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ON A CONSTRUCTION e)F HOMOGENEOUS,
 
NON-BIHOMOGENEOlJS CONTINUA OF
 

P. MIN"C
 

KAZUHIRO KAVvAMURA* 

ABSTRACT. We show with the help of Menger mani
fold theory that the construction of P. Minc of infinite 
dimensional homogeneous, non-bihomogeneous continua 
can be modified to produce such examples in any dimen
sion except 1. 

1. INTRODU'CTION. 

A continuum (== a compact cOIlnected metric space) X is 
said to be homogeneous if, for each pair of points x, y of X 
there exists a homeomorphism h : X ~ X such that h(x) == y. 
If in addition, the above homeolnorphisn1 can be chosen so 
that h(y) == x, that is, h exchanges x and y, then X is said to 
be bihomogeneous. A homogeneolls, non-bihomogeneous con
tinuum was first constructed by 1<:. Kuperberg [K]. It is a 7
dimensional locally connected COl1tinuum. P. Minc [M] pro
vided another way to construct an infinite dimensional, non
locally connected example, and ol)served that his method can 
be modified to provide a 4-dimensional non-locally connected 
example (a personal communication). We show that the idea 
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of Minc can be modified further to produce 2-dimensional non
locally connected example by applying results of Menger man
ifolds. However, we do not know whether there is an one
dimensional homogeneous non-bil10mogeneous continuum. 

The following is the main result of this paper. 

Main Theorem. For each integer 111 ~ 2, there is an 111

dimensional homogeneous, non-bihomogeneous continuum. 

2. 'PRELIMINARIES. 

As in [M], we use properties of solenoids for the construc
tion. To simplify the notation, we restrict ourselves to dyadic 
solenoid ~2, but the construction works for any solenoid. Re
call that ~2 is a topological group and the unit element is 
denoted bye. Let S be the unit circle in the complex plane 
C. Then we can represent ~2 as an inverse limit, i.e. ~2 == 
lim(S L S L ... ), where j(z) = z2 for z E C. The projection 

to 
+--

the i-th factor is denoted by Pi : ~2 ~ C. 
In order to clarify the idea of the construction, first we re

call the Minc's construction. For points a, b E ~2, the home
omorphism ha,b : ~2 ~ ~2 defined by ha,b(X) == ax-1b, ex
changes a and b. Theorem 1 below states that for "most" 
pairs of points of ~2, any homeomorphism exchanging these 
points is homotopic to a homeomorphism of the above type. 
In order to eliminate the "orientation reversing" homeomor
phism as above, each arc component is replaced by a count
able union of the mapping cylinders of the degree 2 covering 
map S ~ S. More precisely, the continuum ~2 obtained in 
this way is represented as the limit of an inverse sequence, i.e. 
~2 == lim(K1 f- K 2 f- K 3 f- ... ), where each K i is a finite 
union of 

+--

the mapping cylinders of the degree 2 covering map 
f : S ~ S (recall that S is a simple closed curve), and each 
bonding map K i +1 ~ K i is (in our setting of dyadic solenoid) 
the "degree 2" covering map. Then a map q : ~2 ----+ ~2 is natu
rally defined so that the inverse image of any arc component of 



123 ON A CONSTRUCTION Ol~ HOMOGENEOUS... 

~2 is a countable union of the mapping cylinders of the map f. 
Then ~2 is not bihomogeneous by this replacement trick, but is 
not homogeneous either. By multiplying the Hilbert cube 100 

, 

the homogeneity is recovered, keelJing the non-bihomogeneity. 
In order to state Theorem 1, we need some terminology. 

Let r be a rational number. A map 9 : ~2 ----t ~2 is called 
a power r-map if for each i 2: 1, there is a j > i such that 
Pi(g(X)) == (pj(x))r.2i 

-
i 

for each x E ~2. Every map 9 : ~2 ----t 

~2 is homotopic to a map h : ~2 ----t ~2 of the form h(x) == 
g(e)· p(x) (. denotes the group mu.ltiplication) (x E ~2), where 
p is a power r-map, and the r is uniquely determined by 9 ([M], 
Proposition 4), called the order of g. 

Let E be the arc compollent of ~2 containing e. 

Theorem 1 ([M], Theorem 1). l'here is a countable collection 
K of arc components oj' ~2 such that each 9 : ~2 ----t ~2 with 
g(e) tJ. uK and g(g(e)) E E has order -1. 

Proposition 2 ([M], I?roposition. 7). Suppose that h : ~2 ----t 

~2 is a continuous map such that h(h(e)) == e and q 0 h(e) 
does not belong to any oj' the cornponents in the collection J( 

in Theorem 1. Then hlq-1(e) ~ O. 

It is important to notice tllat the proof of the non
bihomogeneity of ~2, based on Proposition 2 above, is obtained 
by the homotopy condition whicbl is preserved under the mul
tiplication of the Hilbert cube lC)Q. If, instead of multiplying 
J oo 

, we can find a low dimensional homogeneous continuum 
which keeps the above information, then it would be possible 
to construct a low dimensional e:xample.This is the situation 
to which Menger manifold theory' is applied. 

Now we review briefly Menger nlanifold theory. Let 12n+1 

be the (211 + I)-cell with a stan.dard triangulation L. Take 
the second barycentric subdivision f32 L of L and let M 1 == 
st(\L(n)\, f32 L) and L1 == f32 L I !v.f1. Take f32 L1 and let M2 == 
st(\Lin)l, f32 L1), and so on. Then we have a decreasing se
quence of compacta {Mi\i E N} and J-ln == n~lMi is called the 
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n-dimensional universal Menger compactum. A pn-manifold is 
a locally compact separable metric space each point of which 
has a neighbourhood homeomorphic to pn. The fundamen
tal theorem of M. Bestvina [B] states that a locally compact 
separable metric space is a pn-manifold if and only if it is an 111

1dimensional LCn - (==locally (n-l)-connected) space with the 
D D n P, where the D D n P of a metric space X means the fol
lowing property; 

(DDnp) For each pair of maps a, f3 : In ~ X 
and for each € > 0, there exist maps a' and f3' : 
In ~ X which are €-close to a and f3 respectively 
such that im a'n im {3' == 0. 

In connection with our construction, the following result is 
important. 

Theorem 3 ([B], Theorem 3.2.2). Any pn-manifold X is strongly 
locally homogeneous, that is, for each point x oj' X and each 
neighbourhood U of x, there exists a neighbourhood V C U of 
x such that, for any y E V, there exists a homeomorphism 
f	 : X ~ X such that f(x) == y and fIX - U ==id. 

A compactum X is said to be UV k if, for any embedding 
e : X ~ M into an ANR M, the following condition holds. 

(UV k) for each neighbourhood U of e(X), there 
exists a neighbourhood V C U of e(X) such that 
7T"i(V) ~ 7T"i(U) is trivial for each i == 0,1, ... ,k. 

A proper map f : X ~ Y is called a UVk-map if each f-l(y) 
is a UV k-compactun1. A UVk-map between LCk compacta 
induces an isomorphism between j-th homotopy groups for j == 
0, ..', ,k. A compact set Z of a pn-manifold M is called a Z-set 
if for each E > 0, there exists a map f : M ~ M - Z which 
is E-close to idM . We have the following "sum theorem" for 
f-1n-manifolds. 

Theorem 4 ([C 3 , Proposition 2.4]). Let M == M 1 U M2, where 
M 1 , M 2 and A10 == M 1 n M2 are f-1n- manifolds. If Mo is a Z -set 
in Mi(i == 1,2), then M itself'is a f-1n- manif'old. 
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The following is an easy conseql1ence of [C1, Theorem 1.3] 
and [C 2 , Theorem 1.5]. 

Theorem 5. For each compact polyhedron K, there exists a 
UV n - 1 map rpK : MK ----t K of a J-l'n-manifold M K such that 

(1) j'or each compactum Z with dimZ :s; r11, there is a Z
embedding s : Z ----t M K such that 'P K 0 s = id, and 

(2) for each Z -set A in K, rpJ(l(A) is a Z -set in M K . 

Finally the homogeneity of our example is proved by apply
ing the following theorem. . 

Theorem 6 ([R], Theorem 2). Let X = lim{Xi , Ii : X i +1 ----t 
~ 

Xi} be the limit of an inverse seq'llenCe of continua such that 
each fi is a regular covering map. The projection onto the 
i-th factor is denoted by fi oo : X .~ Xi. Suppose that X 1 is 
strongly locally homogeneous and f1°O is a locally trivial bundle 
with Cantor set fibers, then X is homogeneous. 

3. CONSTRUC:~TION. 

Let r11 2:: 2 be a given natural nunlber. Recall that I : S ----t S 
is the degree 2 covering map of the simple closed curve S, and 
take the mapping cylinder C = S x [0,1] EB S/(x, 1) I'J f(x) and 
take a J-ln-manifold M' and a UVn--1map rp' : M' ----t C satisfy
ing the conditions of Theorem 5. Sllrink each fibre rp,-l (x), x E 

S x 0 to a point and let M be the resulting continuum which 
is also a J-ln-manifold containing a homeomorphic copy M o of 
S x O. Observe that M o is a Z-set~, and also that <p' induces a 
UVn-1map <p : M ----t C. By (1) of T11eorem 5, we have that 
there is a Z -embedding s : S x 1 -~ M such that rp 0 s = ide 
The set M 1 = S (M xl) is homeom.orphic to S. Let c : C ----t S 
be the standard CE-retraction of tile mapping cylinder defined 
by 

c([x, t]) = f(x) for (x, t) E S x [0,1] and
 

c(y) = y for yES.
 

Define a UV n - 1 retraction r : M -+ M 1 by r = soc 0 rp. Since
 
<p is UV 1 (recall that r11 2:: 2), it is easy to see that 
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(a) rlMo ~ (Mo ~ M). 
For each n 2:: 1, we define K nand L n as follows. Fix home

omorphisms a : M 1 ----+ M 0 and (3 : S x 1 ----+ S x °and let 
Ln == M x {a, 1, ... ,2n -l}/(X, i) "-' (a(x), i+l) mod 2n , x E 

M 1 

K n == ex {a, 1, ... ,2n -l}/(X, i) rv ((3(x), i+l) mod 2n ,x E 

S x 1. 

For each n, there are natural degree 2 covering maps 9n 

Ln+1 ----+ Ln and hn : K n+1 ----+ K n , and a UV n- 1map <.pn 

L n ----+ K n induced by <.p such that 

hn 0 'Pn+1 == 'Pn 0 9n· 

· ( 91 92 )Let L oo == 11m L 1 f-- L2 f-- L 3 f- ... 
~ 

A l' ( h1 h2 )and u == 1m K 1 f-- K2 f-- K3 f- .... 
~ 

As in [M], the space ~ admits a surjection q : ~ ----+ ~2 such 
that q-1 (x) is a simple closed curve for each x E ~2' Let 
'Poo == lim <.pn and p == q 0 'Poo. Then the maps 'Poo and p have 

~ 

the following properties; 
(b) each L n is a connected J-ln-manifold, by Theorem 4. The

orem 3 implies that L n is strongly locally homogeneous. 
(c) The set p-1(e) is homeomorphic to <.p-1(S x 1) which 

contains a homeomorphic copy Se of Mo. 
We apply Theorem 6 to the space L oo . Each 9n is a regular 

covering map and it is easy to see that the local product con
dition of Theorem 6 is satisfied, thus from Theorem 6 with the 
help of the part (b), we have that; 

(d) tIle space L oo is homogeneous. 
Recalling that the proof of Proposition 2 is, in essence, ob

tained by considering fundamental groups, the same proof with 
the help of the part (a) gives that; 

(e) if h : L oo ----+ L oo is a continuous map such that h(h(e)) == 
e and p(h(e)) tJ. UK, thell hlSe ~ O. 

This enables us to proceed in exactly the same way as in 
Proposition 2 to prove that L oo is not bihomogeneous (see [M], 
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Proposition 7 and Theorem 2). Clearly dim Loo = n and this 
is the required example. 
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