n+2

).
 

Construct the map 

f : A(X) x 9 ~ N. 

Let U E A(X) and f u == {,u(n): n E N+} E Q. Ifu == 0 put 
f( u, r u) == o. Suppose that u =I 0, i.e., 1(1.1,) > O. Let 

Ci == ±1, Ui E X, 

be the reduced form of the word u. Put 

du == min{p(ui' Uj) : Ci =I Cj}, 

if Ci '=I Cj for some i and j, and du == 4 otherwise. For every 
i ~ l(u) fix a neighborhood 

of Ui. Choose n~i such that 

Put 

and choose nUi for which 

Put 

nu == max{nUl' • • • , nU,(U) ' [log2(4/du )] + I}; 

clearly, n u is a positive integer. Finally, put 
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Map f is constructed. The objects we defined to do this will 
be used in what follows. We will also need some other related 
objects: for every i ~ l(u) put 

Wu(Ui) == Mnu(Ui) \ U {Mnu(x) : x ~ Vu(Ui)} 

and choose m Ui for which 

Put 

and 

Ou(Ui) == Mmu(Ui) \ U {Mmu(x) : x rf. Wu(Ui)}. 

Construct the map 

F : A(X) x 9 ~ g. 

Let U E A(X), U = CIUl + ... +Cl(u)Ul(u) be the reduced form 
of u, where Ci = ±l, Ui E X, and r u == {/u(n) : n E N} E Q. 
Now we will, by induction, construct the sequence 

{Ou(n) : n E N} 

of open covers of X such that 

F (u, r 1£) == e1£ == {()1.£ ( n) : n E N+}. 

Simultaneously, we will define some auxiliary objects frequent­
ly referred to below. 

Put 01£(0) == (1.£(0) == ~u(O) == {X} and cu(X, 0) = O. 
Let k > O. We assume that for all nonnegative integers 

r < k, covers Ou(r) and some auxiliary objects (locally finite 
covers (u(r), covers eu(r), and numbers cu(O, r) for 0 E (u(r)) 
are defined. Construct Ou(k) and related auxiliary objects. 

First define the auxiliary cover (1£ (k). 
For every x from X fix some neighborhood 

Uu(x, k) E lu(k + 1) 

and choose 
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for which 

x f/.: U {Mmu(x,k)(Y) : Y ~ Uu(x, k)}. 

Put 

Vu(x, k) = Mmu(x,k)(X) \ U {Mm1£(x,k)(Y) : Y f/.: Uu(x, k)} . 

 Clearly, V1£(x, k) C U1£(x, k), hence, the cover {V1£(x, k) : x E 
X} is a refinement of l1£(k + 1). Let (1£(k) be a cover of X 
such that the following conditions hold: 

(1 ') (u(k) is locally finite; 
(2') (u(k) is a refinement of the cover {Vu(x, k) : x E X} 

(and, therefore, of the cover ,u(k + 1)); 
(3') if uf:.O then for any i ~ l(u) 

U StCu(k)(Vu(Ui)) C Uu(Ui) 

(the sets Vu (Ui) and U1£ ( Ui) were defined when constructing 
map f). A cover satisfying these conditions exists because 
space X is paracompact and the number of sets Vu (Ui) is finite. 

Next we will construct one more auxiliary cover ~1£ ( k). 
For each element 0 of cover (1£ (k) fix one of sets Vu ( x, k) 

defined above so that 0 C V1£(x, k), and put 

cu(O, k) = m1£(x, k). 

For every x from X put 

cu(x,k) = max{cu(O,r): 0 E StCu(r)({x}), r ~ k}. 

This number is defined correctly, because all covers (u (r) are 
locally finite. 

Let ~u(k) denote some open cover of X satisfying the con­
dition 

For each i denote the ith prime number as Pi: 

PI = 2, P2 = 3, P3 = 5, ... · 
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For every point x of X fix some its neighborhood 

Wl£(X, k) E el£(k) 

and choose an integer Jll£(X, k) for which 

(V') j.tu(x, k) = p~(x) for some positive integer r(x); 
(2 JL ) /ll£(X, k) ~ cu(x, k) (and, therefore, /lu(x, k) > ffiu ); 

(3 JL ) X rt U {MJLu(x,k)(Y) : Y tt: Wu(x, k)}. 

Put 

011, (x, k) == MJ.tu(x,k)(X) \ U {MJLu(x,k)(Y) : Y ~ Wu(x, k)} 

and 
(}u(k) = {Ou(x,k) : x EX}. 

Conditions (1J.t) and (2J.t) imply that 

(4)
 

where r is the minimal number r( x) defining /11£ (x, k) (see (1 J.t)) 
for all x. 

Put 

and 
F(u, f 11,) = 81£. 

The map F is constructed. 
It remains to show that the maps f and F satisfy the con­

ditions of the lemma. 
Let 9, h E A(X) and 

9 = £191 +···+£/(g)91(g) , 

h = ~lhl + · · · + ~/(h)hl(h),
 

where Ci, ~i = ±l and 9i, hi E X. Let
 

f g {l'g(n) : n E N+} E Q, 

f h {l'h(n) : n E N+} E g. 
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Suppose that
 

(5) 

Let 

- (6) Ui, ui E Ui for some Ui E Og(i), i = 1, ... ,p, 

(7) Vj, vj E Vi for some Vi E Oh(j), j = 1, .. · ,q, 

and let (*) stand for
 

(*)
 
, ,
 

UkiO+l Ukio+l +Ukio+2 - Ukio+2 + ··.
 
Uk; 1 - Uk- 1 +Uk; - Uk­+ "I -

, 
'1- "I 

, 
'1 ,	 ,

+ VljO +1 Vlio+l + Vlio +2 - Vlio +2 +··· , ,
+ ViiI -1 - Vlil-1 + ViiI - ViiI ,	 ,

+ Uki1 +1 Uki1 +1 + Uki1 +2 - Ukil +2 +··· 
+ Uk' - Uk 

, +Uk- - Uk 
, 

'2-1 &2 -1 '2 &2 ,	 ,
+ ViiI +1 ViiI +1 +ViiI +2 - ViiI +2 +··· 

+ Vi)'2-1 - Vi-
, 

1 +Vi)'2 - Vi' 
, 

)2- )2 

+Uki~_I+1 

+Vli~_I+1 

where 
(1 *)	 ko: are different positive integers not exceeding p, 

and 10: are different positive integers not exceeding q, 
and 

(2*)	 every odd letter in the record (*), except for the 
first one, is cancelled with the letter nearest on the left, 
I.e., 
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U~i == Uki+1 for i == io + 1, io + 2, ... , i 1 - 1, i 1 + 1, i 1 + 2, 

... , iv- 1-1, iv- 1 + 1, iv- 1+ 2, ... , iv-1, 

V;j == Ukj+1 for j == jo + l,jo + 2, ... ,j1 - l,j1 + l,j1 +2, 

... ,jv-l- 1,jv-l +1,jv-l +2, ... ,jv- 1, 

u~. = VZ)' +1 for s = 0,1, ... , v-I, and 
's+1 s 

v:
jt 

= Ukit+l for t = 1, 2, ... ,v - 1. 

Condition (2*) implies that (*) == Ukio+l - V~jv; in particular, 
the length of the reduced form of (*) is 2 or O. 

Put for convenience 

I={io +l,io+2, ... ,iv} and J={jo+l,jo+2, ... ,jv}. 

Lemma 1. For any i,j ~ l(h)J i =1= jJ 

-bihi - bjhj # (*). 

Proof: By (4) for all s E I and t E J 

(}g(ks ) -< Mprs and (}h(lt) -< Mprt,
k s It 

where Pks and PZt are the ksth and Itth prime numbers, respec­
tively, and (see (IJL), (2 JL ), (4), and (5)) 

Pk: ~ m g ~ n g ~ nh ~ [log2(4/dh )] + 1 ~ log2(4/dh ), 

PI: ~ mh ~ nh ~ [log2(4/dh )] + 1 ~ log2(4/dh ). 

Conditions (3M ), (4), (6), and (7) imply that for any s E I 

and for any t E J 



288 OL'GA V. SIPACHEVA 

All numbers Pk: are different from each other, because they are 
powers of different prime numbers, and all Pitt are also different 
for the same reason. We therefore have 

L p(Uk., u~J ~ 1/2min{p~:} 
sEI 

and 

The fact that all Pk: are not smaller than log2 (4/dh ) implies 
that 2min{p~:} ~ 4/dh , therefore, 

LP(Uks'U~s) ~ dh /4. 
sEI 

Similarly, 
LP(Vlt,vft) ~ dh /4. 
tEJ 

Hence 

(8) EsE! p(Uk s ' u~s) + EtEJ p(Vl t , vft ) ~ dh /2. 
Assume that -bihi - bjhj = (*). Then, obviously, bi -I bj. 

Suppose for definiteness that bi = -1 and bj = 1, i.e., hi-hj = 
(*). Then hi = Ukio+l and hj = vtv. By the definition of du 

we have dh /2 < p(hi , hj). Condition (2*) immediately implies 
that 

p(hi, hj ) = p(Ukio+ll V;j) ~ L p(Uk. , u~J + L p(Vip vU, 
s~p t~q 

in contradiction with (8). The lemma is proved. 0 

Lemma 2. Let i,j ~ l(g), i :I j, and 

Ci9i + cj9j = (*). 

Then there exist 1 equal to it for some t E J and Ugi9j E 'h(l) 
such that 
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Proof· Clearly, Ci == -Cj; we will presume for definiteness that 
Ci = -Cj = 1, i.e., 9i - 9j = (*). If 9i - 9j == 0 then the 
assertion of the lemma is trivially true. Let 9i - 9j =1= o. Then 
(*) =1= 0 and by condition (2*) 9i = Ukio+l' 9j = vt,,· 

For every s E I, Uk s ' u~s E Uks E Og(ks ), and for every t E J, 
Vl t , vr 

t 
E Vl t E ()h(lt) (see (6) and (7)). By construction, covers 

Og(ks ) have the form 

where 

Og(X, ks ) == MJLg(x,ks)(X) \ U {MJLg(x,ks)(Y) : Y ~ Wg(x, ks )}. 

For every s E I fix X s E X such that 

In a similar way, for every t E J fix Yt E X such that 

Conditions (3 M ), (Itt), (9), and (10) imply that for any s E I 

and for any t E J 

I pT(Yd+1
p(Vlt,vlt)~1/2lt , 

where P~~x,) = J-tg(XS1 ks ) and P;t(Yt} = J-th(Ytl it). By construc­
tion, for all s E I Jlg(x s , ks ) ~ m g ~ ng (see (2 JL )). Applying 
the same reasoning as with Lemma 1 shows that inequalities 
Jlh(Yt, It) ~ ng cannot hold for all t E J, therefore, there exists 
t* E J for which 

Put 
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We have t* E A, because ng ~ m g and J.Lh(Yt., It.) < ng • It 
follows that the set A 'is nonempty. 

Assume that A = {al' .. . ,an} and, if n > 1, ai < ai+l for 
i < n. For every natural i such that 1 ~ i < n (if exists) 
consider the fragment Wi that comprises all letters positioned 
strictly in between -vi and Via' • Suppose that the word 

Qi 1+1 

Wi is nonempty. By (2*) the first letter of Wi is cancelled 
with letter -VIQ' of word (*), the third letter of Wi is cancelled 

1 

with the second letter of Wi, the fifth one is cancelled with the 
fourth, and so on (see (2*)); finally, letter Vl

ai
+ 

1 
of the word (*) 

is cancelled with the last letter of Wi. Thus, 

and the word Wi is representable as the sum of pairs of letters 
having the form Uk s - Uk 

s 
and Vl t - vie, where 

Uks' u~s E Og(xs , ks ) C MJLg(xs,ks)(X s ), 

Vlt, V~t E Oh(Yt, It) C MJLh(Yt,lt)(Yt), 

and the corresponding numbers Ilg(x s , ks ) and Ilh(Yt, It) are 
greater than m g (the former because JLg(x s , ks ) > m g, see (2 JL ), 
and the latter because any a from J such that ai < a < ai+l 
does not belong to A and by the definition of A). Note that for 
different s, numbers Jlg(x s , ks ) are also different, for they are 
powers of different prime numbers Pks (see (1J.L) and (1 *», and 
the same is true for numbers of the form I-lh(Yt, It). Remark 1 
and condition (1 M ) imply that for some Yi E X 

(11) 

By the definition of A 

Since 
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and 

(14) 

(see (10) and (11)), we have 

(15) yi E Wh(Yai' lai) n Wh(Yai+l' lai+1). 

Indeed, for example, let Y; ~ Wh(Yai' lai). Then by (13) 

MJ.Lh(YOi,/oi)(Yi) n Oh(Yai' lO:i) == 0, 

hence by (2M ) and (12) 

Mmg(y;) n Oh(Yai' lai) == 0, 

which contradicts (14). 
If the word Wi is empty then Qi+l == Q'i +1 and 

vi == Vl o Put< •

0i 1+1 

MJLh(YOi,loi)(Yai) \ U {MJ.Lh(YOi,loi)(Y) : Y tt Wh(Yai' lai)} 
C Wh(Yai' lai)' 

and, similarly, 

therefore 
Y; E Wh(Yai' lOti) n Wh(YOti+l , lai+l ). 

Now consider the fragment Wo of (*) comprising letters to 
the left of letter VIOl in (*); clearly, Wo is nonempty. The first 
letter of Wo is 9i = Ukio+l' the third one is cancelled with the 
second, the fifth with the fourth, and so on (see (2*)); letter 
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VIQ1 of the word (*) is cancelled with the last letter of WOe 

Thus, 

Wo = gi - VIQ ! ' 

and the word Wo is representable as the sum of pairs of letters 
having the form Uk s - Uk 

s 
and Vlt - vl

t 
, where 

Uks' u~s E Og(xs , ks) C MJlg(xs,ks)(Xs), 

Vlt , V~t E Oh(Yt, Zt) C MJlh(Yt,lt)(Yt), 

and the corresponding numbers Jlg(x s , ks ) and Jlh(Yt, it) are 
greater than m g _ For different s, numbers Jlg(x s , ks ) are dif­
ferent, and for different t, numbers Jlh(Yt, it) are different, for 
they are powers of different prime numbers. Remark 1 and 
condition (1 M ) imply that for some y~ E X we have 

(16) 

As Jlh(Yal' Za!) ~ m g and by (13) we have Y~ E Wh(Yal' Zal); 
this can be shown similarly to (15). On the other hand, 

9i E Og(9i) = Mmg (9i) \ U {Mmg(x) : x fI. Wg (9i)} 

(sets Og(9i) and Wg (9i) were defined just after constructing 
the map f) implies that 

y~ E Wg(gi). 

It follows that 

(17) 

In a similar way we can find Y~ E Wh(Yan, Zan) n Wg(gj): 
consider the fragment W n of (*) consisting of letters to the 
right of the letter -vf - Assume that W n # o. Then the first 

Qn 

letter of W n is cancelled with the letter -vl of the word (*),
Qn 

the third one with the second, and so on (see (2*)); the last 
letter of W n is -gj = -vt.. _Thus,

Jl/ 
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and the word W n is representable as the sum of pairs of letters 
having the form Uks - u~s and Vl t - V;t' where 

Uks' u~s E Og(xs , ks ) C Mp,g(xs,ks)(Xs ),
 

Vlt, vft E Oh(Yt, Zt) C MJ.Lh(Yt,lt)(Yt),
 

and the corresponding numbers J-Lg(xs , ks ) and J-Lh(Yt, Zt) are 
greater than mg. For different s, numbers J-Lg(x s , ks ) are 
different, and for different t, numbers J-lh(Yt, Zt) are different. 
Remark 1 and condition (1 M ) imply that for some Y: E X 

v;an ,9j E Mmg(Y~)· 

As JLh(YOtn, ZOtn) ~ m g and by (13) we have Y: E Wh(YOtn, IOtn). 
On the oth~r hand, it follows from 

that 

Hence 

If word W n is empty, we have v; = 9J·. Then put
an 

clearly, 

and 

Thus, 

y~ E Wg (9i) n Wh(YOtl' IOtl), 

yi E Wh(YOti' lOti) n Wh(YOti+l' ZOti+l) for i = 1, ... , n - 1, 
and 
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By the definition of Wg(9k) we have Wg(gk) C Mng (9k), there­
fore, Y~ E Mng(gi) and Y~ E Mng(gj). In addition, 

Wh(Yak' lak ) E eh(lak) for k = 1, ... , n. 

As by (1 *) all numbers lak are different, it follows from condi­
tion (3) that 

(18) Wh(Yal,lal) U··· U Wh(Yan,lan) C 0* 

for some 0* E (h (1), where 1= min{lat , ... , Ian}. Clearly, 

(19) 

We remind that t* has been defined by 

/lh(Yt., It·) < ng, 

and t* E A. By (19) we have Yt. E 0*. It follows from condi­
tions It. ~ 1, Ilh (Yt·, It·) ~ Ch (Yt·, It·) (see (2~)), and 

ch(Yt.,lt.) = max{ch(O,t): 0 E St'h(t)({Yt.}),t ~ It·} 

that 
Ch(Yt., It·) ~ Ch( 0*, 1). 

By the definition of Ch(O*, 1) there exists x E X such that 

(20) 0* c Vh(x, 1) = 
-~--~---:----:--~ 

Mmh(x,l) (x) \ U {Mmh(x,l)(Y) : Y ft Uh(x,l)}, 
ch(O*,I) = mh(x, 1). 

We have 

mh(X, 1) ~ Ch(Yt·, It·) ~ J.Lh(Yt·, It.) < ng, 

and by condition (2M ), Mmh(x,l)(gi) :J Mng(gi). Since by the 
definition, Wg (9i) C Mng(gi), 

(21) y~ E Mng(gi) C Mmh(x,l)(gi) 

cf. (17)). Besides, by (17) and (18) y~ E 0* C Vh (x,I), there­
fore, by (20) 9i E Uh(x, I) (otherwise Mmh(x,l) (9i) n Vh(x, 1) = 
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0, in contradiction with (21)). AnalogouslY,9j E Uh (x,I). As 
Uh (x,l) E ,h(l +1) -< ,h(I), the lemma is proved. 0 

Lemma 3. Ifi ~ l(g), j ~ l(h), and 

Ci9i - ~jhj == (*), 

then there exist 1 equal to It for some t ~ q or to l( h) and 
Ugihj E 'h(l) such that 9i, hj E Ugihj • 

Proof: It is clear that Ci == ~j. For definiteness, we will assume 
that Ci == ~j == 1, Le., 9i - hj == (*). If 9i - hj == 0 then the 
assertion of the lemma is trivially true. Let 9i - hj i- o. Then 
(*) =I 0 and by (2*) 9i == Ukio+l' hj == vfj~· 

For every s E I Uk s ' u~s E Uks E ()g(ks ), and for every t E J 
Vlt , v:

t 
E lilt E ()h(It ) (see (6) and (7)). As in Lemma 2, for 

every s E I fix X s E X such that 

Uks' u~s E Og(xs , ks ) C MJ.Lg(xs,ks)(Xs ), 

and for every t E J fix Yt E X such that 

VZ t , V;t E Oh(Yt, It) C MJ.Lh(Yt,ld(Yt). 

As in the proof of Lemma 2, put 

A == {al < a2 < ... < an : ai E J, /lh(Yai' Iai ) ~ m g }. 

Assume that A is nonempty. A mere repetition of what has 
been said in the proof of Lemma 2 allows us to assert that 
there exist 

such that 

and 

yi E Wh(Yo i , [Oi) n W h(Yoi+l' lOi+l) for i == 1, ... , n - 1. 

Consider the fragment W n of (*) comprising letters to the 
right of the letter -vf

Qn 
. Assume that W n is nonempty. Then 

the first letter of W n is cancelled with the letter -VI of the
Qn 
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word (*), the third one with the second, and so on (see (2*)); 
the last letter of W n is -hj == -vr .Thus,

)11 

W n == v~ 
an 

- hj ", 

and the word W n is representable as the sum of pairs of letters 
having the form Uk~ - u~~ and Vl t - v1 

t
, where 

Uks'U~s E Og(xs , ks ) C MJ.Lg(xs,ks)(X s ),
 

Vl t , V~t E Oh(Yt, it) C MJ-Lh(Yt,lt)(Yt),
 

and the corresponding numbers Jlg(x s , ks ) and Jlh(Yt, it) are
 
greater than mg. For different s, numbers Jlg(x s , ks ) are dif­

ferent, and for different t, numbers J-lh(Yt, it) are different, for
 
they are powers of different prime numbers by (1 M) and (1 *).
 
Remark 1 and conditions (1 M ), (2 M ), and (5) imply that for
 
some Y~ E X
 

vf 
an 

, hj E Mmg(Y~) C Mng(Y~) C Mnh (Y~)·
 

By the construction of A, Jlh(Yan, Ian) ~ mg, hence, Mmg(Y~) C
 

MJ-Lh(Yan,lan)(Y~) (see (2M 
). As
 

Oh(Yak' lak) ==
 

we have Y~ E Wh(Yan, Ian); this may be shown as in proving 
(15). On the other hand, 

hj E Wh(h j ) == Mnh(h j ) \ U {Mnh(x) : x fi Vh(hj )} 

implies that 

So, 

If word W n is empty, v1an == hj • Then put 

* I hYn == vlan == j. 
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Clearly, 

and 

Y~ = v;Qn E Oh (Yan' Ian) c Wh(Yan' Ian)· 
Precisely as in Lemma 2 we may get 

Wh(Yal,Ia1 ) U··· U Wh(Yan, Ian) C 0* 

for some 0* E (h(l), where 1= min{lal'···' Ian}, 

for some x E X, and show that 9i E Uh(x, Z). 
As y~ E Wh(Ya 1' l(1) C 0* and 

y~ E Wh(Yan, Zan) n Vh(hj ) C 0* n Vh(hj ) =f 0, 

conditions 0* E (h(I) and (3') imply that 

y~ E Uh(hj ) E fh(Z(h) + 1); 

we also have hj E Uh(h j ). On the other hand, 

9i E Uh(x,I), 

y~ E 0* c Vh(x, 1) C Uh(X, 1), 

and 

Uh(x,l) E fh(l + 1). 

As, by (2), fh(I + 1) 0 fh(Z(h) + 1) is a refinement of 
fh(min{l, l(h)}), this proves the lemma for A =J 0. 

Now assume that A = 0, i.e., for all t E J 

J.lh(Yt, It) > mg. 

For different s, J.lg(x s , ks ) are different, and for different t, 
J.lh(Yt, Zt) are different, because they are powers of different 
prime numbers; besides, all J.lg(x s , ks ) are greater than mg by 
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(2M ). Remark 1 and condition (1 M ) imply that there exists 
y* E X for which 

We have: 

9i E Og(9i) = Mmg (9i) \ U {Mmg(x) : x f/: Wg(9i)}, 

. therefore, 
y* E Wg(9i) c Mng (9i) 

(otherwise Mmg(y*) n Og(9i) = 0). Since ng ~ nh (see (5)) 
and by (2M ), hj E Mnh (y*). As 

hj E Oh(hj ) = Mmh(h j ) \ U {Mmh(x) : x t/.: Wh(h j )},
 

we have
 
y* E Wh(h j ). 

By (2M ) and (5) Mng (9i) C Mnh (9i); hence, 

y* E M nh (9i) n Wh(h j ). 

Assume that 

Then, as 

we have 

M nh (9i) n Wh(h j ) = 0 

at variance with y* E Mnh (9i) n Wh(h j ). Therefore, 

9i, hj E Vh(hj ) C Uh(hj ) E Ih(l(h) +1) -< Ih(l(h)), 

which proves the lemma. D 

Now let us prove the Principal Lemma. Let g, h E A(X) 
and 

9 C191 + . · · + Cl(g)91(g) , 

h h1h1 +···+h1(h)h1(h), 
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where ci,8i = ±1 and 9i, hi E X; if l(g) == 0 (l(h) = 0), we 
consider 9 (respectively, h) to be the empty word. Let 

r g {,g(n) : n E N+} E Q and 

rh == {,h(n): n E N+} E Q. 

Suppose that 

and 

F(g,rg) == 8 g == {Og(n) : n E N+}, 

F(h,fh) == 8 h == {Oh(n) : n E N+}, 

9 - h E U(8g ) +U(8h ). 

The last inclusion means that there exist p and q and words 
u and v such that 

U == - u~ +... +Up - u~ E U(8 g ),UI 

v == VI - V~ +.··+ V q - v~ E U(8h ), 

for all i ~ p, j ~ q 

Ui,U~ E Ui for some Ui E Og(i), 

Vj, vj E Vi for some Vi E (}h(j), 

and 
9 - h == U + v. 

Words u and v may be empty. 
If the word u + v is empty, the assertion is trivial, because 

then 9 - h == u +v == 0, and clearly, 9 - h E U(fh ). Suppose 
that u + v is nonempty. 

Consider the word 
- I / / , 

W == - U 1 +···+ up - up +VI - VI +···+ vq - v qUI 

as a sequence of letters and not as a reduced word from A(X); 
we use the symbol =to denote the equality of sequences of 
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letters rather than the reduced forms of words. Fix some order 
of cancellations in this word to produce the reduced form tv of 
the word W = u+v. Consider a sequence of letters Wi resulting 
from some number of the cancellations in the fixed order. We 
will now define a division of letters of Wi into connected pairs 
and chains connecting letters into pairs by induction on the 
number of cancellations. 

Let the number of cancellations be zero, i.e., w' = w. The 
set of all letters in word Wi - w is naturally divided into pairs 
( Ui, - u~) and (vj, - vj) for i = 1, ... ,p and j = 1, ... , q. We will 
call these pairs connected (in word w' =w). We remind that 
when we speak of a letter of a word we speak of an element of 
alphabet X U-X and its position in the word. For any pair of 
letters x and -y connected in w' =w put Ow' (x, -y) =x - y. 
We will call the word Cw,(x, -y) a chain connecting letters x 
and -y in w'. 

Let k be a nonnegative integer and for the word w" pro­
duced from w by k cancellations, the division of letters into 
connected pairs and connecting chains are defined. Let w' be 
the result of k + 1 cancellations, and let the last cancellation 
involve letters x and -x. If the pair (x, -x) is connected in w" 
then the set of connected pairs in w' comprises all pairs con­
nected in w" except (x, -x), and all chains connecting these 
pairs are already defined. If the letters x and -x are not con­
nected in w" then there exist distinct letters y and -z in the 
word w" for which pairs (y, -x) and (x, -z) are connected. 
Define connected pairs in w' as all connected pairs in w" ex­
cept (y, -x) and (x, -z), and add one connected pair (y, -z). 
Chains connecting all pairs except (y, -z) are the same as in 
the word w", and the chain connecting letters y and -z in Wi 

IS 

(recall that here, we are treating words as unreduced sequences 
of letters). 

The induction construction is completed. 
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Similar definitions of connected pairs of letters and chains 
connecting these letters were earlier introduced by 
M. G. Tkacenko for non-Abelian free groups. 

Remark 2. Note that if two chains connect different pairs of 
letters in w then none of the letters of one chain is a letter of 
the other, and 

w =E CUj(a, -b), 
where the summation is over all pairs (a, -b) connected in tV, 
and tV is the reduced form of w. It is also clear that any chain 
is the sum of binomials Ui - u~ and Vi - V:. Indeed, all chains 
in ware such binomials themselves, and at every induction 
step, chains are produced as the sums of chains at the previous 
induction step. Therefore, every chain in w has the form 

I I I I 
Uki - uki + · · · + Uks - uk s + Vi} - ViI + ·· ·Vl t - vl t • 

It is also evident that for every connected pair (a, - b) in w, 
the reduced forms of words a - band Cw(a, -b) coincide. 

After the realization of all the cancellations fixed in w, we 
obtain the reduced form of the word w = u + v = 9 - h. From 
this point on, we will again treat words as elements of A(X), 
i.e., as their reduced forms. The word u + v is representable 
as the sum of letters ex, where e = ±l and x E X. Clearly, 
the number of letters ex with positive e's in this sum is equal 
to the number of eX with negative c:'s. 

As u + v = 9 - h, there is an one-to-one correspondence 
between letters of u + v and those of 9 - h. Of course, this 
correspondence may be not unique, if the word u + v (and, 
therefore, 9 - h) has several letters such that are identic,al 
as elements of X U -X. Fix some one-to-one correspondence 
between letters of u + v and 9 - h. 

The word 9 - h is produced from the sequence of letters 

as the result of cancellations. Therefore, there is a correspon­
dence between the letters of 9 - h and those letters of (22) 
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that do not appear in the cancellations. This correspondence, 
as well as cancellations themselves, is also not unique; fix some. 

In the following we will always mean these fixed correspon­
dences, e.g., we will say that a letter of u + v is cigi for some 
i ~ 1(g), and so on. 

Number all letters of word u+v with positive c's, i.e., letters 
which belong to X, in the following way. Consider letters of 
u-v as letters of g-h, and reserve the first numbers for letters 
which have the form -8i hi or are connected with letters of this 
form (in u - v). Number the remaining letters arbitrarily. For 
every possible n denote such nth letter as X n and the letter 
connected with X n in u + v as -Yn. Thus all letters of the 
word u + v are divided into pairs of the form (xn, -Yn). By 
Remark 2 for every n 

(as usual, == means the equality of reduced forms), and 

+V - V' + V - V' +. ··+ v - V'II, n 11 ,n 12,n 12,n Iq( n), n 1q( n),n ' 

where k1,n, ... , kp(n),n are different positive integers not exceed­
ing p, and 11,n, ... ,lq(n),n are different positive integers not ex­
ceeding q. Remark 2 also implies that for different n, sets of 
nurrlbers {k1,n, ... , kp(n),n} (and {It,n, ... , lq(n),n}) do not inter­
sect, because all letters in different chains are different. 

It is easy to see that 

where (**) stands for one of the four words: 
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(a) 

u . - u' + U . - u'
k'o(n)+l,n kio(n)+l,n k'0(n)+2,n k io (n)+2,n 

+···+ U . - u' + U . - u'k'l(n)-l,n ki1(n)-1,n k'l(n),n k i1 (n),n 

V . - v' + v . - v'+	 l)0(n)+1,n Ijo (n)+1,n ')0(n)+2,n Ijo (n)+2,n
 

+···+ VI· - v' + VI . - v;
)1(n)-1,n Ij1(n)-1,n )l(n),n )'l(n),n 

Uk· - U' +Uk. - U'+	 'l(n)+l,n k i1 (n)+1,n '1(n)+2,n k i1 (n)+2,n
 

+···+Uk· - U' + Uk· - U'
'2(n)-1,n k i2 (n)-1,n '2(n),n k i2 (n),n 

V . - V' + V . - v'+	 1)1(n)+1,n Ij1(n)+1,n l)1(n)+2,n Ij1(n)+2,n
 

+···+VI· - v' + VI . - V'
)2(n)-1,n I j2 (n)-1,n )2(n),n I j2 (n),n 

I
 
Uk· - U
+	 'IIn-1(n)+1,n _ 1(n)+1,nk illn ,	 ,+···+Uk· - + Uk· - UU'IIn(n)-1,n k illn (n)-l,n 'IIn(n),n kil/n(n),n 

I
 
VI· - Vl
+	 )l/n-1(n)+1,n jlln_1(n)+1,n
 

+···+ VI· - + Vl· - V'
V')lIn(n)-1,n Ijlln(n)-1,n )lIn(n),n Ijlln(n),n' 

where 

(la**) 
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and numbers ka,n and Ifj,n are the same as in (23). In 
particular, all numbers ka,n are different from each other, 
and numbers Ifj,n are also so; 

(b) 

v . - v' + v . .:... v' 
IJo(n)+l,n Ijo(n)+l,n IJo(n)+2,n Ijo(n)+2,n 

+···+VI· - v' +VI . - v'
Jl(n)-l,n lil(n)-l,n Jl(n),n Ij1(n),n 

+ Uk· - u' +Uk· - U'Il(n)+l,n ki1(n)+1,n Il(n)+2,n ki1 (n)+2,n 

+···+ Uk· - U'k + Uk· - U'12(n)-1,n i2(n)-1,n 12(n),n ki2 (n),n 

+ v. - V' +VI . - v'
IJ1(n)+1,n Ijl(n)+l,n Jl(n)+2,n I j1 (n)+2,n 

+ · · · + VI . - + VI . - VI'VI'
J2(n)-1,n i2(n)-1,n J2(n),n i2(n),n 

+ u. - U'
k 'Vn - 1 (n)+l,n kivn_tCn)+l,n 

+ · · · + Uk· - U' +Uk· - U'IVn(n)-l,n kivn(n)-l,n IVn(n),n kivn(n),n ,+ VI. -V
JVn_1(n)+1,n 1ivn_1(n)+1,n , ,
+···+ vljvn(n)-l,n - vljvn(n)-l,n + Vljvn(n),n - v/jvn(n),n' 

where 

(1b**) 

and numbers ka,n and Ifj,n are the same as in (23); 



STRATIFIABILITY OF FREE TOPOLOGICAL GROUPS 305 

(c) 

I I
 
Uk· - U +Uk· - Uk


'o(n)+l,n k io (n)+l,n 'o(n)+2,n io(n)+2,n 

+···+ U . - u' +U . - u' k'l(n)-l,n ki1(n)-l,n k'l(n),n k i1 (n),n 

V, . - V' + V . - V'+	 Jo(n)+l,n 'io(n)+l,n IJo(n)+2,n lio(n)+2,n
 

+···+ V, . - + VI. - V'
V'
Jl(n)-l,n li1(n)-1,n J1(n),n ';"l(n),n 

Uk· - U' +u . - U'+ 'l(n)+l,n k i1 (n)+1,n k'1(n)+2,n k i1 (n)+2,n 

+ · · · + Uk· - U' + Uk· - U''2(n)-1,n k i2 (n)-l,n '2(n),n k i2 (n),n 

+ V . - V' + V . - V' 
IJl(n)+l,n 'i1(n)+1,n ' J1 (n)+2,n li1(n)+2,n 

+···+ VI . - V' +VI· - v'
J2(n)-l,n li2(n)-l,n J2(n),n li2(n),n 

+ Uk· - u' 'IoIn-2(n)+1,n 2(n)+1,nki loln _
 

+... + Uk· - u'

'IIn_1(n)-1,n _ 1(n)-1,nkilln 

+Uk· - U~
'IoIn-1 (n),n 1(n),ni loln ­

VI· - V'
+ JloIn _2(n)+1,n lill _2(n)+1 ,nn 

+... +VI· - V;.
JloIn-1(n)-1,n Jlln _1(n)-l,n 

+VI· - V;
J lin -1 ( n),n j lin -1 ( n),n 

+ Uk· - U'

'IIn-1(n)+l ,n _ 1 (n)+l,n
k illn 

+···+ Uk~"n(n)-l,n - i lin ( n) -1,n.... U~
 

+Uk·'loin ()n ,n
 

where 
(lc**) 

io(n) = io(n) = 0, ivn(n) = p(n), i Vn-l(n) = q(n), 

and numbers ka,n and l/3,n are the same as in (23); 
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(d) 

VI· - v'
Jo(n)+l,n Ijo (n)+l,n 

+···+VI .J1(n)-1,n 

U . - u'+ 

+ v .IJo (n)+2,n 

- v'I j1 (n)-1,n 

+U . 

- v'Ijo (n)+2,n 

+VI· - v'J1(n),n Ij1 (n),n 

- u'
k'l(n)+l,n k i1 (n)+1,n k'1(n)+2,n ki1 (n)+2,n 

+ · · · + .Uk· - U' +Uk· - U''2(n)-1,n k i2 (n)-1,n '2(n),n k i2 (n),n 

V . - v' + v . - V'+ ' J1 (n)+1,n Ij1 (n)+I,n 1.11 (n)+2,n I j1 (n)+2,n 

+···+ vI . - + V,. - V'V'
J2(n)-I,n I j2 (n)-I,n J2(n),n I j2 (n),n 

U . - U'+ k'lIn_2(n)+I,n _ 2(n)+l,nk illn 

+ ... + Uk· - u~
'lIn-1(n)-I,n _ 1(n)-I,ni lln 

+Uk. - U' 
'lin -1 (n ),n k illn -1 (n ),n 

I 
V,. - VI+	 JlIn -2 ( n)+1,n j lin _ 2 ( n)+1 ,n
 

+... +VI· - V'
 
JlIn-1 (n)-I,n Ijlln_1(n)-1,n 

+VZ· - V;.
JlIn _1(n),n JlIn-1 (n),n 

Uk. - U '+ 'lIn-1(n)+1,n k illn _ 1(n)+1,n 

+... +Uk. - U' 
'lin (n)-l,n k illn (n)-I,n 

+u . - U'
k'lIn(n),n k illn (n),n' 

where 
(ld**) 

and numbers ka,n and l{j,n are the same as in (23). 
In every case 
(2**) X n is equal to the first letter of the word (**), -Yn is 

equal to the last letter of (**), and every odd letter 
in (**), except for the first one, is cancelled with the 
letter nearest on the left. 
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In case (b) put 

io(n) == -1, ko,n == kio (n)+l,n == P + n, and 

U == U . == u' == u' == v . .
ko,n k'o(n)+I,n ko,n k io (n)+I,n IJo(n)+I,n 

Then 

Uko,n == u~o,n E Uko,n for some Uko,n E ()g(ko,n) == ()g(p +n), 

Uk·,0(n)+I,n - U'k i o(n)+I,n + (**) ' 

and condition (2**) with Uk· ()+1 - u~. + (**) instead of 
'0 n,n ,0(n)+l,n 

(**) is fulfilled. 
In case (c) put 

jvn(n) == q(n) + 1, lq(n)+l,n == ljvn(n),n == q +n, and 

VI == VI· == Vi == v' == u' .
q( n )+1,n J Vn ( n ),n i q( n)+1,n Ij Vn ( n),n k iVn ( n) ,n 

Then 
V - Vi E U for some 

lq(n)+l,n - lq(n)+l ,n lq(n)+I,n 

c + (x -y) + VI - Vi' ­u V n, n q(n}+l,n q(n)+I,n ­

(**) + Vz - Viq(n)+l ,n lq(n)+l,n' 

and condition (2**) with (**) + vlq(n)+l,n - vfq(n)+l,n instead of 
(**) is fulfilled. 

Analogously, in case (d) put 

io(n) == -1, ko,n == kio (n)+l,n == P + n, 

and 
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Then 

Uko,n == U~o,n E Uko,nfor some 

VI ()+1 = VI' ( ) E UI ()+1 for some q n ,n q n +1,n q n ,n 

and 

= U kio (n)+l,n - u'kio (n)+1,n + (**) +V Iq(n)+1,n - v'lq(n)+l,n' 

and condition (2**) with Uk io (n)+l,n -u~io(n)+l,n+(**) +vlq(n)+l.n ­

vf instead of (**) is fulfilled.q(n)+l,n 

Remark 3. Note that as ko,n = p + nand lq(n)+l,n = q + n, 
every number of the form ko,n (if defined) is not equal to ki,m for 
m 1= nand i ~ 0 or for m = nand i ~ 1, becausep+n #p+m 
for n 1= m, and ki,m ~ p for i ~ 1. Analogously, every number 
of the form lq(n)+l,n (if defined) is not equal to li,m for m # n 
and i ~ q(n) +1 or for m == nand i ~ q(n). Therefore, we may 
assume that for every n X n - Yn is representable in the form 
(**), case (a), with observing (la**) and (2**), kia (n)+J3,n 1= 
kia/(n')+J3',n' and Ija(n)+J3,n 1= Ija /(n' )+J3',n" if either a 1= a', or 
(3 1= (3', or n 1= n', and 

Ukia(n)+,B,n' u~ia(n)+,B,n E Uia (n)+J3,n for some 

Vl ja(n)+I3,n' V;ja(n)+,B,n E l-'ja(n)+J3,n for some 
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We remind that any X n and -Yn are the letters of the word 
9 - h, as u + v == 9 - h, i.e., one of the fouf possibilities is 
realized: 

(i)	 X n is -t5i (n)h i (n) and -Yn is -t5j (n)h j (n) for some i(n),j(n) 
~ l(h); as X n , Yn, hi(n), and hj(n) are the elements of X, 
clearly, -bien) == t5j (n) == 1, and X n == hi(n), Yn == hj(n); 

(ii)	 X n is Ci(n)9i(n) == 9i(n) and -Yn is cj(n)9j(n) == -9j(n) for 
some i(n),j(n) ~ l(g); 

(iii)	 X n is ci(n)9i(n) == 9i(n) and -Yn is -8j (n)h j (n) == -hj(n) 

for some i(n) ~ l(g), j(n) ~ l(h); 
(iv)	 X n is -8j (n)h j (n) == hj(n) and -Yn is ci(n)9i(n) == -9i(n) 

for some j(n) ~ l(h), i(n) ~ 1(g). 

Note that (**), case (a), is the same as (*), and condition­
s (la**) and (2**) are the same as (1 *) and (2*). Hence by 
Remark 3 we can use Lemmas 1-3. 

By Lemma 1, possibility (i) should be ruled out. By Lem­
ma 2, in case (ii) we have 

(24) X n == 9i(n), Yn == 9j(n) E Ui(n)j(n), 

By Lemma 3, in cases (iii) and (iv) we have (24) or 

(25) Yn == 9i(n), X n == hj(n) E Ui(n)j(n), 

Ui(n)j(n) E Ih( l(h)). 

The number of pairs (xn , -Yn) for which possibilities (iii) and (iv) 
may be realized is not greater than l(h), and the method 
of numbering letters X n (the first numbers are reserved for 
letters of the form -t5i hi and for the letters connected with 
them) implies that in cases (iii) and (iv) n ~ l(h). Therefore, 
condition (2) allows us to write Ui(n)j(n) E Ih(n) instead of 
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Ui(n)j(n) E 'h(l(h)). As 9 - h = u +v, all the letters of the re­
duced word 9 - h are divided into pairs of the form (xn , -Yn). 

Therefore, we have represented word 9 - h as 

L xn-Yn+ L Xn-Yn, 
nENl nEN2 

where 

Nl {n: for (xn , -Yn) (24) is realized}, 

N2 {n: for (xn , -Yn) (25) is realized}. 

For every n E N l 

X n , Yn E Ui(n)j(n) E ,h(ljo(n)+I3,n), 

and by Remark 3 numbers Ijo(n)+I3,n are different from each 
other for different n. It was already shown that for every n E 
N 2 

Thus, 

L Xn - Yn E U(fh ) 

nENl 

(see (1)), and 

L X n - Yn E U(rh ). 

nEN 2 

Hence, 

9 - h E 2U(r h). 

The Principal Lemma and, therefore, the theorem is proved. D 

Corollary. Every stratifiable T l space can be embedded into an 
Abelian stratifiable To group as a closed subspace. 

The author is thankful to Professor A. V. Arhangel'skii for 
his interest in this work, to Professor G. Gruenhage for helpful 
comments, and to Dr. E. A. Reznichenko for useful discussions. 
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