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A NEW CONTINUOUS CELLULAR
DECOMPOSITION OF THE DISK INTO
NON-DEGENERATE ELEMENTS

CARL R. SEAQUIST

1. INTRODUCTION

The main result of this paper is a new construction of a
continuous decomposition of a two dimensional disk so that
each point of the decomposition space is a non-degenerate non-
separating continuum. The decomposition space is homeomor-
phic to the disk. Even though R. D. Anderson in [1] described
a similar non-trivial continuous decomposition of the disk, our
construction is of interest because in [4] it is extended to cre-
ate a non-trivial continuous decomposition of the Sierpinski
curve! which is homeomorphic to the Sierpiriski curve. In [1]
R. D. Anderson first describes a construction which results in a
non-trivial continuous decomposition of the plane homeomor-
phic to the plane?. He then indicates how the construction can
be modified in order to obtain a non-trivial decomposition of
the disk homeomorphic to the disk; however, the details are
sketchy. The paper goes on to show that there is a continuous
decomposition of a 1-dimensional planar curve homeomorphic
to the plane. This is done by closing holes in the planar curve.
Thus it is of interest if closing holes can be avoided or selec-
tively avoided when decomposing the Sierpinski curve. Our
construction described here is based on that of W. Lewis and

1By the Sierpiniski curve we mean Sierpifiski’s plane universal curve.
2He also mentions in this paper that the construction can be modified
so that each member of the decomposition is a pseudo-arc.
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J. J. Walsh described in [2] where they show in detail how the
plane can be continuously decomposed into pseudo-arcs. Us-
ing their result it is simple to create a non-trivial continuous
decomposition of the disk with some degenerate members; for
example, see [3]. In order to force all members of the decom-
position to be non-degenerate we actually modify the details
of the Lewis and Walsh construction to obtain a new construc-
tion.

Our strategy in describing our decomposition will be to de-
fine a sequence {P,}2; of partitions of the unit square D =
[0,1] x [0, 1] into cells with non-overlapping interiors so that
the conditions of Proposition 3.1 of [2] are satisfied. For com-
pleteness this proposition is stated as Lemma 1 below. Before
stating the lemma we introduce the following notation. If P
is a collection of sets, then P* denotes the union of members
of P. If p is a set, then st'(p,P) = {p' € P : p’ Np # 0}
and inductively st’(p, P) = st}(st*"!(p, P)*, P). We abbreviate
st'(p, P) by st(p, P).

Lemma 1. [Lewis and Walsh] Let X be a compactum and
{Pn}2, be a sequence satisfying:

(1) For eachn, P, is a finite collection of non-empty closed
subsets of X with Py = X, with the elements of P, hav-
ing pairwise disjoint interiors, and with Cl(Int(p,)) =
pn for each p, € P,.

(2) For each pn—1 € Pn_1, st*(pn—1, Pn)* C st(pp—1, Pn1)*.

(3) There is a positive number L such that for each pair
Pr; Py € Pn with p, NP, # 0, pn C Npjon(p},).

(4) There is a positive number K such that for each p, €
P,, there is a pp_1 € Pn_1 with p, N pp_1 # 0 and
Pn-1 C Ng/on(pn).

Let G be defined by g € G if g = NS, st(pn, Pn)* where
N ,pn # 0; then G is a continuous decomposition of X .

The sequence, {P,}52,, will be defined inductively. Assum-
ing we have already constructed {P;}7', we start stage n of
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the induction given ﬁn, a division of D into either congruent
vertical or congruent horizontal strips.

Definition 2. A vertical (respectively horizontal) division of
D is the collection R = {[(: — 1)a,1a] x [0,1] : 5 € {1,...,1/a}}
(respectively {[0,1] x [(i — 1)a,ia] : i € {1,...,1/a}}) where
(1/a) € {1,2,3,...}. The mesh of R denoted by mesh(R) is
a. Each member of R is called a vertical strip (respectively
horizontal strip).

Given the vertical (respectively horizontal) division R of D,
a dwision R of D 1is a refinement ofﬁ if for every strip X € R
there is a strip Y € R so that X C Y. See Figure 1.

We first give an overview of our construction. There are
four positive rational numbers an, a,, b,, and ¢, and a pos-
itive integer k, which constrain the construction at stage n.
Given a vertical (resp. horizontal) division, R,, we construct
a refinement, R,, with mesh a,,. We then partition D into a
collection of cells @), with non-overlapping interiors by parti-
tioning each strip into cells. To facilitate our discussion we give
an informal description of a typical cell ¢, € @,. See Figure 2.
Note that a,, defines the width of ¢,. The cell has a height of
at least ¢, but less than b, + ¢,. The thickness; i.e., vertical
transverse thickness, of the cell is limited by b,. The integer
k. defines the number of identical pieces each of width a,/k,
which make up ¢,. By top boundary of g, we mean the set
{(z,y) € qn : Y(z,¥’) € ¢n ¥’ < y}. By left boundary of q,
we mean the left most vertical line segment in g,. Bottom and
right boundaries are similarly defined. Once we have the col-
lection @, defined, a homeomorphism k,, : D — D is defined so
that {h;*(gn) : ¢n € @} is a collection of identical rectangles
with non-over lapping interiors whose union is D. See Figure 3.
The set P, is defined to be {hjo---0hy,_1(qn) : gn € Qn}. To
continue on to stage n+ 1 we use {h;(qn) : gn € Qn} to define
Ry41, a horizontal (resp. vertical) division of D.

Thus our construction is very similar to the Lewis and Walsh
construction. It is different in the exact way in which the cells
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Q. are formed and in the way the function h,, is defined. For
example, in Lewis and Walsh when vertical strips are being
partitioned the top boundary of a cell is simply the vertical
displacement of the bottom boundary by the constant b,. In
our construction, cells within a strip of a vertical division, R,
do not have congruent top and bottom boundaries. (It is true,
however, that because of the restrictions on the cell thickness
the top boundary of a cell will lie completely below the dis-
placement of the bottom boundary by b,.) In addition special
attention must be paid in defining h,, within the strips of §n+1
that are along the boundary of D. We use the positive real
number a], < mesh(R,41) to control h,. These changes will
complicate somewhat the proof that the construction results in
a continuous decomposition of D. Notice that like the Lewis
and Walsh construction our construction alternates between
working with vertical and horizontal divisions. Arbitrarily, we
let R, be a vertical division when n is odd and R, be a hori-
zontal division when n is even.

2. THE CONSTRUCTION

We now describe in more detail our construction at stage
n where n > 1 is odd. (When n is even, the construction is
similar and can be visualized by rotating all figures by ninety
degrees.) To start, we create R,, the refinement of ﬁn, by
choosing a,, so that it divides mesh(R,,).

2.1. Creation of the Cells. To create Q,,, we will define two
disjoint polygonal arcs M and M]}; the first running along the
bottom of D, the second running along the top of D. See
Figure 4. These polygonal arcs will determine the general
shape of the cells of @,. We use these two polygonal arcs
to help define a sequence of polygonal arcs {L7}7% so that
L% = M0 and L™ = M}. We use the notation L?(z) to de-
note y when (z,y) € LY. In order to control the shape of the
m

elements of Q, we will define {L]}7% so that the following
conditions are satisfied:
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(i) bn > max{|Li(z) — LiY(z)| : = € [0,1]} for every j €
{1,...,mp}. Thus b, will control the thickness of cells.

(ii) cn < max{|Li(x) — Li(a')| : z,2’ € [0,1]} for every
j € {0,1,...,mp}. Thus ¢, will control the height of
cells.

(iii) For each j € {1,..,m,} and for every z € [0,
1 —a, Li(z) = Li(z + a,), and the sub-polygonal
arc {L? : x € [0, a,]} can be divided into k, congruent
pieces so that given any two pieces, one is the horizon-
tal displacement of the other. This condition will insure
that each cell is made up of k,, identical pieces.

To define M2 and M} we define a set of points:

knfan (/g an (21 —
a= U (Ee-n0). (2852w futaon

=1

Define /,, to be the polygonal arc obtained by joining the points
of A, in ascending order by abscissa. Let M? = ¢, + b, and
M} =1-(¢,+b,). Now we can define a sequence of polygonal
arcs {L7}77, satisfying (i)-(iii) if 3¢, + 2b, < 1. The fact that
we can do this follows from Lemma 3.

Lemma 3. Letc > b > 0. Let M° be the polygonal arc con-
necting the points A = {(0,0),(1/2,¢),(1,0)} in order and let
M be the polygonal arc connecting the points {(0,r), (1/2,7 —
c),(1,7)} in order. If (5/2)c < r and m € {1,2,3,...}, then
there exists an integer m > m such that 1/(m+2) < b and a se-
quence of polygonal arcs {L7}™ with L® = M° and L™ = M*
such that
(i) b > max{|Li(z) — L7"(z)| : = € [0, 1]} for every
j € {l,...,m};
(ii) ¢ < max{|LI(z) — L*(z')| : z,3" € [0,1]} for every
j € {0,1,...,m}.

Proof: See Figure 5. Let N > max{4,m/6} be a natural
number so that

b 2r —5
b’=%<§andsothate= ?;QNC

<b
5
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Thus b’ + € < b. Let m = 6N.
Let L0 = M°.
For j =1,...,N let A7 be the set of points
{(0,je + L°(0)), (0.25, 5(¥' + €) + L°(0.25)),
(0.5, je + L°(0.5)),
(0.75,5(b' + €) + L°(0.75)), (1, 5 + LO(1)) }.
and define L7 to be the polygonal arc connecting the points of
A7 in order.
For j =1,...,2N let A7*" be the set of points
{(0,5(t + &) + LN(0)), (0.25, 5 (' + ) + L¥(0.25)),
(0.5, 5 + LN(0.5)),
(0.75, (b +€)+LN (0.75) ), bigh(1, (' +e)+LN (1)) }.

and define L7*N to be the polygonal arc connecting the points
of AN in order.
For j =1,...,2N let A7*3N be the set of points

{(0,5( + &) + L*N(0)), (0.25, je + L*N(0.25)),

(0.5, ¢ + L3V(0.5)),

(0.75, je + L3V (0.75)), (1,5(' + €) + L3N (1)) }.
and define L7+3N to be the polygonal arc connecting the points
of A7+3N in order.

For j =1,...,N let A7t5N be the set of points
{(0,5( +¢) + L3(0)), (0.25, je + LV (0.25)),
(0.5,5(b + €) + L3¥(0.5)),
(0.75, je + L3¥(0.75)), (1,56 + €) + L5V (1)) }

and define L7*5N to be the polygonal arc connecting the points
of A7*3N in order.
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Now L™ = M! since
L™0) = Ne+5N(b +e¢€)=r,
L™(0.25) = ¢/24+ 3N +¢€)+3Ne=r1—c/2,
L™0.5) = c¢+5Ne+ N +¢)=r—c,
L™0.75) = ¢/2+3N(' +¢€)+3Ne=r—c/2,
L™1) = Ne+5N(b +¢€)=r.
The fact that {L7}72, meets the constraints (i) and (ii) above

follows directly from the construction.
We let d = 1/(m + 2). Note that

Ne+ 5N (b + €) + 2b, 5, 1
oW + b, < by
6N + 2 <etg’ Ty

when N > 4. [

d <

Letting r = 1—2b,, we see that we can apply the above lemma
when b = b, and ¢ = ¢, are small enough in order to obtain
mn, = m and {L1}77. Let L;'(z) = 0 and L7t (z) = 1
for all z € [0,1]. See Figure 6. For ¢ € {1,...,1/a,} and
7 € {0, ...,(my, + 1)} define the cells of Q,, as follows:

%, ={(z,y) € D: (i — 1)an < z < ia, and
L3 () <y < L3 (2)}.
Thus

Qn=Aq;:ie{l, ., ai} and j € {0, ..., (mn + 1)}}.

We let d,, = 1/(m, + 2) and so d, < b,. Also note that the
values of d,, and m,, are independent of k,, and a.,.

2.2. Definition of h,,. We now define a homeomorphism A, :
D — D so that h;;! straightens the polygonal arcs {L7}7"
and so that the distance between the straightened polygonal
arcs is d,. We will define h,, so it will map vertical lines onto
themselves in a piecewise linear fashion. For the cells which
lie along either the top or bottom boundaries of D a great
deal of stretching can occur. For example, a vertical segment
lying in the center of a symmetrical piece of a cell has length
cn+by, whereas its pre-image under h, has length d,,. We define
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hn carefully so we can control exactly where this stretching
occurs. We force this stretching to occur between y = al,/16
and y = a,,/8. Let e, denote a],/16 and assume that a,, < b,,.
First we define f, : D — R.

(y if0<y<ey

2en + bn(z) (522)

€n

if e, <y < 2ep;

—2en
2en + £n(z) + (bn — 2en)(FL552)

if 2e, <y < dp;

Ly (@) + (L () — LI (2)) (%)

n\T, = . . . .
f ( y) if 35 € {17---,mn}.7dn <y< (] + ]-)dn;

1-2e,—
1 — 25 — ln(2) — (bn — 2e5) (2 t)

if (mp+1)d, <y <1-—2e;

1 — 26, — £y (z)(F=2272)
ifl—2e,<y<1-—ey;

\ Y lfl_enﬁyfl

Define hn(z,y) = (z, fu(z,y)). See Figure 7. Thus h,! trans-
forms cells in @), into rectangles with non-overlapping interiors
each with dimension a, X d,; that is,

Q) = {[(i—1)an, ian]x[jdn, (G+1)ds] 1 i € {1, ..., i} and

7 €{0,...,(mn+1)}}.

2.3. Creation of P, and preparation of stage (n+1). We
set

Pn = Hn(Qn) — {hl 6---0 hn—l(q) 1q € Qn}
To continue the construction we define

o~

Ro1 = {[0,1] X [jdn, (j + 1)ds] : § € {0, ..., (mn + 1)}}.
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Thus §n+1 is a horizontal division of D and the construction
can continue to stage (n + 1). Note that mesh(R,1) = dn, =
1/(mn + 2). We define H,1 to be Hy, 0o h, = hyo---0 hy.
Figure 8 shows the relationship among the various functions
and collections defined. Note that H,};(P,) is the collection
of rectangles

{[(i = 1)an, ian] x [jdn, (j + 1)dn] : i € {1,..., -} and
7 €10, ..., (mn+1)}}.

3. APPLICATION OF CONSTRUCTION

We will show that we can apply the above construction to
create a sequence {P,}>2; which satisfies Conditions (1)-(4)
of Lemma 1. From the above description it can be seen that
the exact details of the construction at stage n are controlled
by an, a,,, bn, cn, and k,. We now show that at each stage n
we can choose an, al, by, ¢y, and k, so that {P,}", satisfies
the Conditions (1)-(4) of Lemma 1 and so {P,}$2, induces the
desired continuous decomposition of D.

At stage 1, let a; = 1/128 so

1 1

B =A{lG - Digg i1og
Let ¢c; = 1/4 and by = 1/2048. Since (5/2)c; + 2b; = 5/8 +
1/1024 < 1 we can use Lemma 3 to compute m; and d;. Let
aj = d1/4. Let k1 > 8 so that 4|k; and k1 > ay/a}. Construct
Q1 as above. Let H; = Idp. Thus P, = H1(Q1) = Q1. We
define h, as above and Hy = h;. Finally set Ry = {[0,1] x
[jd1,(7 + 1)d1] : 5 € {0,...,(m1 + 1)}}. At the end of stage
1, Condition (1) holds immediately. Conditions (2) and (4)
hold vacuously. For Condition (3) let L = 1/64. The fact that
we have a; + by < 1/64 guarantees that Condition (3) is also
satisfied.

Now assume we are at the beginning of stage n of our con-
struction having just created IAin. Thus the collections R;, @Q;

— % [0,1]:i € {1,..,128}}.
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and P; and the homeomorphism h; have been defined as de-
scribed previously for ¢ € {1, ..., (n — 1)}, along with the func-
tion H; for ¢« € {1,...,n}. Let a;, ai, b;, c;, and k; be as de-
scribed above for each stage i for i € {1,...,(n—1)}. As above
we use following notation. Let m; + 2 be the number of strips
in the division R;.1 and let mesh(R;4;) = d; = 1/(m; + 2) for
i € {1,...,(n —1)}. In addition let §; > 0 so that |z — 2’| <
b; = |HZ(CL‘) — Hz(m')| < 1/2“'7 fori e {1, ,n}
At stage i = n we proceed as follows:
Let a; = a;_l and let C; = ai_1/2.
Let b; > 0 so that
la) b; < 6;/3;
].b) b; < ai/(2ki_1).
Define m; and d; using Lemma 2.
Let a; = d1/4
Let k; be an integer so that
2a) k; > 8;
2b) 4lki;
20) k‘l > ai/ag.

Now construct @; as described above in 2.1 and let P, =
H;(Q;). Define h; as described above in 2.2 and let H;; =
hio---oh;; and define §i+1. We assume that choices of these
parameters in previous stages ¢ € {1,...,(n — 1)} were also
chosen in the above manner. We will now show that {P;}7,
satisfies Conditions (1)-(4) if { P;}?= does. We assume w1thout
loss of generality that n is odd.

3.1. Conditions (1) and (2). That Condition (1) is satisfied
is immediate. That Condition (2) holds is shown as in [2].

3.2. Condition (3). We will show that for each pair p,, p,, €
P, with p, N p}, # 0 then p, C Np/o=(p;,) where L = 1/64.
Let p,,p, € P, with p, N pl, # 0. Let g, = H,'(p,) and
q", = H;'(pl). Thus both ¢, and ¢, are in Q,. We consider
two cases:

Case 1: (Assume neither g, nor ¢, intersects a vertical edge
of D). See Figure 9 showing this case. Now consider h,_1(gn)
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and h,_1(q,). A worst case possibility would be for ¢, and g,
to be in different strips of R,. In this case

hn—l(qn) - N2@n—l/kn—1+bn—l (hn_l(q:'l))

This follows from the fact that by (1b) we have b, < a,/2k,_1 <
an-1/2kn_1 and the fact that ¢, = an—1/2 > an_1/kn-1. Since
an—1/kn-1 < ai,_; = ap by (2¢) we have that

hn-1(qn) C N2an+bn_1(hn—1(qzz))'

But a, = al,_; = dn-1/4 < bp_1; so by (1a) 2a, + by_1 < 6n_1.
Thus

hn-1(gn) C Nén—l(hn—l(q’:l))‘
But by choice of 6,1 we have that

Hp10hn_1(qn)
Ny/ont6(Hp_y 0 hn_1(q.))
= Nyjgnss(p})

C Ngjn(py,)

where L = 1/64.

Case 2: (Assume g, intersects a vertical edge of D). See Fig-
ure 10. It will suffice to show both h,_1(gn) C N5, _, (hn-1(q}))
and hn_1(q,) C N, ;(hn-1(gn)). Notice that both ¢, and
¢/, must be in the same strip of ftn since ¢, is assumed to
intersect a vertical edge of of R, and a, = d,_1/4. Now
en_1 = ai,_,1/16 = a,/16 since a, = al,_;. Since g, consists
of more than two pieces by (2a) at least one piece, g2, must be
at a distance greater that a,/8 from the left or right edge of
D. Thus

h'n_]-(q':'b) C N2an+bn—1(h’n—1(q£)) C Nén-—l(h’n—l(qn))'

Since an_1/kn—1 < an we also have that

Pn C
-

hn_l(qn) C N2an+bn—1 (h’n—l(q'l,'l)) :
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Thus

hn-1(gn) C Nap,_, (An_1(g,)) C Ng,_, (An_1(g},))-

3.3. Condition (4). Let p, € P,. We will show that there
is a pp_1 € Py_1 with p, N pp_1 # 0 so that p,_; C NK/gn(pn)
where K = 1/16. To accomplish this we will prove two lemmas.
In order to state the lemmas we must introduce the following
notation and terminology. For any ¢, € @, let ¢2 be any piece
of g,. Note that the width of ¢? is a,/k,. We say that ¢, € Q,
crosses qh_; if g, intersects both top and bottom boundaries of
211(¢8_;). Note that h;;(¢%_;) is a rectangle of width d,_;
and height a,_1/kpn_1.
We now state and prove the following lemmas. Note that
we state them for the case when n is odd; however, entirely
analogous lemmas exist in the case when n is even.

Lemma 4. If g, € Qn and ¢& is further than a,/8 from a ver-
tical edge of D, then we have that hyp_1(gn) C Ng,_, (hn_1(g?)).

Proof: Let q, € Q.. We will consider two cases:
Case 1: (g, does not intersect a vertical edge of D). See
Figure 11 which illustrates this case. As can be seen

hn-1(¢n) C No,_, (n-1(q7)) C Ne,_, (hn-1(q7)).

Case 2: (g, intersects a vertical edge of D). See Figure 12 which
illustrates this case. Now g¢P lies at a distance of more than
an/8 from the left and right boundaries of D. Thus A,_1(gn) C
N, _,+an (hn—1(¢2)). Therefore

hn—l(Qn) C an—1+an(hn—1(q£)) C Nén—1(hn—1(q£))
and the lemma holds. O
Lemma 5. If g, € Q, crosses q¢h_, where qn_1 € Qn_1, then
In-1 C Ns,_, (hn-1(gqn)).

Proof: Let ¢, € Qn, and ¢,_1 € Qn_1 with ¢5_; so that g¢,
crosses qh_;; that is, g, contains points on both the top and
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bottom boundaries of the rectangle h,;(¢Z_;). We will look
at two cases:

Case 1: (g, does not intersect a vertical edge of D). See
Figure 13 which shows this case and that

dn-1 C Nb,_; (hn-1(qn)) C N, (hn-1(gn))-

Case 2: (g, intersects a vertical edge of D). See Figure 14
which illustrate this case. Let ¢? be a piece of g, which is at
a distance of more than a,/8 from the left or right edge of D.
Recall that a, = a],_; < dn—1 < bp—1 < 6,—1/3. Thus

@n—1 C Napsb,_, (An-1(¢8)) C Ns,_, (hn-1(gn))
and the lemma holds. [

Now we can verify that Condition (4) holds. Let ¢, =
H7'(p,). There are two cases:

Case 1: If ¢, intersects the bottom or top edges of D then
since ¢, = an_1/2 > 2(an_1/kn_1) + an_1/8 there is a ¢&_; fur-
ther than a,_1/8 from a horizontal edge of D which ¢, crosses.

Case 2: If g, does not intersect the bottom or top edges of
D then since height of ¢, is greater than ¢, = a,—1/2 and since
at least half of this height must lie in a strip of R,,_; and since
the height of any rectangle h.2,(¢?_;) is an—1/kn-1 < an-1/2,
there must exist a ¢5_; further than a,_;/8 from a horizontal
edge of D which ¢, crosses.

In any case we will be able to apply Lemma 4. (Actually
the n even version of Lemma 4). Let p,_1 = Hp_1(gn-1)-
Note that p,_1 N p, # 0. Now by Lemma 5 we have that
dn—1 C Ne,_,(hn-1(gs)) and

Hn—l(qu;—ﬁ C N1/2"+6(Hn—1 0 hn_1(qn)) = N1/2n+6(Pn)-
But by Lemma 4 we have that
hn-2(qn-1) C Né,_,(hn_2(qn_1)))-
But pp_1 is Hn—l(Qn—l) and
Hp 1(qn-1) = Hn20hn_2(qn-1)
C Nyjgnss(Hn—g0 hn_o(gh_1))
= Nyjgnts(Hn-1(qh_1))-
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Therefore p,_1 C Nyjonta(pn) and pp—1 C Ng/on(pn) where
K =1/16.

Theorem 6. There is a continuous decomposition of a disk
into non-degenerate non-separating continua so that the de-
composition space is homeomorphic to a two dimensional disk.

Proof: Consider the unit disk D and apply the construction as
described above to create a decomposition G of D. By Lemma
1 the resulting decomposition is continuous. Since none of the
members of P, for any n separates D, none of the members of G
separates D. We can extend G to obtain G’ a decomposition of
the plane by adding to G the points not in D. Now G’ is upper
semi-continuous, and so by Moore’s theorem is homeomorphic
to the plane. Thus G is planar. Also diam(g) > 1/16 for
all ¢ € G, ie., each ¢ € G is non-degenerate. This follows
from the facts that L = 1/64, K = 1/16, and diam(p;) >
1/4. See Claim C in appendix of [2]. Finally note that each
member of G intersects the boundary of D at no more than one
point. Thus the natural projection 7 : D — G maps Bd(D)
homeomorphically onto the Bd(G). Therefore G is bounded
by a simple closed curve and is a disk.
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FIGURE 5. Sequence of polygonal arcs {L7}Y,
in Lemma 3.



268 CARL R. SEAQUIST

n=2 mp+1

i
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