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THE DIMENSION OF PARACOMPACT
NORMAL «-FRAMES

M.G. CHARALAMBOUS

ABSTRACT. In the category of paracompact normal «-
frames, we prove that direct limits do not raise covering
dimension (dim) and establish the direct sum formula
dim(L @ M) < dim L + dim M.

1. INTRODUCTION

In this paper, lattices contain 0 and 1 and lattice homomor-
phisms preserve finite joins and meets, inclucling 0 and 1. A
frame L is a lattice satisfying the distributive law zAV(z) : A €
A) =V(z Azy; X € A) for every set A. If this distributive law
holds for sets A with cardinality |A| < k, where £ is an infinite
cardinal, then L is called a k-frame. It is convenient here to
adjoin a maximum (00) and a minimum (finite) to the range of
values of k, interpreting the relations |A| < 0o, and |A| < finite
in the obvious way, so that x-frame for these extreme values of
k means frame and distributive lattice, respectively. An Ro-
frame is better known as a o-frame. A k-map (frame map, o-
map when k = oo, Ro, respectively) is a lattice homomorphism
between k-frames that preserves joins of sets of cardinality at
most k. The archetype of a frame is the topology Q(X) of a
space X, a fact that provided the original motivation for the
study of frames. The set of cozero sets of X is a sub-o-frame
of Q(X), and if f : X — Y is a continuous function, then
Qf) = f1:UY) - QX), is an example of a frame map.
Q is in fact a cofunctor from Top, the category of topological
spaces and continuous functions, to KkFrm (o Frm, Frm when
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k= Vo, 00, respectively), the category of k-frames and x-maps.
However, coproducts or sums of frames behave much more sat-
isfactorily than products of topological spaces, preserving for
regular frames the property of being Lindelof, paracompact or
metacompact [5, 7]. The purpose of this paper is to show that
direct limits and sums of paracompact normal frames behave
well with respect to covering dimension. Qur main results are
as follows.

Theorem 1. Let L be the colimit of a direct system (Ly, qop, A)
of Kk Frm, where L, is paracompact normal and dimL, < n for
each o in A. Then L is paracompact normal and dimL < n.

Theorem 2. In the category of k-frames, if L and M are non-
trivial, paracompact and normal, then L & M is paracompact
normal and

dim(L ® M) < dimL + dimM.

It should be noted that the corresponding propositions for
topological spaces are far from valid. Thus, it is possible to
have an inverse sequence of zero-dimensional Lindelof spaces,
or an inverse system of spaces homeomorphic with NV, the space
of natural numbers, with infinite-dimensional limit space [3].
A similarly unsatisfactory state of affairs prevails as regards
products of topological spaces, where the product theorem for
dim is valid only under very restrictive conditions [17,15].

Section 2 contains the definitions of most notions and several
observations that are needed in this paper as well as proposi-
tion 1, a version of theorem 1 for compact - frames. The
proofs of the main results are contained in section 5 and are
based on propositions 5 and 6, the main results of sections
3 and 4, respectively. Proposition 6 supplies the information
needed in proposition 5 that covers of colimits of paracompact
normal k-frames L, have locally finite refinements consisting
of finite meets of canonical images of cozero elements of L.
Proposition 5 is deduced from known results on topological
spaces with the help of a cofunctor P : kFrm — Top that
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preserves normality and dimension and is discussed in section
4. Theorem 2 for k= Ry extends a result of Banaschewski and
Gilmour [1, theorem 7 (3)] for regular o-frames and, when inter-
preted for topological spaces, the results contained in this pa-
per yield (generalizations of ) several known non-trivial results
about k-paracompact spaces. Some of these are noted in sec-
tion 6, whose main result, theorem 4, gives sufficient conditions
for the topology of the limit of an inverse system (X,, 74g) in
Top to be the colimit of the direct system (Q2(X,), Q(7ap)) in
<Frm.

For standard results in dimension theory, we refer to [6, 16],
and to [8] or [10] for basic facts concerning frames or -frames.

From section 3 onward, x is restricted to infinite values.

2. PRELIMINARIES

There is a functor Z : kFrm — Frm which is described
as follows. A k-ideal of a k- frame L is a lower set I of L
(which means that ¢ € I whenever z < y and y € I) such
that VJ € I for every subset J of I with |J| < k. ZI(L)
is the set of all k-ideals of L partially ordered by inclusion.
In Z(L),L NI, = I; N I; and VV{I, : « € A} consists of all
z € L such that z < V{z, : « € B}, where z, € I, for each
element a of some subset B of A with |B| < k. For a k-map
¢o: L — M, I(p) : I(L) — I(M) is the map that sends a
k-ideal I of L to the k-ideal of M generated by ¢(I). There is
also an injective xk-map from L to Z(L) that sends each z in L
to I, = {y € L:y <z}, and it is frequently useful to identify
L with the sub-k-frame {I, : z € L} of I(L).

A system (Ly, qop, A) of KFrm consists of a partially ordered
set A, k-frames L,,a0 € A, and k-maps ¢ug : L, — Lg for
a < B such that g, is the identity and ¢oy = gapgsy Whenever
a < B <. It is a direct system if A is directed. A target
(M,r,) of the system consists of a x-frame M and s-maps
re : Lo = M, a € A, such that r, = rgq.s Whenever o < .
A target (L, go) is called the colimit of the system if for each
target (M,r,) there is a unique k-map r : L — M with r, =
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rqs. If @ <  means a = 3, the colimit is the coproduct or
sum ) L,.

Certain properties of colimits of k-frames, e.g. existence,
follow from the corresponding properties of colimits of frames.
Let (Lq,gap, A) be a system in kFrm. Let (L, q,) be the col-
imit of the system (Z(La),Z(guag), A) in Frm. Then it is readily
verified that the sub-«-frame of L generated by U{q,(L,) : a €
A} is the colimit in KFrm of (L,, g,p, A) with canonical maps
the restrictions of the maps ¢, to L,,a € A.

For our first result, a version of theorem 1 for compact «-
frames, we need the following definitions. Let L be a k-frame.
A subset M is a cover of L if |[M| < k and VM = 1. L is
compact if every cover has a finite subcover. If M;, M, are
covers of L, My refines M, if for each = in M, there is y in M,
with z <y. Forn = —-1,0,1,2,...00and M C L,order M < n
if the meet of any n + 2 elements of M is 0, and dimL < n
if every finite cover of L has a finite refinement of order < n.
Here by standard argument the requirement of finiteness on
the refinement may be dropped. Note that L is compact iff
I(L) is and dimL = dimZ(L). If f : L — M is a frame map,
its right adjoint f# : M — L, usually denoted by f,, is defined

by
) =\V{zeL: f(z) <y}

Proposition 1. Let (L,q,) be the colimit of a direct system
(Lagop, A) in kFrm, where L, is compact and dimL, < n for
each a in A. Then L is compact and dim < n.

Proof: The proof for frames is such that the general case follows
from the preceeding remarks concerning the functor Z . We
work then in Frm and consider a cover M of L. It clearly
suffices to prove z, = V{¢¥(m) : m € M} equals 1 for some
a in A. Assume on the contrary that z, < 1 for each « in
A. Consider the family F of all (y,) in IIL, such that z, <
Yo < 1 and ¢up(ys) < yg for @ < B. Note that we have
go = gpgap, and hence gup(g#(m)) < gf(m) and (z.) € F. F
is partially ordered by defining (y,) < (24) iff y, < 2, for each
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a. By compactness of each L, each chain of F has an upper
bound and, by Zorn’s lemma, F has a maximal element (z,).
If z4 = aAband a,b # z,, then by the maximality of (z,) for
some successors y and 6 of a in A we must have gq(a) = 1 and
¢as(b) = 1. For a common successor 3 of v and § in the directed
set A, this would imply g,5(24) = 1 = 23. Consequently z,
is prime in L, for each « in A, so that we can define a frame
map p, from L, to the two-element frame 2 by p,(z) = 0 iff
z < 24 Fora < g, ifw, = qa,y(qfﬁ(zﬁ)) for a <« and w, = 2,
for a £ v, it is readily seen that (w,) € F. The maximality of
(zo) implies that qfﬂ(zg) = z,. Hence p, = pgqap and there is
a frame map p : L — 2 with p, = pq,. Finally, because A is
directed, m = V{g.(g#(m)) : @ € A} for each m in L, and in
the frame 2 we have

1=p(\V/ M) =p(\/{ga(za) : « € A}) =
V Pga(za) = \/ Pal2s) = 0

This contradiction shows that z, = 1 for some « in A and
completes the proof. [

A different proof of the compactness of L can be found in

[7].

We recall the following definitions for a s-frame L. L is
normal if whenever a Vb = 1, there exist ¢ and d with cAd =0
and aVec =bVd = 1. The “well-iside” relation € on L is
defined by a € b iff there exists ¢ withaAc=0and cVb=1.
[fa<bZ2c<d,thenb<cand a € d;a Zband cZdimply
aANcZbAdand aVcZbVd;and £ is preserved by k-maps.
For subsets of L, we write G € H if for each a in G there is
bin H with a € b. L is cover regular if every cover G has a
refinement H with G € H. L is regular if every member z is
the join of at most kK members y with y € z. A subset G of L is
locally finite if there is a cover H such that {b€ G : a A b # 0}
is finite for each a in H. Note that a locally finite subset of L
has cardinality at most k. Also, a locally finite subset G of a
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frame L with |G| < k is locally finite as a k-frame subset. For
if H is the frame cover of the definition, then

{(V{z€H:zAy=0iffy ¢ a} : « a finite subset of G}

is a k-frame cover each of whose members meets only finitely
many elements of G. L is paracompact if every cover has a
locally finite refinement. Recall that a space is k-paracompact
if every open cover of cardinality < & has a locally finite open
refinement, which by standard argument may be assumed to
have cardinality < k. Thus, a space is k-paracompact iff its
topology is paracompact as a k-frame. The following result is
readily verified.

Proposition 2. A k-frame L is compact, cover regular, nor-
mal or paracompact iff I(L) is.

Two results that are needed in the sequel can now be de-
duced from the corresponding results for frames [4, 5]. For
paracompact k-frames normality is equivalent to cover regu-
larity, and in a normal k-frame, every locally finite cover {z.,}
is shrinkable, i.e. there is a cover {y)} with y) € z,.

3. THE SPACE OF PRIME IDEALS

There is a useful cofunctor P : kFrm — Top defined as
follows. P(L) consists of all prime filters (dual ideals) of a &-
frame L with topology the one generated by the sets hA(z) =
{I € P(L): z € I},z € L. Note that h = hy : L — QP(L)
is an injective lattice homomorphism. For a k-map ¢ : L —
M, P(e) : P(M) — P(L) is defined by P(¢)(I) = {z €
L : p(z) € I}. It is shown in [2] that P(L) (in fact, every
basic open set h(z)) is compact, dimL = dimP(L), and L is
normal iff P(L) is. For Y C P(L), let kY be the sub-x-frame
of Q(Y) consisting of all sets of the form U{h(z)NY :z € M}
where M C L and |M| < k. By [2, proposition 3], we have a
k-map r = rp, : KP(L) — L defined by r(U{h(z) : ¢ € M}) =
V{z : € M}. For a k-map ¢ : L — M, one verifies that
QP(¢))hr = harep and hence ryQ(P(p)) = ory.
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Henceforth £ denotes either an infinite cardinal or co. This
restriction is in general necessary only when cozero elements
are considered, and several of the results that follow can be
seen to be valid even for £ finite.

The cozero elements of a k-frame L are the images of open
sets of the space of real numbers under k-maps (equivalently, o-
maps) into L. The set of all such elements is denoted by cozL.
Let X be a compact metrizable space and ¢ : U(X) — L a
k-map. Then cozP(L) =cozQdP(L) is a sub-o-frame of kP (L)
and there is a unique continuous f : P(L) — X such that ¢ =
rQ(f) [2, proposition 10]. Hence cozL is a quotient of cozP(L)
and a regular, and therefore normal [1, corollary 2|, sub-o-frame
of L. We can also deduce from the corresponding property for
normal spaces that for any finite cover {g;} of a normal «-
frame L, there is a cover {U;} of a compact polyhedron X and
a k-map.¢ : Q(X) — L, such that ¢(U;) < g;.

Proposition 3. dimcozL = dimcozP(L) and, if L is normal,
dimL = dimcozL.

Proof: 1f {G;} is finite cozero cover of cozP(L), then {r(G;)}
is a finite cover of cozL of the same order. Also, given a fi-
nite cover {h;} of the normal o-frame cozL, there is a cover
{U;} of a compact polyhedron X and a k-map ¢ : Q(X) — L
such that ¢(U;) < h;. As ¢ = rQ(f) for some continuous f :
P(L) = X, {Q(f)(U;)} is a cover of cozP(L) with rQ(f)(U;) <
h;. These observations immediately imply dimcozL < dim
cozP(L). To complete the proof of the first equality, given a
finite cozero cover {G;} of P(L), let {H;} be a cozero and {E;}
a zero cover with H; C E; C G;. Choose a cover {z;} of cozL
of order < dimcozL such that z; < r(H;), and a cozero cover
{U;} of P(L) with r(U;) < z;. Then U; C E; C G; and {U;}
has order < dimcozL. Hence dimcozP(L) < dimcozL.

Let L be normal. The equality dimZ = dimcozL follows from
the fact that every finite cover of L has a cozero refinement.

Proposition 4. Let G = N{G, : n € N}, where G, € kP(L)
and r(G,) = 1. Then (i) G is dense in h(y) — h(z) for all
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elements x,y of L, (i1) L is a quotient of kG, (iit) G is C*-
embedded in P(L) and (iv) cozG C oG.

Proof: Write G, = U{h(m) : m € M,}, where M, C L and
|M,| < k, and suppose y £ z. We have z = V{zAm:m €
M.} and therefore we can pick inductively y, in M, such that
YAy1... ANy, £ . By Zorn’s lemma, there is a maximal filter
I that contains each y Ay; A... Ay, but not z. Then I is
an element of GN (h(y) — h(z)), which is therefore non-empty.
This property implies ().

Let H; = U{h(z) : ¢ € Ai},7 = 1,2, where A; C L and
|A;| < k. If r(Hy) & r(H,), for some z in A;,z £ r(H;) so
that h(z) — hr(H;) # 0; by (i), G N (k(z) — hr(H;)) # 0 and
therefore G N (H; — H,) # 0. It follows that GN Hy, = GN H,
implies 7(H;) = r(H;). Thus, can define a surjective k-map
s: kG — Lby s(GNH) =r(H),H € «kP(L), which proves
(ii).

Consider disjoint closed sets E, F of G. Write P(L)— ENF
in the form U{h(z,) : @ € A}, and suppose there exists z,, in
M, such that h(z, A...Az,) intersects ENF for each n in N.
Then, by Zorn’s lemma, there is a maximal filter I such that
z, € I, for nin N, and I is disjoint from the ideal generated by
{z4 : @ € A} and I is a member of ENFNG (cf. [8, lemma 1.2.3
and theorem 1.2.4]). It follows that each point of E is contained
in one of the compact sets h(zy A ... Az,),n € N,z, € M,,
that does not intersect F', and hence there is U in G such
that E C U C G — F. Therefore cozG C kG and, given a
continuous e : G- — X, where X is compact and Hausdorff,
we have lattice homomorphisms ¢ : cozX — QP(L) and 9 :
cozX — Q(G) defined by ¢(U) = hse™}(U) and %(U) = G N
hse™!}(U). Then, by lemma 4 of [2], there are unique maps
f:P(L) = X and g : G — X such that f~(U) C ¢(U) and
g~ (U) C ¢(U). Then clearly e,g and the restriction of f to
G coincide, and (iii) and (iv) follow.

Proposition 5. Let (L,q,) be a target of a direct system
(Lay Gop,s A) of k-frames with dimcozL, < n for each o in A.
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Let U be a o-locally finite cover of L each member of which
is of the form q,(z) for some a in A and x in cozL,. Then
there is a metric space M with dim < n and weight < k, an
open cover V of M and a k-map ¢ : Q(M) — L such that
@(V)=U. Hence U has a refinement of order < n.

Proof: Let A, be sets and K, covers of L such that U = {u, :
A € A}, where A = U{A, : n € N}, and each member of K,
meets only finitely many members of {u) : A € A, }. For each A,
fix a()) in A, x5, in cozLy(x) and Hy in cozP(Lg(x)) such that
uy = qo(n)(22) = rQP(ga(r)) (Hy). Let Go = U{QP(qua(n))(H)) :
AeA}G, =U{h(z): z € K,} NG, and G =N{G, :n € N}.
Then Z = {G N QP(qan))(H)) : A € A} is a o-locally finite
cover of G.

Let f, : G — P(L,) be the restriction of P(g,) to G. We
have an inverse system (P(Lq), P(qap), A) of topological spaces
with fo = P(gup)fg for a < fand Z = {f;(f\)(H,\) : X € A},
where H), is a cozero set of P(Lqa(y)). Also, by proposition 3,
dimcozP(L,) < n. Therefore, by [15, proposition 1, or 14,
proposition 9], there is a map f from G to a metric space M
with dimM < n and an open cover V = {V) : A € A} of
M such that f~1(V,) = foj(ll\)-(H,\),/\ € A. We can of course
assume that |A| < k, in which case the construction is such
that wM < k. This at any rate follows by an easy applica-
tion of Pasynkov’s factorization theorem [14, theorem 2]. We
let ¢ be the composite of f~! with the k-map s : kG — L
of proposition 4, which applies in the present circumstances.
Then (V) = U, and if W is a refinement of V of order < n,
then (W) is a refinement of U of order < n.

4. THE COZERO ELEMENTS OF COLIMITS

In this section, we consider a fixed system (Lg,qos, A) in
«Frm with colimit (L, ¢,). We will assume that any two suc-
cessors of an element of A have a common successor. This
condition holds for coproducts as well as direct limits. Our
aim is to prove
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Proposition 6. Let L, be paracompact and normal for each c
in A. Then L is paracompact normal and every cover of L has
a locally finite refinement consisting of meets of finite subsets

of U{ga(cozL,) : @ € A}.

This is a corollary of another result, proposition 7, which
sharpens [5, theorem 7]. We need first two more definitions
for a k-frame M. A system of subsets of M is a family F of
subsets of cardinality at most £ that satisfies

). hCcFReF=>FEecF.
(ii). i, Fl,e F=>=FAF,={zANy:z€ Fl,y€ F,} €
F.
and (iii). If F' € F and for each z in F' there is E, € F with
z=VE,;, then Y{E,:z € F} € F.

M is F-regular if for every cover H, there is a cover G in F
with G € H. One readily proves that in an F-regular k-frame
if € VG, where |G| < &, then thereis F in F withz € \V F
and F Z G.

Proposition 7. Let F,,a € A, and F be systems of subsets of
L, and L, respectively, such that qo(F,) C F and qup(Fa) C
Fp fora < (. Let each L, be Fy-regular. Then L is F-regular.

Proof: This differs little from the proof of [5, theorem 7], but
is sketched here for the convenience of the reader.

Let D be the family of lower sets of L and M = {¢(G) :
G € D}, where ¥(G) = {VF : F € F and F € G}. Partially
ordered by inclusion, D and M are frames and ¢ : D — M is
a frame map. Also, F C ¥(G) and F € F imply V F € ¢(G).

Define 05 : Ly = D and ¢, : L, = M by o4(z) = {y € L:
for some f > a and z € qup(z) and y < gp(2)} and @, = Yo,.
One readily proves that o,, preserves finite meets, 0 and 1,
and ¢, is a k-map, the non-trivial part being the inequality
Va(Vz)) S Vealzr) = P(Uoa(zy)), where A ranges over a set
of cardinality < k. Consider an element y of the left hand side
and fix Fin F with y = VF and F Z 0,(V z)). It suffices
to show F C ¢¥(Uou(zy)). Let ¢ € F and pick § > « and
z in Lg such that z < gg(z) and 2z Z gag(V 1)) = V gag()).
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As Lg is Fp-regular, there are G, H in Fp such that 2 € VG
and G € H Z {qup(z»)} Then {z} A ¢4(G) € Uou(z)) and
{z} A ¢s(G) is an element of F with join z. It follows that
F C Y(Uoa(zy)) and ¢, is a k-map. Evidently (M, p,) is a
target of the system and so it induces a k-map ¢ : L — M.

Any cover of L has a refinement U consisting of at most &
elements of the form A{g.(za) : @ € A}, A a finite subset of A.
Then

Y(L) = (1) = o(V (A a(za) : @ € A})) = V(A #4a(za)) =
V(A ¢a(za)) = V(A ¥oa(za)) = v(U(A{oa(za) : @ € A})).

Now 1 is in 9¥(04(1)) = ¥(L) because L, is F,-regular. Hence
there is a cover F' in F with F' € U(A{ox(zs) : @ € A}) and
therefore F' € U. Thus, L is F-regular.

Proof of proposition 6: Let F, consist of all locally finite in
L, subsets of cozL, of cardinality at most x. In a normal -
frame, every locally finite cover is shrinkable, and a € b implies
a € z Z b for some cozero element z. As L, is paracompact
and normal, it follows that it is F,-regular. Let F be the set of
all locally finite subsets of L consisting of at most x meets of
finite subsets of U{gs(cozLs) : @ € A}. Then, by proposition 7,
L is F-regular and therefore paracompact and cover regular.
The result follows from the fact that cover regularity in the
presence of paracompactness implies normality.

5. THE MAIN THEOREMS

The main results follow from propositions 5 and 6.

Proof of theorem 1: Let q, denote the canonical map from
L, to L for each a in A. As (La,qap, A) is a direct system,
U{ga(cozLy) : @ € A} is a sub-lattice of L, and by proposition
6 a cover G of L has a locally finite refinement U consisting
of sets of the form g¢4(z),z € cozL,. As each L, is normal,
by proposition 3, dimcozL, < n, and proposition 5 provides a
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cover of L of order < n that refines U and therefore G. Hence
dimL < n.

For further applications of proposition 5, we need some def-
initions and two elementary lemmas. Let L be a k-frame. A
subset B of L is called a base if every element of L is the join of
a subset of B of cardinality at most k. The weight of L, wL, is
at most A if it has a base of cardinality at most A. If wL < &,
then one readily checks that joins exist and the distributive law
holds for arbitrary subsets of L, so that L is in fact a frame. We
call L metrizable if it is regular and has a o-locally finite base.
As locally finite subsets of a k- frame have cardinality at most
k, if L is metrizable, then wL < k and L is actually a frame.
P\(L) denotes the set of all metrizable sub-«-frames of L of
weight at most A ordered by inclusion, and Dy(L) the subset
of Py(L) consisting of members M with dimM < dimcozL.

Lemma 1. In a k-frame, if u € x for each member u of a
locally finite subset U, then VU Z z.

Proof: Let K be a cover every element of which meets only
finitely many members of U. For each v in U fix u* with
uAu*=0and uv*Vz=1. Put

z=\/{kAN{v":uAk#0}: ke K}
Then VUAz=0and zVz =1. Hence VU € z.

Lemma 2. Let L be a metrizable frame. Then L ts normal
and L =cozL.

Proof: Let {z;y : t € N,a € A} be a o-locally finite base and
y an element of L. Put y; = V{Zis : Tia € y,a € A}. Then
y; € y by lemma 1 and Vy; = y by regularity. Thus, L is
regular as a o-frame and is therefore normal [l, corollary 2]. It
follows that there is a 2z; in cozL with y; < z; < y and hence
y =V z; €cozL.

Proposition 8. A metrizable frame L is the quotient of the
topology of a metric space M of the same weight and dimen-
ston.
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Proof. In view of lemma 2, proposition 5 applied to an obvious
direct system consisting of copies of L supplies a metric space
M with wM < wL and dimM < dimL and a frame map
¢ : (M) — L whose image includes a o-locally finite base of
L. Hence ¢ is surjective and therefore wl < wM and dimL <
dimM [2, proposition 15].

Proposition 9. D,(L) is cofinal in P\(L) for any k-frame L.

Proof: Given K in P,(L), proposition 5 supplies a metric space
M with wM < X and dimM < dim cozL and a frame map
@ : (M) — L whose image includes a o-locally finite base of
K. Then by [2, proposition 15] the image of ¢ is an element

of Dy(L) that follows K.
The following result is needed in the proof of theorem 2.

Proposition 10. For non-zero countably generated metrizable
frames L, M,

dim(L & M) < dimL + dimM.

Proof: By proposition 8, L, M are quotients of the topolo-
gies of separable metrizable spaces X,Y, respectively, with
dimX <dimZ and dimY <dimM. As separable metric spaces
have metric compactifications of the same dimension, we can
assume that X and Y are compact. Then by [5, theorem 8],
UX xY) = QX)® UY) and hence L @ M is a quotient
of (X xY). Finally by [2, proposition 15] and the product
theorem for metric spaces,

dim(LeM) < dmQ(X xY) < dimX +dimY’ < dimL+dimM.

Proof of theorem 2: Let ¢,r denote the canonical maps from
L, M, respectively, into L @ M. A cover G of this sum has by
proposition 6 a o-locally finite refinement U = {¢(z4) AT(ys) :
a € A}, where |A| < k,z4 € cozL and y, € cozM. Let As be
the set of finite subsets of A partially ordered by inclusion. For
each « in Ay, using proposition 9, we construct by induction
on |a| countably generated metrizable sub-k-frames L., M, of
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L, M, respectively, such that dimL, < dimL, dimM, < dimM,
To € Loy, Yo € My, and for a < 8,L, C Lg and M, C Mg .
These inclusions induce k-maps g,p from L,® M, into Lg® My
and we have a direct system (Lo® My, gog, Ay) that has a target
(L® M,r,), where r, is induced by the inclusions L, C L, and
M, C M. Also, z, and y, map to elements of L, ® M, whose
meet maps by ro to ¢(z4)AT(ya). Let n =dimL+dimM. Then,
by proposition 10, dim(L, ® M,) < n. Thus, by proposition 5,
U and therefore G has a refinement of order < n. This shows
that dim(L @ M) < n and completes the proof. [J

The following interesting result has a similar proof.

Theorem 3. For a paracompact normal k-frame L the follow-
ing are equivalent.

(i) dimL < n.

(ii) Every cover of L has a refinement of order < n.

Proof: Evidently (ii) implies (i). So assume (i) and consider
a cover G of L. As L is paracompact and normal, G has
a locally finite cozero refinement U = {z, : @ € A} where
|A| < k. As in the proof of theorem 2, for each a in Ay, we
construct by induction on |a| countably generated metrizable
sub-k-frames L, of L, such that dimL, < n,z, € L,, and for
a < B,L, C Lg. Now we have a direct system (L, qag, As)
where all maps ¢,g, and ¢, are inclusions. By proposition 5, U
and therefore G has a refinement of order < n. This completes
the proof. O

6. DIRECT LIMITS OF TOPOLOGIES

The purpose of this section is to show that several known
theorems for topological spaces are special cases of results ob-
tained in this paper for k-frames. We need the following the-
orem, for which we recall some definitions. A perfect map is a
closed continuous function with compact fibers. A non-empty
closed subset of a topological space X is called irreducible if
it is not the union of two proper closed subsets. X is sober
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if every irreducible closed set of X is the closure of a unique
point. Hausdorff spaces are sober and sober spaces are Ty,

Theorem 4. Let (X,,Top, A) be an inverse system of topolog-
ical spaces and perfect bonding maps with limit (X, 7,), where
|A| < k. Let (L,qq) be the colimit of the direct system ((X,),
Wmop), A) in kFrm. If A = N or each X,, is sober, then L
and Q(X) are isomorphic.

Proof: As (X),Q(m,)) is a target of (Q2(X,), Umup), A),
there is a k-map r : L — Q(X) such that Q(7,)) = rg,.
As |A| < k&, every element of L can be written in the form
V{qa(Gs) : @ € A} and, of course, every element of Q(X)
can be written in the form {r;}(G,) : a € A}, where G, €
Q(X,). It follows that r is surjective and it remains to prove
that it is also injective.

For o < # and S C Xj, we adopt the notation S for the
set Xo — map((Xp — S) = {z € Xo : 735(x) C S}. As map is
closed, S is open if S is.

Consider elements G, H of L with G < H. Write G =
V{g.(Va) : @« € A} and H = V{q,(H,) : a € A}, where
Vo, Hy € Q(X,). For o < B, we can assume 7,5(V,) C Vj.
Then, for a < 8 < 7,V5 C V¥ and W;ﬁl(Vy"‘) C Vf. Define
Go = U{Vy : @ < 7}. Then G = V{gu(G,) : @ € A} and, for
a < B,m,5(Gs) C Gg and G§ = G,. To prove the equality,
if m 3(z) C Gg, by compactness of 7 5(z), 7 5(z) C VP for
some vy > 8. Hence 7 5(z) C V, so that z € V* C G,. Write
D, = Xo — Go. Then mop(Dg) C D, and, as G < H, there is
g in A such that H, N D, # 0. Hence H, contains a point z
such that 73 (2)N D, # 0 for p < a, otherwise, z = G4 = G,..

Consider now the family F consisting of all (F,) € IIY,,
where Y, is the collection of all closed subsets of D, with
Toa(2) N Fy # 0 and 7op(Fp) C Fy for p < o < B. F is par-
tially ordered by declaring (E,) < (Fy) iff F, C E, for 4 < a.
By compactness of 7;1(2), each chain in F has an upper bound
and, by Zorn’s lemma, F contains a maximal element (Fy). It
is readily seen that z € F,, F, is irreducible, F, N G, = 0 and
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Tap(Fp) = Fo for p < a < B. If each X, is sober, let z, be the
unique point with closure F,. Then, z, € H,, and, because
Tag(Fp) = FoyTap(2zg) = 2o for p < o < B. In case A = N,
we let £, = z and, using induction, we pick points z, in Fy,
with 7,p(zs) = 24 for p < a < B. In both cases, for p £ v,
we let z., = m,5(zp) for any B > v, . Then (z,) is a point of
r(H) — r(G). Hence r is injective as wanted.

The following two results are immediate consequences of the-
orems 1 and 4. For Tychnoff spaces, these were first proved by
Katuta [9, theorem 1.1].

Proposition 11. Let X be the limit space of an inverse system
(Xa,Tap, A) of sober k-paracompact normal topological spaces
and perfect bonding maps, where |A| < k and dimX, < n for
each a in A. Then X is k-paracompact normal and dimX < n.

Proposition 12. Let X be the limit space of an inverse se-
quence (X;,m;;, N) of countably paracompact normal topologi-
cal spaces and perfect bonding maps such that dimX; < n for
each 1 in N. Then X is countably paracompact normal and
dimX < n.

The frames (X x Y) and Q(X) & Q(Y) are isomorphic if
X is locally compact (i.e. compact neighbourhoods form a
base) or if both factors are Cech-complete [5, theorems 8 and
10]. In fact, suppose X is locally compact with wX < k.
Let {G4 : a € A}, where |A| < k, be a base of X, and let
g, 7 be the canonical maps from Q(X), Q(Y), respectively, into
their sum in kFrm. Then every element of the sum is of the
form V{q(Ga) A r(H,) : a € A}, where H, is open in Y,
and the proof of [5, theorem 8] can be adjusted to show that
QUX)pQ(Y) and Q(X xY') are isomorphic. We therefore have
the following corollaries of theorem 2. Proposition 13 is due to
Pasynkov [13].
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Proposition 13. For non-empty spaces X andY that are Cech-
complete, paracompact and normal,

dim(X x Y) < dimX + dimY.

Proposition 14. Let X and Y be non-empty, k-paracompact
and normal spaces with X locally compact and wX < k. Then
X XY 1is k-paracompact and normal and

dim(X x Y) < dimX + dimY.

That X x Y is k-paracompact and normal under the ad-
ditional conditions that both spaces are Hausdorff and X is
compact is due to Morita [11]. The product formula holds if
both spaces are Tychonoff and one of them is locally compact
and paracompact [12, theorem 1].
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