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STRATIFIABILITY OF FREE ABELIAN
TOPOLOGICAL GROUPS

OL’GA V. SIPACHEVA

ABSTRACT. It is proved that if X is a stratifiable T3
space then the free Abelian topological group of X is also
stratifiable. This implies, in particular, that every strati-
fiable space can be embedded into an Abelian stratifiable
group as a closed subspace.

The purpose of this work is to gain insight into the relation
between the properties of a topological group and those of a
subspace generating this group. More specifically, we will be
concerned with the question of what properties of a topological
space are inherited by its free Abelian topological group. This
problem is closely related to the still more general problem of
embedding a space with certain topological properties intoa
topological group having the same or some other properties.

The free Abelian topological group A(X) of a completely
regular T; space X is the free Abelian algebraic group of X with
the stgrongest group topology such that induces the
original topology of X. In other words, any continuous map
of X to an arbitrary Abelian topological group G can be ex-
tended to a continuous homomorphism of A(X) to G. A free
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Abelian topological group is a convenient and important ob-
ject: every Abelian topological group algebraically generated
by X or by its continuous image is a continuous homomor-
phic image of A(X). Thanks to this solving many problems
concerning the properties of topological groups and embedding
into topological groups may be reduced to consideration of free
groups. However, free Abelian (and non-Abelian) topological
groups are never metrizable, except for the trivial discrete case,
though one can easily embed any metric space (X, p) into a
metric topological group; to do this, it is sufficient to consider
the Graev extension of p to the free group of X [1].

Here we deal with stratifiability, which is one of the most
popular generalizations of metrizability. Stratifiable spaces
were introduced by Ceder [2] as Mj3-spaces; the term ‘strat-
ifiable space’ was proposed by Borges [3]. One of the reasons
why the class of stratifiable spaces is important and useful is its
invariance under many operations: in particular, this class is
hereditary, countably productive, and preserved under closed
mappings. At the same time stratifiable spaces are not too
unlike metrizable spaces. For example, every stratifiable space
is paracompact and has a Gs-diagonal (see [4]).

The principal result of this work is that the free Abelian
topological group of a stratifiable T} space is stratifiable. This
allows any stratifiable 77 space to be embedded into an
Abelian stratifiable Ty group as a closed subspace. As far as |
know, the possibilty of embedding a stratifiable space into an
arbitrary, not Abelian, stratifiable group as an arbitrary, not
closed, subspace has been unknown yet.

I don’t know the answer to Arhangel’skii’s question [5] if the
free (non-Abelian) topological group of a stratifiable space is
stratifiable. Free groups of metric compacta are stratifiable [6],
but for non-compact metrizable spaces the problem is open.

Free Abelian topological groups were introduced and first
investigated by Markov [7, 8]. Algebraically the free Abelian
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group A(X) of X is the set of words
g=¢€191+ "+ Engn,

where n is a positive integer or zero (in the latter case word
g is empty), ¢; = £1, and ¢; € X fori = 1,...,n. So, every
nonempty word is the sum of letters, or the elements of the
alphabet X U — X, where —X is a homeomorphic copy of X
such that X N —X = @. To make words distinguishable from
letters, words are given in boldface. For example, g = €191 +
-+ ++Engn Tepresents g as the sum of letters €;g;, while g =u+v
represents this word as the sum of words u and v. The zero of
A(X), the empty word, is denoted 0.

When we speak about a word we mean that its letters are
numbered in some fixed way, and by a letter of a word we
mean not only an element of the alphabet X U —X but also
its position in the word. For example, if 1 # j, the letters ¢;g;
and ¢;g; are different in g, even if €;9; = ¢;g;.

Let €191 + - - - + €,gn be the reduced form of a word g. The
number n is the length of g denoted I(g). We use the desig-
nation A,(X) for the set of all words in A(X) the length of
which does not exceed n.

The symbol N*t stands for the set of all positive integers,
and N for the set of all nonnegative integers. Letters ¢, j, k, [,
m, n, p, q, T, S, and t are positive integers. The closure of a
set A is denoted as A, and the integral part of a number a as
[a].

Let A be a family of subsets of set X and A C X. By the
star of A about A we mean

Sta(A)={U e A:UNA#@}.

In other works the star of A about A is often defined as the
union of the elements of St 4(A) defined as above.

Let v, and 72 be covers of a set X. The relation v4; < v,
means that «; is a refinement of v,. The composition of v, and
2 is the cover

H109: = {USt,,(U): U €m}.
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An open cover v of a space X is said to be normal if there
exists a sequence {y(n) : n € N*} of open covers such that
¥(1)ov(1) <y and y(n+1)oy(n+1) < 4(n) for any n € N*.
Clearly, for every normal cover 4 and for every k there exists
an open cover ' such that

Yo 09 <.
———
k times
In particular, every open cover of a paracompact space has this
property, since all of them are normal (see [9, Theorem 5.1.12]).
The following remark is a modification of the well-known
fact; we include its proof for completeness.

Remark 1. Let {7, : n € N*} be a sequence of covers such
that for every n

Tn+1 © 07n+lj < Tn-

5 times

Suppose that n,m,;,... ,t, € N*, i; > n for j < m, and for
every p < m there exists not more than one ¢ < m, ¢ # p, for
which ¢, = ¢;. Then

Yiy © %z © 0 Yip, < Yn-

Proof: This is evident if m = 1. Assume that m > 1 and for
smaller m the assertion is proved. Let p < ¢ < m and 7, and
i, be the smallest number(s) among ¢1,...,2,. We will suppose
for definiteness that 7, < ¢;. By the induction hypothesis +;, o

T 0 =< Yips Vip41 9O Vig1 =< Yips and Yig41 9" % Vim, < Yip-
Therefore,
Yig O O iy,
= Y19 O Yipo1 © Vip O Vippr O O Vi1 O V4,0
Yigr1 ©* " O Yim <X Yip © Vip O Vip © Vig © Vips

and the last cover is a refinement of 4, by the conditions. [J
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For covers 4; and 4 of a set X
";’1/\’}’2 = {UlﬁUg : U1 G’}’l,Uz E72,U10U2 ;é Z}

Clearly, 71 A2 < 7 forz =1,2.

All covers and neighborhoods are presupposed to be open
below.

For a pseudometric d on X, a nonnegative number ¢, and
z€eX

By(z,e) ={y € X : d(z,y) < ¢€}.

A space X is called semi-stratifiable if there is a function
G which assigns an open set G(n, H) to each n € N* and a
closed set H C X such that G(n,H) D H and the following
conditions are met:

(i) H = Na(n, H);

(1) HC K = G(n,H) CG(n,K).
If also

(iii) H = N,G(n, H), then X is stratifiable (see [4]).

A space X is monotonically normal (see [4]) if to each pair
(H, K) of disjoint closed subsets of X, one can assign an open

set D(H, K) such that

(i) HC D(H,K)C D(H,K) C X\ K;
(i) if H ¢ H' and K’ C K then D(H,K) c D(H', K").

We will use the following characterization of monotonically
normal spaces:

Proposition 1. (see [4, Theorem 5.19]) A space X is mono-
tonically normal if and only if to each open set V C X and
z € V, one can assign an open set U(V,z) containing z in
such a way that for any z,y € X and their neighborhoods V,W

UV, 2)NUW,y) # & implies z € W ory e V.

A space X is a o-space if X has a o-discrete network (see [4]).
In the following reasoning we will need

Proposition 2. If X is a paracompact o-space then A(X) is
also a o-space.



276 OL’GA V. SIPACHEVA

This fact is, probably, known; in any event, Arhangel’skii
proved in [5] that if X is a paracompact o-space then F(X) is
a paracompact o-space. His proof is valid for Abelian groups
almost without changes.

Proposition 3. Let X be an arbitrary completely reqular Ty
space. For every sequence I' = {y(n) : n € Nt} of open covers
of X put

U(P): U {zl_y1+x2—‘y2+"°+$n—yn:
neNt

z;,y; € O; for some O; € 4(2)}.

The family
{U(F) :T = {7(n) : n € N}, 4(n) is a normal cover ofX}

constitutes a base at zero of the topology of the free Abelian
topological group A(X).

Proof: The proposition can be proved following the standard
line of reasoning (see, for example, [11-13]); for shortness we
reduce the description of the free Abelian group topology to
one of the earlier descriptions of the free non-Abelian group
topology.

Let F(X) be the free topological group of X in the Markov
sense and

int (XUX™H® o F(X)

be the natural map defined by (z1!,...,z5*) — zi*...zi",
where n € N*, X! is a disjoint homeomorphic copy of X,
z; € X, and ¢; = 1. For each n define map

Jn: (X UXH™ = F(X)

by the rule (z,y) — in(2) i, (y)~! for 2,y € (XUX )", Let
U,, denote the universal uniformity of (XUX~1)", i.e., the finest
uniformity that induces the original topology of (X U X~1)",
and R the family of all sequences E = {U, : n € N*} such
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that U, € U, whenever n € N*. For k € N* and E € R,
where E = {U, : n € N*}, put
Vi(E) = UW{ir)(Un)) - - - - - Gty (Ungey) = 7 € Si}
(Sk is the set of all permutations of {1,...,k}). Finally, put
V(E)= |J Vi(E).
keNt
Tkacenko proved [11] that the family
{V(E): E€eR}

is a neighborhood base of the unity in F(X).

Group A(X) is the quotient group of F(X) modulo the com-

mutator subgroup of F(X) [8]. The natural homomorphism &
of F(X) onto A(X) maps j.(U,) to

h(3n(Un))

{h(a:’i'1 ...:vf]‘y;‘s"...yl_‘sl) :

zi, ¥ € X, €,6; = £1, (251,...,25, 4, ... y8) e U,)
= {az1 =&y + - +enzn — bnyn

i,y € X, €,6; = 1, (25,... 25,90, v5) € U},

and Vi(F) to
h(Vi(E))

= U{hn)(Us)) + -+ + h(Gry(Unity)) : 7 € Si}
= h(71(Uh)) + -~ + h(jx(Uk))
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= {61,1371,1 —b1ay11 + €12%1,2 — 12412 + E22T20 —
022Y22 + - - F €1hTrk — O1 ¥k + E24T2k — S2kY2k + ...
+erkThk — Ok kY © Tiyjs ¥ij € X, €ij,0i5 = *1,
€1,5 .€2,5 . €55 b1, 62,5 IR
(21,7, 22,57, T4 YL Y2,y Y5 ) € U

for i,j:l,...,k}.

Denote the universal uniformity of X U —X as Y. Put
R ={E ={U,:neN*, U, eU}}
and

U(E,) = U {e1z1 — 611 + €222 — baya + - - + EnTn — SnYn ¢

neN+

(e;zi, 6:yi) € Uf}

for E' = {U, : n € Nt} € R'. Evidently, for each E € R there
exists E' € R’ and for every E’' € R’ there exists E € R such
that
U(E") = h(V(E) = U RVa(E));
neN+

it is sufficient to identify X! with —X and consider elements
of U produced as projections of members of F and, accord-
ingly, elements of U, produced as powers of members of E'.
Therefore, the family

{U(E"): E'e R'}

is a base at zero of the topology of A(X). Obviously, the family
R’ may be replaced by

Rf/:{E"Z{Ug:nEN+, U:EV}}’
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where V is the universal uniformity of X, not X U —X. The
family

{U{V XV :V €4} :vis a normal cover of X}

generates the universal uniformity V (see [9, Exercise 8.1.C(b)]).
This completes the proof.

Theorem. If X is a stratifiable Ty space then the free Abelian
topological group A(X) of X is stratifiable.

Proof: Every o-space is semi-stratifiable (see [4, Theorem 5.9]),
and every semi-stratifiable monotonically normal space is strat-
ifiable (see [4, Theorem 5.16]). Therefore, all that we need is
to prove that A(X) is monotonically normal and apply Propo-
sition 2.

Every open neighborhood of an arbitrary word g from A(X)
is representable as g + O, where O is an open neighborhood of
zero in A(X). According to Proposition 1, we must assign an
open neighborhood W (U, g) of zero to each open neighborhood
U of zero and g € A(X) in such a way that for any g, h € A(X)
and open neighborhoods U,V of zero

(g+W(Ug)n(h+W(V,h)) #02

implies

geh+Vorheg+U,
or, which is the same,

g—heW({V,h)-W({,g)

implies

g—heVorg—he-U.

By Proposition 3 the family
{U(I‘) :T = {v(n): n € N*}, y(n) is a normal cover of X},

where

UD)= U{ni—-n+z—y+ - +20—yn:
neNT
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z;,y; € O; for some O; € v(2)},

constitutes a base at zero of the topology of A(X). It is clear
that U(I') = —U(T") and

(1) U(F) = Lg“’{mkl — Yk F Ty — Yk ot Thy — Yk,
ne
Tk, Yk; € Oy, for some Oy, € y(k;) and k; # k; for i # j}.

The space X is stratifiable and therefore paracompact (see
[4, Theorem 5.7]), hence all its covers are normal. Besides,
without the loss of generality we may only consider sequences
I' = {7(n) : n € N*} of covers such that for all n

(2) v(n+1)oy(n+1)oy(n+1) < y(n).
Put
G = {T' = {y(n) : n € N*}, 4(n) is an open cover of X,
y(n+1)ox(n+1)oy(n+1) <4(n) forn € N*}.

According to what has been said above, the family {U(T) : T €
G} is a base at zero of the topology of A(X).

Principal Lemma. There ezist maps
fiAX)xG—N
and
F:AX)xGg—¢g
such that if

(i) g,h € A(X), Ty, Th €6,
(11) f(h7rh) < f(g,rg); and
(iii) g — h € U(F(g,Tg)) + U(F(h,T4))
then g — h € 2U(T'},).
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Monotone normality of A(X) easily follows from this lemma.
Indeed: suppose, the Principal Lemma is proved. For every
open neighborhood U of zero fix Ty € G such that 2U(T'y) C
U. Assign W(U,g) = U(F(g,T'v)) to each neighborhood U of
zero and g € A(X). Then by the Principal Lemma we have
that condition

g—heWUg)+W(V,h)=U(F(g,Tv)) + U(F(h,T'v))
implies

g—he2U(lv), if f(h,I'v) < f(g,Tv),or
h—g € 2U(l'y), otherwise.

As U(T') = —U(T) for any T € G, we eventually have that
g—h e W(V,h)-W(U,g) implies g—h eV org—he -U,
as required.

Proof of the Principal Lemma: Since X is stratifiable it has a
Gs-diagonal (see [4]). As X is paracompact, there is a contin-

uous metric p on X (see [9, Exercise 5.5.7]). In addition there
is a stratification in the Heath sense on X [14], i.e., a sequence

M ={M, :n e Nt}
of open covers of X such that for any n
M, = {M,(z):z € X},

where M, (z) is an open neighborhood of z and where

for any point zg from X and for any its neigh-
borhood U,, there exists m € N* such that

2o ¢ U{Mp(z):2¢ U, }.

Clearly, this condition is preserved with decreasing open neigh-
borhoods M, (z) for ¢ € X, therefore, we may, without the loss
of generality, assume that for every n from N* and z from X
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(M) Mpy10---0 My < M, (here we use the paracom-

-~

5 times

pactness of X);
(2M) Mpia(z) C Ma(2);
(3%) Ma(z) C By(z,1/27*2).

Construct the map
f:AX)xG—N.

Let u € A(X) and Ty = {7u(n) : n € N*} € G. If u = 0 put
f(u,Ty) = 0. Suppose that u # 0, i.e., I(u) > 0. Let

U =& Uy + -0+ E(u) Ui(u), ;= =1, u; € X,
be the reduced form of the word u. Put
dy = min{p(u;,u;) : € # €;},

if ; # ¢; for some ¢ and j, and d, = 4 otherwise. For every
i < l(u) fix a neighborhood

Uu(ui) € vu(l(uw) + 1)

of u;. Choose n;, such that

u; ¢ U{My (2): 2 ¢ Uu(wi)}.

Put

Va(ui) = My, (wi) \ U{My, (2) : z ¢ Un(ui)}
and choose n,, for which

u; ¢ U {M”u; (z) 1z ¢ Valu;)}.

Put
My = MaX{Nuy, - - -y Ruyyy, 1082(4/du)] + 1}

clearly, n, is a positive integer. Finally, put

f(uaru) =Ny
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Map f is constructed. The objects we defined to do this will
be used in what follows. We will also need some other related
objects: for every ¢ < I(u) put

Wa(wi) = My, (wi) \ U{Mz,(z) : 2 ¢ Va(ui)}

and choose m,, for which

u; ¢ U {Mmu,- (z) :z & Wa(w)}-

Put
My = max{m,,,..., Moy Ny}

and

Ou(ui) = My (ui) \ U{Mny(2) : o ¢ Wa(w)}
Construct the map
F:AX)xG—gG.
Let u € A(X), u = &1u; + - - - + €u)i(u) be the reduced form

of u, where¢; = 1, u; € X, and I', = {y.(n) : n € N} € G.
Now we will, by induction, construct the sequence

{0.(n) : n € N}
of open covers of X such that
F(u,Ty) =0, = {0,(n) : n € N*},

Simultaneously, we will define some auxiliary objects frequent-
ly referred to below.

Put 6,(0) = (u(0) = £€.(0) = {X} and c.(X,0) = 0.

Let ¥ > 0. We assume that for all nonnegative integers
r < k, covers 0,(r) and some auxiliary objects (locally finite
covers (4(r), covers €,(r), and numbers ¢, (O, r) for O € (u(r))
are defined. Construct 8, (k) and related auxiliary objects.

First define the auxiliary cover (, (k).

For every z from X fix some neighborhood

Uu($7k) € 7u(k + 1)

and choose
my(z, k) > m,
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for which

z ¢ U {Mmu(x,k)(y) ‘Y ¢ Uu(xak)}
Put
Vu(x>k) = Mmu(l‘,k)(x) \ U {Mmu(x,k)(y) ‘Y ¢ U‘u(xv k)}

Clearly, Vi (z,k) C Uy,(z, k), hence, the cover {V,(z,k) : z €
X} is a refinement of v,(k + 1). Let (,(k) be a cover of X
such that the following conditions hold:

(1¢) ¢u(k) is locally finite;

(2%) Cu(k) is a refinement of the cover {V,(z,k):r € X}
(and, therefore, of the cover v, (k + 1));

(3¢) if u # O then for any ¢ < I(u)

U Sty (k) (Va(ui)) C Un(w;)

(the sets V,(u;) and U,(u;) were defined when constructing
map f). A cover satisfying these conditions exists because
space X is paracompact and the number of sets V;,(u;) is finite.

Next we will construct one more auxiliary cover &,(k).

For each element O of cover (,(k) fix one of sets V,(z,k)
defined above so that O C V,(z, %), and put

cu(0, k) = my(z, k).

For every z from X put

cu(z, k) = max{cu(O r): O € Steyn({z}), }

This number is defined correctly, because all covers (,(r) are
locally finite.

Let £.(k) denote some open cover of X satisfying the con-
dition

(3) Lulk) 0 &ulk) 0 Lulk) < Cul(R) Abu(k —1) AGu(k —1).

For each i denote the zth prime number as p;:

pl=27 p2=37 P3=5,
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For every point z of X fix some its neighborhood

Wau(z, k) € £u(k)

and choose an integer p,(z,k) for which

(1#) pul(z, k) = ( ) for some positive integer r(z);
(2*) pu(z, k) } (a: k) (and, therefore, pq(z, k) > m,);
3*) ¢ U{Muuei)(y) : y € Wau(z, k)}.

Put
Ou(x’ k) = Muu(x,k)(x) \ U {Muu(r,k)(y) ‘Y ¢ Wu(x’ k)}

and

0u(k) = {Ou(z,k) : 2 € X}.
Conditions (1#) and (2#) imply that

(4) Ou(k) < My < Moy,

where r is the minimal number r(z) defining p,(z, k) (see (1#))
for all z.
Put
0, = {f.(n) : n € Nt}
and

F(u,I'y) = 0,.
The map F is constructed.
It remains to show that the maps f and F' satisfy the con-
ditions of the lemma.
Let g,h € A(X) and
g = agqt- -+ Eyg)9ig),
h = &k +- 4+ b,

where €;,6; = £1 and g¢;, h; € X. Let

Iy = {7(n):neN}eg,
I'n = {m@):neNt}eg.
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Suppose that
(5) f(g,Tqg) = ng 2 np = f(h,Tr).

Let

-(6) ui, u; € U; for some U; € 0,(¢), i=1,...,p,

(7 v;,v; € V; for some V; € O4(5), j=1,...

and let (%) stand for

(*)

Uk — u;c‘_oﬂ + Uk 4 — u;ﬁo” +...
T+ Uk T u;cgl_, T Uk, — u;c,'l
T Vg — v{jo“ + Vs — v;jon LR
+ vy, = o, — g
Uk = Uk T Uk Uk, T
T Uk, — U;C,-z_l T Uk, — u;c.'z
+ oy, — ”;,-IH + o, 4, — vfn“ +...

! !
+ vlj2_1 - vljz-l + vlj2 o vljz

7q7

!
iy —1 + ukiu - ukip

’ ’
+ukiu__1+1 - uk;y_1+1 + e + ukiy—l - uk,
! 2 7
+vljy—1+1 I PR R Y P Vi, 1 + vy, Vi,
where

(1*) k, are different positive integers not exceeding p,
and [, are different positive integers not exceeding ¢,

and

(2*) every odd letter in the record (*), except for the
first one, is cancelled with the letter nearest on the left,

i.e.,
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for i:i0+1,i0+2,...,i1—1,i1+1,i1+2,
b1 =Liu 10 + 2,01,
v;,' = Uk;ys for j:j0+1)j0+2 ajl_]- jl+1’jl+2
Hij—l 17}1/ 1+1]u 1+2 _1
for s=0,1,...,v—1, and

!
Up, = Ukiyy

1
Ukiyyr = Vlisn

!
Uy, = Uk, for t=1,2,...,v -1

Condition (2%) implies that (%) = ug, ,, — v| ; in particular,
the length of the reduced form of (*) is 2 or 0.
Put for convenience

I={io+1,i0+2,...,4,} and J={o+1,50+2...,5}
Lemma 1. For any i,j < I(h), ¢ # 7,
—8;hi — &5k # (%).
Proof: By (4) foralls€ I and t € J
04(ks) < My and On(l) < Mp;:,

where pi, and p;, are the k,th and /;th prime numbers, respec-
tively, and (see (1#), (2#), (4), and (5))

Pﬁ 2 g = Ng 2 Np 2 (logy(4/dn)] + 1 > logy(4/dn),
Pl = ma 2> np 2> [logy(4/dn)] + 1 2= logy(4/dr)-

Conditions (3™), (4), (6), and (7) imply that for any s € I
pluk,,uf,) < 1/2%:%,
and for any t € J

plvi,,v,) <1/2%%,
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All numbers py, are different from each other, because they are
powers of different prime numbers, and all p; are also different
for the same reason. We therefore have

> puk,,up,) < 1/272 k)
sel

and -
5 oo0]) < 1275650,
teJ
The fact that all p}’ are not smaller than log,(4/d) implies
that 2@n{Pks} > 4/dp, therefore,

> p(uk,, u,) < dnfd.

sel
Similarly,
> (v, v) < daf4
teJ
Hence
(8) 2osel puk,, U;c,) + e p(vr,, UII,) < dp/2.

Assume that —6;h; — §;h; = (*). Then, obviously, é; # §;.
Suppose for definiteness that é; = —1 and §; = 1,1.e.,, by —h; =
(*). Then h; = w, ,, and h; = v . By the definition of d,
we have di/2 < p(hi, h;). Condition (2*) immediately implies
that

p(hi, h;) = p(ukio+1 ) vllj,,) < E p(uk,, u’;c,) + E p(ur,, vllt)7

s<p t<q
in contradiction with (8). The lemma is proved. [

Lemma 2. Let :,5 < (g),: # j, and
&igi +€;9; = (*).

Then there ezist I equal to l; for some t € J and Uy, € 1a(l)
such that

9i,9; € Ugegj .
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Proof: Clearly, €; = —¢;; we will presume for definiteness that
e = —¢€j =1,1e, gg—g; = (*). If gi—g; = 0 then the
assertion of the lemma is trivially true. Let ¢; — g; # 0. Then
(*) # 0 and by condition (2*) g; = ux,,,, g; = V[, -

For every s € I, ug,,u}, € Uk, € Og(k,), and for every t € J,
v, ), € Vi, € On(l;) (see (6) and (7)). By construction, covers
04(ks) have the form

{Og(z,ks) : z € X},
where
Og(a:, kS) = Mug(x,ka)(x) \ U {Mﬂg(l',ks)(y) ‘Y ¢ Wg(a:, kS)}'
For every s € I fix z, € X such that

9) Uk, Uk, € Og(Ts, k) C Myug(z, k) (s)-

In a similar way, for every t € J fix y; € X such that

(10) v, 01, € On(Ye,lt) C My (yo1) (y2)-

Conditions (3™), (1#), (9), and (10) imply that for any s € [

r(zs)
P(uks,uks) < 1/217," +17

and for any t € J

r(ye)
p(vr,,vp) < 1720+

where pp°) = py(z,,k,) and pj* = pp(y:,1). By construc-

tion, for all s € I py(zs, ks) = my 2 ny (see (2#)). Applying
the same reasoning as with Lemma 1 shows that inequalities
pr(ye, I:) = ng cannot hold for all ¢ € J, therefore, there exists
t* € J for which
/u'h(yt‘, lt‘) < ng.
Put

A= {a €J: .uh(yonla) < mg}-
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We have t* € A, because ng < my and pa(ye, i) < ng. It
follows that the set A is nonempty.

Assume that A = {a1,...,a,} and, if n > 1, a; < a;44 for
¢ < n. For every natural 7 such that 1 < ¢ < n (if exists)
consider the fragment w; that comprises all letters positioned
strictly in between -—v{a._ and vy, . Suppose that the word
w; is nonempty. By (2*) the first letter of w; is cancelled
with letter —v]_ of word (x), the third letter of w; is cancelled
with the second letter of w;, the fifth one is cancelled with the
fourth, and so on (see (27)); finally, letter v;,  of the word (%)
is cancelled with the last letter of w;. Thus,

w; = vl,o," - vl"i-f-l 3
and the word w; is representable as the sum of pairs of letters
having the form u, — u}, and v, — v], where

Uk, U;CS € Og(.’ts, k) C Mug(xs,ks)('%))
'Ulnv;t € Oh(yt, lt) C Mll»h(yt,'t)(yt)’

and the corresponding numbers pg4(zs,ks) and pa(ye,l;) are
greater than my (the former because pg(zs, ks) > mg, see (2¢),
and the latter because any a from J such that o; < o < a;41
does not belong to A and by the definition of A). Note that for
different s, numbers pg4(z;, k,) are also different, for they are
powers of different prime numbers p;, (see (1#) and (1*)), and
the same is true for numbers of the form un(y:, ;). Remark 1
and condition (1™) imply that for some y¥ € X

(11) Vlgys Vlayy € Mumg (47)-
By the definition of A

(12) /'l'h(ya," lax') g mg7 /‘Lh(ya;+1)la.'+1) g mg~

Since

(13) Oh(yak’lak) =
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Ml‘h(yakylak)(yak)\ U {Mﬂ-h(yakylak)(y) 1Y & Wa(Yoyr loy )}

and

(14) v;c.'. € On(Yairlo;) N Mmg(y;‘k),

vla'-+1 E Oh(yO!H.]’ lO(;.}.l) n Mmg (y:)
(see (10) and (11)), we have

(15) ¥l € Walas loe) N Wh(Yaigrs laigs)-

Indeed, for example, let y; ¢ W, (ya,,ls;)- Then by (13)
My, (vai o) (¥7) N On(Yar la;) = @,

hence by (2) and (12)

Mmg(y:) N Oh(yanla.’) =9,

which contradicts (14).
If the word w; is empty then ;4 = o; + 1 and
Ul,, = Vl,,,  Put

* ! —
Yi = Vg, = Uiy, -

Then y* = v{ai € On(Yoir lay) =

Muh(ya,-,la,»)(ya;)'\ u {M#h(yai ,la,-)(y) (Y ¢ Wa(Yous loi)}
C Wh(Yois o)

and, similarly,

y:‘ = vla,»“ € Wh(yai+1alai+1);

therefore
y: € Wh(yan lae) n Wh(yaeu’ lai+1)'

Now consider the fragment wg of (%) comprising letters to
the left of letter v;, in (); clearly, wo is nonempty. The first
letter of wo is g; = u, ,,, the third one is cancelled with the
second, the fifth with the fourth, and so on (see (2*)); letter
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v, of the word (x) is cancelled with the last letter of wo.
Thus,

Wy = ¢g; — vlal ’
and the word wy is representable as the sum of pairs of letters
having the form u;, — v}, and v, — vj,, where
uks’u;c, e Og(l's, ks) C Mﬂg(znks)(z-’)’

) v?, € Oh(yh lt) - Muh(y:,lt)(yt)v
and the corresponding numbers ug(zs,ks) and pn(y:, ;) are
greater than m,. For different s, numbers pg(z;, k,) are dif-
ferent, and for different ¢, numbers pn(yt, ;) are different, for

they are powers of different prime numbers. Remark 1 and
condition (1M) imply that for some y§ € X we have

(16) Gis Vlay € Mg (y5)-

As (Yo, lay) < mg and by (13) we have y5 € Wi (Yay) oy );
this can be shown similarly to (15). On the other hand,

9i € 04(9i) = Mg(9:) \ U{Mng(z): = ¢ Wy(gi)}

(sets Ogy(g;) and Wy(g:) were defined just after constructing
the map f) implies that

Yo € We(g:)-
It follows that

(17) yS € Wg(gi) n Wh(yaulm)'

In a similar way we can find y; € Wr(Ya,,la,.) N Wy(g;):
consider the fragment w, of (*) consisting of letters to the
right of the letter —v; . Assume that w, 7é 0. Then the first
letter of w,, is cancelled with the letter —v;_ of the word (*),
the third one with the second, and so on (see (2%)); the last
letter of w, 1s —g; = _”rj,, Thus,

’
w, = vlan — 9;>
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and the word w,, is representable as the sum of pairs of letters
having the form u;, — u}, and v, — vj,, where

Uk, u;c, € OQ(xsa ks) C Mug(-‘cs,ks)(‘%)’
vlnv;, € Oh(ytvlt) - Muh(yt,lt)(yt),

and the corresponding numbers pg(z,,ks) and pn(y:,l;) are
greater than my,. For different s, numbers p,(z,,k,) are
different, and for different ¢, numbers up(y:,l;) are different.
Remark 1 and condition (1™) imply that for some y: € X

U, > 95 € Mmg(yr)-

As pp(Yonsla,) € my and by (13) we have y € Wir(yan, lan)-
On the other hand, it follows from

g; € 09(91') = Mmg(gj) \u {Mmg(x) rz ¢ Wg(gj)}
that

Yy, € Wg(gj)'
Hence
Yn € We(95) N Wa(Yan, las,)-

If word w,, is empty, we have v{an = g;. Then put

*

Yn = VI, = G5
clearly,
Yn = 95 € Wy(y;),
and
Yn = vlla,, € On(Yans lan) € Wa(Yans lan)-
Thus,
Z/S € Wa(gi) n Wh(ycxl? lal),
Y: € Wh(¥ais lag) N Wh(Woigy losyy) fori=1,...,n — 1,

and
Yn € Wh(Yans lan) N We(g;).
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By the definition of Wy(gi) we have Wy(gx) C M, (gk), there-

fore, y5 € My (g:) and y;, € My ,(g;). In addition,
Wh(Yapslay) € En(le,) fork=1,... n.

As by (1*) all numbers I,, are different, it follows from condi-

tion (3) that

(18) Wh(Yarslay) U+ U Wi (Yo, lan) C O

for some O* € (x(1), where | = min{l,,,...,l,}. Clearly,

(19) Yars++ s Yap € o~.
We remind that ¢* has been defined by

ﬂ‘h(yt‘)lt‘) < Ng,
and t* € A. By (19) we have y;» € O*. It follows from condi-
tions lye 2 1, un(yee, lee) 2 cn(yes, i) (see (2#)), and
ch(yee, i) = max{ca(0,t) : O € St¢, ()({yee}),t < le}

that
ch(yt*v lt‘) > ch(O*a l)
By the definition of ¢, (O*,!) there exists z € X such that

(20) O* C Vi(z,]) =

Mmh(x,l)(x) \ U {Mmh(x,l)(y) iy & Un(z,)},
cn(0*,1) = mp(z,1).

We have
mp(z,1) < cn(yee, lee) < prye, lir) < ng,

and by condition (2M), Mmh(x,z)(g,-) D M,,(g:). Since by the
definition, Wy(g:) C My, (g:),

(21) 3/5 € Mng (gt) C Mmh(z,l)(gi)

cf. (17)). Besides, by (17) and (18) y5 € O* C Vi(z,!), there-
fore, by (20) g; € Up(z,!) (otherwise M, z(g:) N Va(z,1) =
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@, in contradiction with (21)). Analogously, g; € Un(z,[). As
Un(z,1) € (I + 1) < v (0), the lemma is proved. O

Lemma 3. Ifi < (g), j <I(h), and
€igi — 6;h; = (%),

then there exist | equal to l; for some t < ¢ or to l(h) and
Ugn; € (1) such that g;, h; € Uy, .

Proof: 1t is clear that ¢; = §;. For definiteness, we will assume
that ¢; = 6; = 1, i.e,, g; — h; = (*). If g — h; = O then the
assertion of the lemma is trivially true. Let g; — h; # 0. Then
(*) # 0 and by (2*) Gi = Uk 435 hj = v;ﬁ,'

For every s € I w,,u, € U, € 0,4(ks), and for every t € J
vy, vy, € Vi, € Op(l) (see (6) and (7)). As in Lemma 2, for
every s € I fix x; € X such that

uks’u;c, E Og(xs, ks) C M}lg(m.s,ks)(xs)?
and for every t € J fix y; € X such that

vlt’v;g € Oh(yialf) - Muh (ye,le) (yt)
As in the proof of Lemma 2, put
A={on << <ap:a; €J, pn(Yoirla;) < mgl.

Assume that A is nonempty. A mere repetition of what has
been said in the proof of Lemma 2 allows us to assert that
there exist

Yosr---1Yng1 € X
such that
yg € Wa(gi) n Wh(yau 1011)
and

Y € Wh(Yais lai) O Wa(Yaigs» laiys) fori=1,...,n—1.

Consider the fragment w, of (%) comprising letters to the
right of the letter —v; . Assume that w, is nonempty Then
the first letter of w, is cancelled with the letter —vj_ of the
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word (*), the third one with the second, and so on (see (2*));
the last letter of wr, is —h; = —v;, . Thus,

/
wn = Ulan el h]’

and the word w,, is representable as the sum of pairs of letters
having the form u;, — uj, and v, — v}, where

uknu;cs € Og(zs,ks) C Mug(zs,ks)(xS)v
vluv;t € Oh(yt7 lt) C Muh(yt,lt)(yt)v
and the corresponding numbers u,(zs,k;) and pp(ye, ;) are
greater than mg,. For different s, numbers p4(z,,k,) are dif-
ferent, and for different ¢, numbers pp(y;,l;) are different, for
they are powers of different prime numbers by (1™) and (1*).
Remark 1 and conditions (1), (2M), and (5) imply that for
some y; € X
Vi hi € Mmg(y7) C Mag(y7) C Mny (37)-

By the construction of A, pia(Yan, las) < Mg, hence, Mn,(yr) C
Muh(ya,,,la,,)(y:) (see (2M)- As

h(yaka lak) =

M#h(yuk,lak)(yak) \ U {M#h(ycxkylak)(y) ‘Y ¢ Wh(yakalak)}7

we have y> € Wh(Yan,la,); this may be shown as in proving

(15). On the other hand,
hj € Wa(h;) = M, (h;) \ U{My, (z) : = & Va(h;)}
implies that

yn € Vu(h;).
So,
Yn € Va(h;) N Wh(Yons lan)-

If word w,, is empty, v; = h;. Then put

* I3 — .
Yo = vlan - h]'
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Clearly,
Yn = h; € Vi(h;),
and
y: = vllan E Oh(yan?lan) C Wh(yan7lan)'

Precisely as in Lemma 2 we may get
Wh(ya17 lal) U e U Wh(yan’ lan) C O*

for some O* € (n(l), where | = min{l,,,...,la,},

O0* C Va(z,l) = Mmh(z,l)(x)\ U {Mmh(x,l)(y) 1y ¢ Un(z,D)},

cn(0*, 1) = mp(z,1)
for some z € X, and show that g; € Up(z,).
As y5 € Wh(yay,lo,) C O* and
Yn € Wh(Yons lan) 0 Va(h;) C O N VR(R;) # 2,
conditions O* € (,(I) and (3¢) imply that
Yo € Un(h;) € m(i(h) +1);
we also have h; € Up(h;). On the other hand,

9i € Un(z,1),
Yg € 0" C Vi(z, 1) C Up(z, ),
and
Ur(z,l) € va(l+1).

As, by (2), (Il + 1) o yx({(R) + 1) is a refinement of
yr(min{l,I(h)}), this proves the lemma for A # @.
Now assume that A = @, i.e.,forallt € J

pn(ye, ) > myg.

For different s, pg(zs,k;) are different, and for different t,
pn(ye, l;) are different, because they are powers of different
prime numbers; besides, all p4(z;, k;) are greater than my by
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(2M). Remark 1 and condition (1™) imply that there exists
y* € X for which

gish; € My, (y7).
We have:
9: € Og(g:) = Mmg(gi) \u {Mmg(x) x ¢ Welg:)},

- therefore,

y" € Wyl(g:) C Mng(g:)
(otherwise M, (y*) N Og(g:) = D). Since ng = np (see (5))
and by (2M), h; € M, (y*). As
hj € On(h;) = My, (k) \ U{Mp, (z) : = ¢ Wa(k;)},

we have

y" € Wi(h;).
By (2) and (5) Mag(0:) C M, (9:); hence,
y* € My, (g:) N Whi(h;).
Assume that
9i ¢ Va(h;).
Then, as
Wh(h;) = Ma, (hi)\ U{My,(z): = ¢ Va(hy)},

we have

M., (9:) N Wi(hj) = @
at variance with y* € My, (g:) N Wr(h;). Therefore,
gi>hj € Va(h;) C Un(k;) € m(I(h) +1) < w(I(h)),

which proves the lemma. [

Now let us prove the Principal Lemma. Let g,h € A(X)
and

g = aq+--+Eugdig),
h = &b+ + dnyhin),
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where ¢;,6; = £1 and g¢;,h; € X; if I(g) = 0 (I(h) = 0), we
consider g (respectively, k) to be the empty word. Let
Iy = {y,n):neNt}eG and
I'n = {w(n):neNt}eg.
Suppose that
f(9,Tg) =ng 2 np = f(h,I's)

and
F(g,Tg) = O = {f4(n) : n € N¥},
F(h,l“h) =0y = {Gh(n) ‘n e N+},
g—hecU(B,)+U(By).
The last inclusion means that there exist p and ¢ and words
u and v such that
u = w—uy+ - u, -y, € U(Qy),
v = v —vi+-+v,—v, € U(On),
forall: <p,j <g¢q
u;, u, € U; for some U; € 6,(3),
v;,v; € V; for some V; € 0x(j),

and
g—h=u+wv.
Words u and v may be empty.

If the word u + v is empty, the assertion is trivial, because
then g — h = u+ v =0, and clearly, g — h € U(T's). Suppose
that 4 + v is nonempty.

Consider the word

— / ! ! /
w=ur—U trFU—U, +Vv -Vt Y, -

as a sequence of letters and not as a reduced word from A(X);
we use the symbol = to denote the equality of sequences of



300 OL’GA V. SIPACHEVA

letters rather than the reduced forms of words. Fix some order
of cancellations in this word to produce the reduced form w of
the word w = u+wv. Consider a sequence of letters w’ resulting
from some number of the cancellations in the fixed order. We
will now define a division of letters of w’ into connected pairs
and chains connecting letters into pairs by induction on the
number of cancellations.

Let the number of cancellations be zero, i.e., w' = w. The
set of all letters in word w’ = w is naturally divided into pairs
(ui, —u) and (v;, —vi)fori =1,...,pand j = 1,...,q. Wewill
call these pairs connected (in word w’ = w). We remind that
when we speak of a letter of a word we speak of an element of
alphabet X U—X and its position in the word. For any pair of
letters 2 and —y connected in w’ = w put Cyi(z, —y) =z —y.
We will call the word Cy(z, ~y) a chain connecting letters z
and —y in w'.

Let k be a nonnegative integer and for the word w” pro-
duced from w by k cancellations, the division of letters into
connected pairs and connecting chains are defined. Let w’ be
the result of k£ + 1 cancellations, and let the last cancellation
involve letters z and —z. If the pair (z, —z) is connected in w”
then the set of connected pairs in w’ comprises all pairs con-
nected in w” except (z,—z), and all chains connecting these
pairs are already defined. If the letters £ and —z are not con-
nected in w” then there exist distinct letters y and —z in the
word w” for which pairs (y,—z) and (z,—z) are connected.
Define connected pairs in w’ as all connected pairs in w” ex-
cept (y, —z) and (z, —z), and add one connected pair (y, —z).
Chains connecting all pairs except (y, —z) are the same as in
the word w”, and the chain connecting letters y and —z in w’
is

Cw:(y, —Z) = Cwu(y, —.’L‘) + Cwn(x, —z)

(recall that here, we are treating words as unreduced sequences
of letters). '
The induction construction is completed.
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Similar definitions of connected pairs of letters and chains
connecting these letters were earlier introduced by
M. G. TkaZenko for non-Abelian free groups.

Remark 2. Note that if two chains connect different pairs of
letters in w then none of the letters of one chain is a letter of

the other, and
w=> Cgla,-b),

where the summation is over all pairs (a,—b) connected in w,
and W is the reduced form of w. It is also clear that any chain
is the sum of binomials u; — u} and v; — v.. Indeed, all chains
in w are such binomials themselves, and at every induction
step, chains are produced as the sums of chains at the previous
induction step. Therefore, every chain in w has the form

! / ! /
Uy — Up, + oo Fug, — U, T, — v, .0, — g,

1

It is also evident that for every connected pair (a,—b) in w,
the reduced forms of words a — b and Cj(a, —b) coincide.

After the realization of all the cancellations fixed in w, we
obtain the reduced form of the word w = u+v = g —h. From
this point on, we will again treat words as elements of A(X),
1.e., as their reduced forms. The word u + v is representable
as the sum of letters ez, where ¢ = £1 and z € X. Clearly,
the number of letters ez with positive &’s in this sum is equal
to the number of ez with negative &’s.

As u + v = g — h, there is an one-to-one correspondence
between letters of u + v and those of g — h. Of course, this
correspondence may be not unique, if the word w + v (and,
therefore, g — h) has several letters such that are identical
as elements of X U —X. Fix some one-to-one correspondence
between letters of u + v and g — h.

The word g — h is produced from the sequence of letters

(22) €191 + - + €ug)gig) — O1h1 + - -+ — Sy hun)

as the result of cancellations. Therefore, there is a correspon-
dence between the letters of g — h and those letters of (22)
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that do not appear in the cancellations. This correspondence,
as well as cancellations themselves, is also not unique; fix some.

In the following we will always mean these fixed correspon-
dences, e.g., we will say that a letter of u + v is ¢;g; for some
t < I(g), and so on.

Number all letters of word u+v with positive ¢’s, i.e., letters
which belong to X, in the following way. Consider letters of
u—v as letters of g—h, and reserve the first numbers for letters
which have the form —é;h; or are connected with letters of this
form (in w — v). Number the remaining letters arbitrarily. For
every possible n denote such nth letter as z, and the letter
connected with z, in v + v as —y,. Thus all letters of the
word u + v are divided into pairs of the form (z,.,—y»). By
Remark 2 for every n

Tn —Yn = u+‘v($n3 —yn)

(as usual, = means the equality of reduced forms), and
(23) C‘u+v(x'n-7 _yn)

_ ! _ i e _ I
- ukl,n - ukl,n + uk?,n ukz,n + + ukp(n),n ukp(n)’,,

! !/ !
+vll.n - vll,n + vl?,n - vlz,n + T + vlq(n),n - vlq(n),n’
where ky n, ..., kym)n are different positive integers not exceed-
ing p, and by 5, . ..,l4(n)n are different positive integers not ex-

ceeding q. Remark 2 also implies that for different n, sets of
numbers {kyn,...,kpm)n} (and {lin,...,l4n)n}) do not inter-
sect, because all letters in different chains are different.

It is easy to see that

Ty — Yp = u+v(mn7 _yn) = (**)7

where (**) stands for one of the four words:



STRATIFIABILITY OF FREE TOPOLOGICAL GROUPS

(a)

Uk

/

+ ukio(n)+2,n -

!

ukio(n)+2,n

303

i1 Ykig(my41n
Foe b u;c'_l(n)_m + Uk (g — U;c,»l(,,),n
T Vpan v;jo(n)ﬂ.n T Vg myrzn v’,fo(n)nm
He o vlln(n)_l,n + 0 g T vl’jl("),n
T Uk (e T U;c,-l(,,m,,, T Uk (42 uj‘n(n)ﬁm
+- 4 yk,-z(,,)_l,n - “;c,»z(,,)_l,,, T Uiy u;“z(ﬂ)n”
T Vyayean T v‘,j1<n)+1,n TV, (mygam v;n(n)+2.n
4.4+ vlj2(n)-1,n — v;jz(n)_l,n + Uljz(n),n - Ulln(n),n
T Uk, e T “;ﬂu,,_l(nm,n
+-- 4 uki,,n(n)—l,n — u;ﬁ‘,,n(n)—l,n + uki.,ﬂ(n),n - U;c,-m(n),n
U, e T U e
T Uy, e T vfjun(,,)_l,n Ujin(mym — v;jun(n),n’
where
(1a*)
to(n) =Jo(n) =0, 4,(n)=pn), j.(n)=qn),
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and numbers ko, and lg, are the same as in (23). In
particular, all numbers k, , are different from each other,
and numbers g, are also so;

(b)

! . /
vljo(n)+l,n - vljo(n)-{-l,n + vljo(ﬂ)+2,n - vljo(n)+2,n
! !
+ + Y, (n)=1,n vljl(n)—l,n + Vi (nyn vljl(n),n

' ’
+ ukil(n)-f-l,n - u’k.’l(n)“,n + uki1(")+2,ﬂ - ukil(n)+2,n

o Uk — u;ciz(n)—l,n T Uk oy — u;ci2(n),n
T U ayean T v;n(nm,n T VUl my2m — v’In(n)Hm

+---+ 'Uljz(,,)_1,n - vl’j2(n)—1,n + vljz(")," o v;jz(n)»"
+ uki,,n_l(n)+1,n - u;ﬁ'yn-1(n)+1,"

ot Uk yan usci,,n(n)—l,n T Uk, (ym T u;c,-,,n(,,),n
T v, e T vlljun_l(n)+1,n

4.4 vlj,,n(n)—l,n — vl’j,,n(n)—l.n + 'Uljyn(,-,),n - Ulljyn(n),na

where

(1b™)

jo(n) =u(n) =0, u,(n)=p(n), ju.(n)=q(n),

and numbers k, , and I3, are the same as in (23);
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(c)

!

Ukigayt1n ~ Ykig(nyt1,n T Ukig(ny+2,n — u“‘o(")“'"
+---+ (N u;cil(n)—l,n + Ukiy(nyn — u;%'l(n),n
T Vigtnyern 1,.1'0(")+1,n T Vignyran vlljo<n>+2,n
T F U ayean T ”1’,-1(,,)_1,,. TV myn vfn(n)m
+ Uk yian T “;cq(n)ﬂ,n T Ukiy(myr2m u;ﬂ'l(nm»n
o+ Uk (py1m — u;ciz(n)—l,n + Ukiy(nyn — u;ciz(n),n
+ Yy (my+1m v;il(n)+1,n + Vimyzn Ul,jl(")+2’"
+ee 4 vlj2(")—l,n - vl’jz(n)—l,n + vljz("):" - v;j2(n)'"
+  ug i

typ—2(n)+1,n - u’k,’v" —2(n)+1,n

!
+ + ki, _y(my—1m ukiun_l(n)—l,n
'
Tk, — Yk

iyn_l(n),n

!
+ vljun—2(")+1," vljyn_z(n)-i-l,n

/
+ + vljyn—l(")—lyn Ul]yn_l(n)—l,n
’
+vljun—1(")," - vl

Jup—1(n)m

/
+ ukiun—l(")"‘ly" ukiyn_l(n)-}l,n

oty X

iyp{n)—~1,n - uk

i
+ug -

iyp(n),n uk

fup(n)—1,n

ivp(n)n’

where
(1c*)
ZO(n) = ]O(n) =0, iun(n) = p(n), jzm—-l(n) = Q(n)a

and numbers k,, and Iz, are the same as in (23);
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(d)
vl +v — v

Uigmt1m = Vlipmprin T Yhiomit2n ~ Ylig(nyazn
i vln(ﬂ)—l,n - vl’jl(n)—l,n + vljl(")v" - v;jl(")r’"’
+ Ukiy(ny+1,n u;‘:i1(n)+1,n + Ukij(n)42,n — u;“l(")“"‘
4.4 ukiz(n)—l,n — u;c‘,z(")_l’n + Uk,-z(,,),,. - U;C,'2(n),n

4 I
T VW sin T Wmee T Yhimezm — YL (n)42im

+-- 4o — v + vy — v

j2(n)=1,m Liy(n)=1,n j2(n),m lip(n)n

7
+ Uk, _amtrn ~ Yk, o(nyarn

!
+-- 4 uki,ﬂ_l(n)—lyn — Uy

iy —1(n)=1,n

!
+ug — Uy

typ ~1(n)n

/
+ v, - Y

Jup —-2(n)+1,n Jup —2(n)+1,n

+-.--4v —'UII

by p—1(n)=1,n Fup—1(n)=1n

!
+'UI. — vl

Jup —1(n)im Jyp—1(n)m

typ-1(n)n

!
+ Ukiun—l(n)+lyn uki,,n_l(n)-{-l,n

+...+uk_ —u,

iy (n)=1,n kipp(n)-1,n

!
+ukivn(")," - ukiy"(n),n ?

where

(1d**)

Jo(n) =41(n) =0, i,.(n)=p(n), Ju.-1(n)=q(n),

and numbers k, , and lg, are the same as in (23).
In every case
(2**) z, is equal to the first letter of the word (*x), —y, is
equal to the last letter of (**), and every odd letter
in (*x), except for the first one, is cancelled with the
letter nearest on the left.
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In case (b) put

Zo(n) = -1, kO'n. = Kig(n)+1n =P +n, and

?

—_ — ! - i _
Ukon = Ukig(my+1,n = Ykon = Ykigmyprm — Clio(m)4i,n’

Then
Uk, = uzo,n € Uy, , for some Uy, . € 0g(kon) = 04(p + n),

/ _—
xn - y'fl - ukO,n - uko,n + C-u.*.v(xn, _yn) -

I
Ukig(nys1,m ukio(n)+l,n + (**)’

and condition (2**) with ug, ., — u;c,'o(n)“ _+(*+) instead of
(%) is fulfilled.
In case (c) put

ju,.(n) = q(n) + 17 lq(n)+1,n = lj,,n(n),n =q+n, and

/ / /

vlq(n)-}-l,n - vljun(n),n - vlq(n)+1,n - vljyn(n),n. - ukiyn(n),n‘

Then

for some

e U

ot
vlq(ﬂ)-i—l,n - vlq(n)+1,n q(n)+1,n

Ul?(")*fl,n € 0h(l§(")+1,n) = ah(q + n)5 Ty —Yn =

! —
Cuto(Tn, —Yn) + Vtnyrn ™ Vigmysrn =

(**) + vlq(")+1,n - vllq(n)-{-l,n’
and condition (2**) with (*x) + vy, instead of
(*%) is fulfilled.

Analogously, in case (d) put

7
vlq( n)+1,n

Zo(n) =-1, kO,n = kio(")+1,n =ptn,

Jw(r) =a(n)+ 1, lLmyin =1L, (e =q+n,

and
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— — o — a4l —
uko,n - ukio(n)-}-l,n - uko’n - ukio(n)+1,n - vljg(n)-'-l,n’

! / !

Ugmyrrn = Yintmn = Ylgmarn = Yliymin = Phig(myn”

Then
Uky,, = Up, , € Ug, ,for some
Uk°'" € gg(kofn) = 09(p + Tl,),
Vlgny4rm = v;q(n)“m € Ulq(n)“,nfor some
Ulq(n)+1,n € Oh(lq(n)+l,n) = On(g+ n),
and

/

_ /
Tn = Yn = Uky ,, — uko,n + Cu-}-‘v(zn, —yn) =+ vlq(n)+1,n - vlq(n)+l,n

_ ot o
- uk‘o(")+1,n ukio(n)+1,n + (**) + vl?(")+1,n vlq(n)-{-l,n’
o %) 0 '

and condition (2**) with u, ..., . Ui myrim +(5%) F 01y —

v{q(n)ﬂm instead of (*x*) is fulfilled.

Remark 3. Note that as ko, = p+ n and [jny41n = ¢ + 7,
every number of the form kg ,, (if defined) is not equal to k; ,, for
m #nand: > 0orform =nandz: > 1, because p+n # p+m
for n # m, and k; ., < p for : > 1. Analogously, every number
of the form ly(s)41,» (if defined) is not equal to l;;m for m # n
and ¢ < g(n)+1 or for m = n and ¢ < ¢(n). Therefore, we may
assume that for every n z, — y,, is representable in the form
(*x), case (a), with observing (1a**) and (2**), ki (n)4+8n #
kia:(n’)+ﬁ’,n’ and lja(n)+ﬁ,‘n 36 ljal(n')+ﬁ’,n'7 if either « # a', or
B # B',orn+#n', and

'
Ukig(ny+,n ukia(")'l’ﬁ,n

€ Uig(n)+pn for some
Uia(n)+8,n € 05(kiy(n)+6,m)5

I .
Vsa(mtain? Yimspm € Vialn)y+om foT some
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Viam)+8.m € On(lio(n)48m)-

We remind that any z, and —y, are the letters of the word
g—h,as u+v =g— h,ie., one of the four possibilities is
realized:

(1) Tnis —bi(n)yhi(n) and —y, is —6;(n)hj(n) for some i(n), j(n)
< I(h); as Z,, Yn, hi(n), and hj(,) are the elements of X,
clearly, —din) = bj(n) = 1, and z, = hi(n), Yn = hj(n);
(1i) zn 1S €in)Gi(n) = Gi(n) a0d —Yn IS €j(n)Gj(n) = —Gj(n) for
some i(n),j(n) < I(g);

(iii) Zn is Ei(n)gi(n) = Gitn) a0d ~Yn I —dj(m)hjn) = —hj(n)
for some i(n) < l(g), 7(n) < I(h);

(1v) 2, is =8(m)hj(n) = hjn) and —yYn 15 €in)Gi(n) = —Gi(n)
for some j(n) < I(h), i(n) < I(g).

Note that (xx), case (a), is the same as (*), and condition-
s (la**) and (2**) are the same as (1*) and (2*). Hence by
Remark 3 we can use Lemmas 1-3.

By Lemma 1, possibility (i) should be ruled out. By Lem-
ma 2, in case (ii) we have

(24) Zn = Gin)) Yn = Gitn) € Uitmin),
Uit)in) € Ya(lja(n)+8n) for some a and 3
By Lemma 3, in cases (iii) and (iv) we have (24) or
(25) Yn = 9itn)r Tn = hjn) € Uitm)itn)y
Uitnyin) € T(I(R)).

The number of pairs (z,, —y») for which possibilities (iii) and (iv)
may be realized is not greater than I(h), and the method
of numbering letters z, (the first numbers are reserved for
letters of the form —é;h; and for the letters connected with

them) implies that in cases (iii) and (iv) n < I(h). Therefore,
condition (2) allows us to write Uj)jn) € Yn(n) instead of



310 OL’GA V. SIPACHEVA

Uitn)in) € Ta(l(h)). As g —h = u+ v, all the letters of the re-
duced word g — h are divided into pairs of the form (., —yx.).
Therefore, we have represented word g — h as

z xn_yn'*’ Z Tn — Yn,
n€ENy neNy
where
Ny = {n: for (z,,—y.) (24) is realized},
N, = {n: for (zn,—ys) (25) is realized}.

For every n € N;

TnyYn € Uin)itn) € Th(la(n)+8,n)s

and by Remark 3 numbers [; (n)4p,. are different from each
other for different n. It was already shown that for every n €

N,
Ty Yn € Uim)j(n) € T0(n)-
Thus,
>z, -y, € U(Th)

n€Ny
(see (1)), and

Z Tn — Yn € U(Ph)
n€N,

Hence,
g — he QU(F h)-

The Principal Lemma and, therefore, the theorem is proved. O

Corollary. Every stratifiable Ty space can be embedded into an
Abelian stratifiable Ty group as a closed subspace.

The author is thankful to Professor A. V. Arhangel’skii for
his interest in this work, to Professor G. Gruenhage for helpful
comments, and to Dr. E. A. Reznichenko for useful discussions.
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