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ON A D-EXTENSION OF A HOMEOMORPHISM

HELENA PAWLAK AND RYSZARD JERZY PAWLAK

ABSTRACT. In the paper we study the problem: un-
der what conditions imposed upon sets A, B C R? does
each homeomorphic embedding [4] h : A — Y (Y is some
metric space) possess a Darboux extension uniformly dis-
continuous on B.

In many mathematical problems, a rather essential role is
played by the possibility of extending a given transformation,
defined on a subset of some space, to a function defined on the
whole space with the preservation of certain properties. Many
authors considered these problems for a function ”approach-
ing” Darboux functions (see, for example, [CG|, [CL], [GR],
[KK], [PR], [RJ], [RGK]).

It seems particularly interesting to consider the following
problem: Suppose we have a subset A of a fixed metric space
X. What additional conditions must be satisfied by these ob-
jects in order that any homeomorphic embedding h : A — Y
(Y is any metric space for which such a transformation exists)
possess a Darboux extension? A natural demand in this case
is the preservation of a large number of points of continuity.
In turn in view of this assumption, it becomes material to ask
the question whether we shall obtain an essential-Darboux ex-
tension (i.e. a Darboux extension d such that each point from
the boundary of the domain of the initial function is a point
of discontinuity of d) or this extension will not be an essential-
Darboux one. For it is worth noting here that the observations
of concrete examples show that there exist metric spaces X
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andY as well as a closed subset A C X and a homeomorphism
h : A — Y such that there is no Darboux extension of h be-
ing discontinuous ezactly on Fr(A). On the other hand, there
are examples of homeomorphisms defined on closed subsets of
a fized space, for which one cannot find a Darboux extension
continuous at each point of the domain of the initial function.

A complement to this problem is the question whether a
function beingan extension of a homeomorphic embedding can
be discontinuous (uniformly discontinuous) exclusively on a
preassigned set. All these questions, concentrating upon the
problem of Darboux extensions of homeomorphisms, lead to
the acceptance of Definition 1. However, before we formulate
it, we shall give the basic symbols and terms applied in our
paper. In many papers, the notion of a Darboux function was
generalized to transformations whose domain (and range) are
topological spaces more general than the real line (see, for ex-
ample, [BB], [CJ], [GK], [JJ], [PR], [PW]). In this article,
we study the following version of this notion:

We say that f : X — Y, where X and Y are
arbitrary topological spaces, is a Darboux trans-
formation if f(L) is a connected set for each arc
LcX.

Throughout the paper we apply the classical symbols and no-
tation (see [ER], [PR]). However, in order to avoid any ambi-
guities, we shall now present those symbols used in the paper
whose meanings are not explained in the main text.

The sets of all real numbers, positive integers, rational num-
bers and points of the plane are denoted by R, N,Q and R?,
respectively.The natural metric on the plane is denoted by p,
and the closed interval on the plane with end-points a and b is
denoted by [a, b].

For f : X — Y, let Cy (Dy) denote the set of all continuity
(discontinuity) points of f. The combination of the mappings
{ft}ter is denoted by the symbol vat (for T = {1, 2}, we write

te

f1V f2).
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The interior and boundary of a set B in a subspace A of R?
are denoted by Int4(B) and Fr4(B), resp. (in the case when
A = R? we write Int B and Fr B, resp.). We say that A
and B are strongly disjoint if o(A, B) > 0. The complement
(closure) of A is denoted by A’, (A). For any A C R? and
a > 0, assume A* = {z € R?: p(A,z) = a}. Moreover, let
H? be a symbol of a closed half-line with end-point a such that
be HS.

By the symbol K (z,r) (S(z,r)) we denote an open ball
(sphere) with center z and radius r. In the case r = 0, we
assume that K (z,r) = S(z,r) = {z}.

Let L C R? be an arc and let a,b € L. There exists exactly
one arc L’ C L with end-points a and b. Denote L' = Ly (a, b).

Throughout the paper, we assume the continuum hypothe-
sis. Let * be some property of a fixed space X. We say that a
set A is maximal with respect to x if, for any set B such that
A C B and B possesses the property *, A = B.

Let X,Y be arbitrary metric spaces. For any f : X —
Y, A C X and z¢g € A, by La(f,z0) we denote the cluster
set of f at zo with respect to A (i.e. a € La(f,zo) if there
exists a sequence {a,} C A such that lim, ,.a, = zo and
lim, e f(an) = @). We say that a function f is uniformly
discontinuous on B (u-disc on B) if there exists § > 0 such
that Lp(f,b) \ K(f(b),6) # 0 for each b € B(the § described
above is called a coeflicient of the uniform discontinuity of f
on B).

Definition 1. Let A, B be disjoint subsets of a metric space X .
We say that a set A possesses the property of a D-extension of
a homeomorphism, with the u-disc on B, if, for every metric
space Y and for each homeomorphism h : A — h(A) C Y,
there exist two Darboux functions d d} : X — Y which are
some extenstons of h, such that d’le, and d§‘|B,\FT 4 are contin-

uous and B is a mazimal set of uniform discontinuity for d?
and db.

In the proof of the Theorem, we shall use (although this fact
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will not always be noted down) the following;:

Lemma. ([PR], [PRJ]). Let A C R? be a closed convez set
with a nonempty interior. Let H, denote an arbitrary half-
line with end-point p for p € Int A. Then, if there exists a real
number ag > 0 such that either HyNA* # 0 or H,NFr A # 0,
then H,N A% (a > 0) and H,N Fr A are singletons.

Theorem. Let A and B be convez, non-singleton and strongly
disjoint subsets of the plane. Then A possesses the property of
a D-extension of a homeomorphism, with the u-disc on B, if
and only if A and B are closed.

Proof. Necessity. Let Y be an arbitrary metric space such that
there exists a homeomorphic embedding h : A — Y. Moreover
assume the notations from the definition of a D-extension of a
homeomorphism.

We shall now show that B is a closed set. Suppose to the
contrary that there exists an element by € B’ \ Int B’. Let
§ > 0 be a coefficient of the uniform discontinuity of d? on B.

We shall prove

1 Lty (85, b0) \ K (d00), 3) 0.

Let S = S(dk(bo), g). Moreover, let ng be a fixed positive
integer such that

(2)
)

K (bo, i) NFr A =0 and dX(K (b, i) N B’) c K(d}(bo), ~).
no no 4

Let n > ng. Consider the ball K (bo, -71;) There exists some

bn € BN K (bo, 2).Let us consider the following cases:

1. di(bn) & K (dB(bo), %). Thus there exists an z, € K (bg, 1)

such that d3(z,) € S and so, according to (2) and to the fact

that n > ng, we infer that z,, € B.

2. df(by) € K(d§(bo), ). Thus
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®) K(dh(bo), 3) € K(@(0), )

Since there exists some 8, € Lg(d},b,) \ K(d}(b,),4), we
have that there exists some c, € K (bo, 1) such that d5(c,) ¢
K (d%(bn),%). From (3) and the Darboux property of df it
follows that there exists an z,, € K (bo, =) such that d3(z,) € S.
By (2), z, € B.

In this way we describe the sequence {z,};2,, C B U {bo}
for which lim z, = bo and di(z,) € S. Let {zx,} be a
subsequence of {z,} such that Jim d3(zk,) = & Then ¢ €

L puboy(d, bo) \ K (df(bo), &), which ends the proof of (1).

Condition (1) contradicts the supposition that B is the max-
imal set which d% is uniformly discontinuous.

We can easily verify (using, for example, an extension of
type d?) that A is a closed set, too.

Sufficiency. Let Y be a metric space such that there exists a
homeomorphic embedding h : A — Y. Let o(A,B) =3-vy > 0.
Consider the set A* = {z € R?: o(z,A) < 7}

First, we shall define functions d’f’l,d'f,z : A* > Y. Let us
consider the following cases:

1°Int A # 0. Let z9 € Int A. If z € A, then we put
d’1l,1($) = d’ll,z(x) = h(m)

For the simplicity of the notation, we assume v, = 1 (n =
1,2,...) and A} = {z € R? : yp41 < 0(z,A) < v,} for n =
1,2,.... Moreover for any z ¢ A, let 2° denote a point of the
intersection of the half-line H; and Fr A. Let a, denote a
number such that z € A%,

Let us define ¢, : A}, — Y in the following way. Let z € A7.

If n is an even number, then we put t,(z) = h(z,) where
0
z, € [x0,2% and o(2% ;) = (yn — @) - o2027)  1f  is an

Tn—VYn+1
odd number, then we put t,(z) = h(y,) where y, € [zq, 2°] and
20
o(z0,y2) = (yn — o) - 2202

Yn—Vn+1"
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It is not difficult to verify that ¢, is a continuous function
for every n.

Since the mappings ¢, are compatible ([ER|, Proposition
2.1.13 p.100), we may define a continuous function t = 3¢,
mapping A*\ A into Y. Let now df,(z) = t(z) for z € A*\ A.
Of course, d, is discontinuous at each point of Fr A.

Let us define d'f,l on A*\ A in an analogous way as t1, i.e.
for z € A*\ A, let d},(z) = h(z,) where z, € [z, 2°] and
o(zo, z,) = ('y—az)-g(m‘:/—’zol. It is easy to see that df; : A* — Y
is a continuous function.

2° Int A = (. In this case, A is either a nondegenerate
closed interval, a half-line or a line. Let z9 € A be a point
such that zo ¢ Fry(A) where L is a line which contains A. Let
L1, Ly be two different closed half-lines included in L with end-
point zo. In the case when L;N A (for i = 1 or ¢ = 2) is an
unbounded set, let {k:}%°; be a sequence of points of the set
L; N A such that o(zo, k%) = n. In the case when L; N A (for
i =1ori=2)is a bounded set, let {ki} = Fr.(A)NL;. Then
we assume ki = ki (n = 1,2,...). Let now {y,}52; be some
sequence converging to zero monotonically, such that v; = ~.

o0
Define a mapping 7/ : U A™ — Y by letting
n=1

h(zo) for z € AM,
() = h(kl) for ze€ A+ (n=1,2,...),
h(k2) for z€ A™ (n=1,2,...).

Of course, 7’ is a continuous function defined on a closed

subset of A* \ A. One can readily see, that there exists a
continuous extension 7 : A*\ A 2%’ h(A) C Y of 7/ such that,
for every arcL € A*, if LNA # 0 # L\ A, then 7(L\A) = h(A).
Let now
A | h(z) for ze€ A,
dis(e) = { 7(z) for =z € A*\ A.

Then dﬁz tA* =Y and Cgn = A*\ Fr(A).
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Now, we are going to define a function d'f,l :A* = Y. Let
I'(z) = h(z) for = € A and II'(z) = h(zo) for z € A7. Thus
II': AU AY — Yis a continuous function defined on a closed
subset of A*. Let di‘)l be a continuous extension of II’ over A*.

Let us denote B* = {z € R%: o(z,B) < ~v}. Forz € {z €
R?: o(z,A) > v A o(z, B) > v}, we assume d},(z) = h(zo).

Now we shall define a mapping df , : B*\B — Y. Let [z, z1]
be a nondegenerate interval included in A. Then, similarly as
in the case of the mapping d{‘g defined in 2°,we may construct a
continuous function
dy, : B*\ B — h([zo,z1]) such that d§,(z) = h(z1) for each
z € B (n = 1,2,...), di () = h(zo) for each z € B=H
(n=0,1,2,...) and, for every arcL. C B*,if LNB # @ # L\ B,
then d§,(L \ B) = h([zo, z1]).

Remark that the family of sets {A* {z € R? : o(z,A) >
yAo(z, B) > v}, B*\ B} is a finite family of closed sets in R?\
B. Hence (|[ER], Proposition 2.1.13, p.100) the mapping d* =
d'f,1Vd£‘,1Vd§’1 : R?\ B — Y is continuous and the mapping
d~’2’ == d'l"QVd’Q‘JVdg‘,l : R?\ B — Y is continuous at each point
of the set R\ (BU Fr A).

Let us define a mapping r : B — Y in the following way. Let
bo € B be a fixed point. On the family {S(bg, @) : S(bg,a) N
B # (@ A a > 0} we define the following equivalence relation:

S(bo, 1) * S(bg, ) if and only if a1 — as € Q.

The set of equivalence classes of * is denoted by S. Moreover,
let f map S onto h([zo,z1]). For z € B, let S, be an element
of S such that there exists some 3 for which z € S(bg, 3) € S;.
Thus we assume r(z) = f(Sz) (z € B).

Let us consider

dh = d?er "R,

dh = Jer 'R?—>Y,
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We shall show that the above functions are the required
mappings.

Indeed. First, we prove that d?, d% are Darboux functions.
The proof of this fact is limited to the mapping d? because in
the case of d?, the reasoning is analogous (a bit simpler).

Let now L be an arbitrary arc included in R?. Consider the
following cases:

1)L Cc Aor L C R?\ (AUB). Therefore d?(L) is connected
because d} is continuous on each of these sets.

2) L C B.

2a) L C S(bg, @) for some a > 0. Thus d#(L) is a singleton.

2b) L\ S(bp,@) # 0@ Ufor each o > 0. Therefore it is easy
to see, that for any S € S, there exists a positive number ag
such that S(bg, as) C Sand L N S(bg, as) # @. Consequently,
d(L) = h([zo, 21).

3) None of the above-mentioned cases holds. Assume to the
contrary that d#(L) is not conected, and so, d3(L) = PUQ
where P and () are nonempty separated sets. Put P, = L N
(d)7Y(P) and Q; = L N (d?)~}Q). Thus P; and Q; are
nonempty disjoint sets and L = P; U @1, so P; and @, are
not separated sets. Without loss of generality we may as-
sume that there exists o € P, N Q. Let {0,}2; be a se-
quence of elements of @; such that o = 7}1{1& on. Of course,

o ¢ Int AU(R%\ (AUB)). Let us consider the following cases:

3a) o € Fr A. It is easy to see that, in this case, {0},
cannot contain a subsequence whose elements belong to A.
So, without loss of generality we may assume that o, ¢ A for
n=12,....

Let us first consider the case when Int A # 0. Let = denote
an open and convex angle containing the half-line Hgo such
that the arc measure of this angle is equal to % (k=1,2,...).
Moreover, let ny (for any £ = 1,2,...) be a positive integer
such that Ly (on,,0) C Ek.

Fix k. Let Ly = Ly (on,,0). Let us observe that d},(Lx\{0})
is a connected set included in ). Thus there exists an ng such
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that LNA™ # 0 for n > no, and so, df o(L \ {0}) N A(Fr(4A)N
Zk) # 0. Consequently, let 7, € Fr(A) N Z¢ be an element
such that h(r) € d},(Lx \ {o}). Of course, h(ry) € Q.

One can readily see that limry = o, and so, lim df ,(rx) =
d} 5(0), which contradicts the assumption that P and Q are
separated sets.

Let us now analyze the situation where A is a boundary
set. Similarly as above we may assume that {0,}52; C A*\
A (moreover, without loss of generality, we may assume that
Ly, (on,0) C A* for n = 1,2,...). It is easy to observe that
the set dfo(Ln \ {0}) is connected for L, = Ly (on,0), and
d?5(Ln\ {0}) = h(A). Since d},(Ln\ {0}) C Q, the set h(A) C
Q. This means that df 5(0) € Q, which is impossible.

3b) o € B. Observe that, in this case, we have

h([zo, 21]) C d3(L)-

Thus either h([zo,z1]) C P or h([zo,z1]) C Q. Let us consider
the above cases:

3b1) h([zo,z1]) C Q. Therefore o € B’ (in the opposite case,
d?(0) € h([zo,z1]) C Q, and so, o ¢ P;), which contradicts the
assumption, of 3b).

3be) h([zo, z1]) C P. Since o € B, there exists an n, such that
0n, € B* for n > n,. This means that d}(o,) € h([zg,21]) C
P for n > n,, and thus, d}(o,) ¢ Q for n > n,, which is
impossible.

The contradiction obtained proves that d} is a Darboux func-
tion.

Now, we shall show that B is the maximal set on which
the functions d? and d? are uniformly discontinuous. Let § =
3 - dia h([zo,z1]) > 0. We shall prove that 6 is a coefficient of
the uniform discontinuity of d* (the proof in the case of d} is
identical).

Let now b € B and denote K = K (d?(b),§). Thus there ex-
ists an element & € h([zg, z1])\ K. Let a, > 0 be a number such
that b € S(bo, @) and let S¢ € S be an equivalence class such
that f(S¢) = €. Let us fix S(bo, n) € S¢ (1 > 0). Moreover, let
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{Pn}S, {gn}s, be two sequences of rational numbers, such
that {u + pn}o>, is an increasing sequence and {u + g }52; is
a decreasing sequence and

Al (1 o+ pa) = Jimm ( +gn) =

(in the case b = by, we consider, of course only {g,}32 ).
Since B is a convex set and it is not a singleton, then there
exists an interval I, C B with end-point b. Let I’ denote an
interval with end-point b, included in I, such that dia Ij} =
Ldia Iy. In virtue of the fact that the non- singleton gy, (I7") =
{o(z,bo) : z € Iy} (for n = 1,2,...) is a connected set con-
taining ap,(for n = 1,2,...) there exists an element b, € I
such that either o(bn,bg) = p + px (for some positive integer
k) or o(bn,bo) = 1 + g (for some positive integer k). It is
easy to see that lim b, = b. It is obvious that di(bs) = ¢

(n=1,2,...),and so, £ € Lp(d? b)\ K.
The fact that B is the maximal set on which d? is uniformly
discontinuous is obvious.

Problem. It seems interesting to ask the question whether
the assumption of the convexity of the sets A and B can be
weakened in an essential way. It could also be interesting to ob-
tain a result analogous to the above theorem,where the domain
of the transformations under consideration would be some met-
ric space. Finally, it is worth while to raise the question: can
one construct appropriate Borel extensions (or measurable ones
of class a - cf.([ER],p.83))?
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