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ABSTRACT. A topological space X is said to be rela­
tively locally finite, if each point of X has a neighborhood 
U such that every closed (in ..:Y) subset of U is finite. 

We shall construct an infinite countably compact Haus­
dorff space X \\rhich is relatively locally finite. This gives 
the negative answers of A. V. Arhangel'skii and 1. Yu. 
Gordienko. Furthermore we shall give a characteriza ion 
of relatively local finiteness and the corollaries. 

O. INTRODUCTION 

Recently A. V. Arhangel'skii and I. Yu. Gordienko [1] intro­
duced a relatively locally finite space. Its property is very near 
to discreteness. 

It is able to assert that discreteness is dual to compactness. 
Many generalizatiolls and surrounding of compactlless type 
properties (for example, countable compactness, pseudocom­
pactness etc.) have been studied and distinguished themselves 
in the branch of general topology. Furthermore the necessary 
and sufficient conditions that imply compactness, are known. 

So it is natural to consider that generalizations of discrete­
ness will be in an important position in ge11eral topology. In­
deed, tIle notion of scattered space has shown that it has played 
an important role in general topology and its applications can 
be clearly classified as a discreteness type notion. 

A relatively locally finite property is equivalent to discrete­
ness in the class of regular T1 spaces. But it is known that 
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there are non-discrete Hausdorff relatively locally finite spaces 
(see [1]). 

In [1], they proved some sufficient conditions for a Hausdorff 
relatively locally finite space to be discrete. 

In connection with this view, they pose.d the following inter­
esting problems in [1]: 

Problem A. Is every Hausdorff countably compact relatively 
locally finite space finite? 

Problem B. Is every Hausdorff relatively locally finite space 
of countable extent discrete '? 

Recall that a space X is said to have countable extent, if ev­
ery closed discrete subspace of X is at most countable. Hence 
countably compact space has countable extent. So, if an an­
swer of problem B is positive, the answer of A is positive. 

One of our purposes is to answer negatively for problem A 
(hence problem B). Really we shall have the following example: 

There is a Hausdorff infinite space which is countably compact 
and relatively locally finite. 

It is clear that this space is one of the counter examples for 
the above problems. 

Another purpose of this paper is to give the necessary condi­
tions of relatively local finiteness and to give their corollaries. 

We follow the definitions and 110tations which will be used 
in this paper. 

A subset A of a space ( == a topological space) X is finitely 
located in X if every subset of A .that is closed in X is finite. A 
space X is said to be relatively locally finite at a point x EX, 
if there is a nbd (==neighborhood) U of x in X which is finitely 
located in X . 

If a space X is relatively locally finite at every point of X, 
a space X is said to be relatively locally finite. 

For a set A, card(A) denotes the cardinality of A and C(A) 
denotes the collection of all the countably infinite subsets of A. 
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1. NEGATIVE ANSWERS OF PROBLEMS A AND B 

Theorem 1. There is an infinite, countably compact Haus­
dorff space that is not relatively locally finite. 

Proof: Let N be a space of all natural numbers with discrete 
topology, and (3N the Stone-Cech compactification of N. After 
this, we shall define the collection {Xa I a < WI} of subsets of 
(3N by transfinite induction on WI, where WI denotes the first 
uncountable ordinal number. 

At first we shall let X 0 == N. 
For each M E C(N), we can select two distinct points X(M,I) 

and Y(M,I) in cl{3NM - Xo, because card(cl{3nM) == 2c (where 
cl{3NM denotes the closure of M in (3N) by [2] or [3]. 

If we let 

Xl == X o U U{ {X(M,I), Y(M,I)} I M E (N)}, 

then it is clear that card(X I ) :::; c. 
Assume that for some a with 0 < a < WI we can define a 

collection {X{3 I (3 < a} of subsets of (3N with the following 
properties: 

1) { X {3 I (3 < a} is monotone increasing, that is, X {3 C X, 
for any (3,"'1 < a with (3 < "'I, 

2) card(Xfj) :::; c for any (3 < a 

and 
3) if (3 < a with (3 + 1 < a, where (3 + 1 is the succes­

sor of (3, then X(M,{3+I) and Y(M,{3+I) are arbitrarily fixed and 
distinguished points in X,s+l n (cl,sNM - X,s). 

For each M E C(U{3<oX{3), we can select two distinct points 
X(M,o) and Y(M,o) in cl,sNM - (U,s<aX,s), since 

card (U{3<oX{3) :::; c from 2) and card(cl{3NM) == 2C 
• 

We let 

X o == (U,s<aX,s) U U{{X(M,a),Y(M,a)} M E C(U,s<aX,e)},1 

then it is seen that card (Xa ) :::; c. 
In this place we let X == U{Xo I a < WI} and we shall induce 

the following topology on X: 
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Let x be any point of X. We shall define the nbd base U(x) 
at x in X as follows: 

U(x) = {(U(x)n(U~<a(x)X~))U{x} I U(x) is an open nbd 
of x in (3N}, 

where a(x) denotes the first of {a < WI I x E X a }. 

It is clear that the -space X is infinite and the new topology 
of X with the above nbd basis is strictly stronger than the 
subspace topology of (3N, and so X is Hausdorff. 

Therefore it will be sufficient to prove that X is countably 
compact and relatively locally finite. 

To show that X is countably compact, we need the following 
useful claim: 

Claim. Let B be a subset of X and y EX. Then the following 
are equivalent: 

(1) y EclxB, 
(2) y E clx(B n Xa(y)) 

Furthermore, if B C U~<a(y)X~, 

(3) y Ecl~NB. 

We shall continue to prove the countable compactness of 
X. Let A be any countably infinite subset of X and a < WI 

an ordinal with A C X a , (it is possible by (1) ). Since A is in 
C(Xa), X(A,a+l) is in X a +1 C X and X(A,a+l) is an accumulation 
point of A in X by the above claim. Therefore X is countably 
compact. 

Lastly we shall show that X is relatively locally finite. Let 
y be any point of X and a(y) = the first of {a < WI lyE X a }. 

If we let 0 = (U~<a(y)X~) U {y}, then 0 is clearly open nbd of 
y in X. 

It is sufficient to show that 0 is finitely located in X. For 
this purpose, let A be any infinite set of 0, where we shall show 
that A is not closed in X. If B is any countably infinite subset 
of A - {y} (and so, B C U~<a(y)X~), then X(B,a(y)), Y(B,a(y) are 
distinct points of cl~NB - (U~<a(y)X,B). By the definition of 
Xa(y), these points X(B,a(y)) and Y(B,a(y)) are in Xa(y) and in 
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c1xB by the above claim. We may assume that y =f X(B,Q(Y))' 

Hence X(B,Q(Y)) E clxB C clx A. 
On the other hand, t is seen that X(B,Q(Y)) tt 0, which 

contains A, and hence X(B,Q(Y)) f/. A. From the above facts, 
X(B,Q(Y)) E clxA - A. This means that A is not closed in X. 

This implies the proof of Theorem 1. 

2. A CHARACTERIZATION OF RELATIVE LOCAL FINITENESS 

In this section \ve shall give some characterization that a 
Hausdorff space is relativdy locally finite, and we shall do its 
applications. 

Theorem 2. A Hausdorff space X is relatively locally finite if 
and only if· each point of X has an open nbd U such that any 
infinite subset of U has infinitely many accumulation points in 
X, one of· which is in X - u. 

Proof: only if part: Let each x, Ux be an open nbd of x which 
is finitely located in X. 

We assume that some infinite set S of some Ux has at most 
finitely many accumulation points in X. So we denote it by 
{Xl, X2, - .. ,xn }. If we assume n = 1, then UXl n S is infinite 
closed in X and a subset of UX1 , which is contradictory'. We 
select a mutually disjoint open collection {Oi I i = 1, 2, ... , n} 
such that each Oi is a nbd of Xi and finitely located in X. Since 
0 1 n UXl is a flbd of Xl, 0 1 n UX1 n S is an infinite subset of UX1 

and so 0 1 n UXl nS has at least two accumulation points in X. 
Hence we can let y be an accumulation point of 0 1 n UX1 n S 

with y -:f Xl· So y is an accumulation point of S, which means 
y E {X2,- _. ,xn }. 

On the other hand, y f/. u{Oi I i = 2,. - . ,n} because y E 
cIO l - This is contradictory. 

Furthermore, if some infinite set S of some Ux does not have 
an accumulation point in X - Ux , then cIS is an infinite closed 
subset of UQ , which is contradictory. 
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if part: Let U be an open set satisfying the property in The­
orem 1. Then every infinite subset S of U has an accumulation
point p E X - U. Therefore p EclS - S; this means that S is 
not closed in X. 

We have propositions 8 and 11 in [1] as corollaries of Theo­
rem 4. 
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