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COVERINGS OF CONTINUA

SERGIO MACIAS*

ABSTRACT. Given a continuum X, we consider certain
closed subsets of C(X) (the hyperspace of nonempty sub-
continua of X) whose union is X and obtain information
about X knowing these closed subsets of C(X) and vice
versa.

Introduction. Krasinkiewicz and Nadler ([K-N]) intro
duced the concept of covering property by saying that a con-
tinuum X has the covering property (written X € CP) if and
only if given a Whitney map p for C(X) we have that for every
t € (0, (X)), no proper subcontinuum of x~*(¢) covers X.

In this paper we relax some of the conditions of this defi-
nition by considering closed subsets A4 of C(X), consisting of
nondegenerate proper subcontinua of X, covering X, and min-
imal in the sense that no proper closed subset of A covers X.
Such an A is called a minimal closed cover. We show the fol-
lowing:

Theorem 3. Let X be a continuum and let A be a collection
of nondegenerate proper subcontinua of X such that A is closed

in C(X) and | J A = X. Then A contains a minimal closed
AcA
cover B of X.

Theorem 5. A continuum X is a graph if and only if every
minimal closed cover of X is finite.

* The author wishes to thank very much Professor Alejandro Illanes
for all the useful conversations they had..
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Theorem 6. If X is a continuum such that all of its minimal
closed covers are countable then X is locally connected.

Theorem 7. If X is a continuum such that all of its mini-
mal closed covers are countable, then X is hereditarily locally
connected.

Definitions. If (W, <) is a partially ordered set, by a chain
A of elements of W we mean that (A, <) is totally ordered. If
Z is a topological space and A C Z, then the closure of A in
Z is denoted by Clz(A), or by CI(A) if there is no confusion,
its interior by A°, and its boudary by 0z(A). We say that Z is
connected im kleinen at a point z if for every open set U of Z
containing z, there exists an open set V such that z € V C U
and for every y € V there is a connected set C, such that
y,2 € C, C U. If (Y,d) is a metric space, then given A C Y
and € > 0, the open ball around A of radius € is denoted by
V.(A), we will write V.(y) for V.({y}). If A is a subset of Y,
then diam(A) = sup{d(ai, as) | a1,a; € A}. The set of positive
integers is denoted by N.

If (Y, d) is a metric space then Y is said to have property S
provided that for each € > 0 there are finitely many connected

subsets A;,...,A, of Y such that ¥ = UAn and for each

k=1
ke{l,...,n}, diam(Ax) < e.

A continuum is a nonempty, compact, connected, metric
space. A subcontinuum of a continuum X is a continuum con-
tained in X. A continuum X is decomposable if X = AU B,
where A and B are proper subcontinua of X. X is indecom-
posable if it is not decomposable. X is hereditarily locally con-
nected if all of its subcontinua are locally connected. By a
graph we mean a continuum which can be written as the union
of finitely many arcs any two of which are either disjoint, or
intersect only in one or both of their end points.

Given a continuum X, the hyperspace of nonempty subcon-
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tinua of X is:
C(X)={AC X | Ais a continuum},

It is known that C(X) is a metric space with the Hausdorff met-
ric ([N1], (0.1)), and in fact C(X) is a continuum ([N1], (0.8)
and (1.12)). On C(X) we can define a real-valued function

p: C(X) — [0,00)
called a Whitney map which satisfies the following:

(1) p is continuous;

(ii) for every z € X, u({z}) =0;

(i) if A C B and A # B then p(A) < p(B) (see [N1],

(0.50)).

For every t € [0,u(X)], p~(t) is called a Whitney level. A
couple of facts about Whitney maps are:

(1) for each ¢t € [0,u(X)], p~%(t) is a continuum ([N1],

(14.2));

(2) for each t € [0, u(X)], Up~1(t) = X ([N1], (1.213.1)).

A minimal closed cover A of the continuum X is a closed
subset of C(X), where each element of A is a nondegenerate
proper subcontinuum of X, U A = X, and no proper closed

AcA
subset of A covers X.

Let us see some examples.

(z) If X is a decomposable continuum and X = AU B,
where A and B are nondegenerate proper subcontinua of X,
then clearly A = {A, B} is a minimal closed cover of X.

Figure 1
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(i2) Let Y be the square [0,1] x [0,1] then if A = {{z} x
[0,1] | = € [0,1]}, then A is an uncountable minimal closed
cover even though Y is locally connected.

(112) Let Z =Y U ({0} x [1,2]) then B = AU {{0} x [0,2]}
is also an uncountable minimal closed cover. Observe that
for every y € [0,1], (0,y) belongs to both {0} x [0,1] and
{0} x [0,2], and we cannot remove {0} X [0,1] because the
covering must be closed.

Figure 2

Main Theorems. We begin with an easy technical lemma,
whose proof can be found in [E|, Corollary 3.1.5.

Lemma 1. Let Z be a compact Hausdorff space and let {F,},en
be a family of closed subsets of Z with the finite intersection
property. If U is an open subset of Z such that ﬂ F,cU

a€A
then there erist ay,... ,a, € A such that ﬂ F,, CU.

k=1

Corollary 2. LetY be a compact metric space. If A is a chain
of closed subsets of Y ordered by inclusion then there exists a

nested sequence {A,}32, C A such that [ A, = [) A.

n=1 A€EA
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Proof: Let V; = W (ﬂ A). By Lemma 1 we can find
A€A

n(1)

A1, ,A1na) € A such that (A, C Vi. Without loss
k=1

of generality we may assume that A;; D Aj2 D -+ D Ay nq)-

n(1)
Thus A n1) = ﬂ A and we take A; = Ajn).

k=1

Let m > 2 such that Ay ¢ Vi (ﬂA), and let V, =
™ \deA

Vi (ﬂ A), by Lemma 1 we can find Ays,... ,Azn0z) € A
™ \4eA
n(2)
such that ﬂAz,k C V2. Without loss of generality we may
k=1
n(2)
assume that Azn(2) = ﬂ Az k, and now we take A; = Ajn(2)

k=1
and observe that A, C A;.
If we continue with this process, we obtain a nested sequence

{An}2, of elements of A. Clearly (| A C [)A4x, to see

A€A n=1

the other inclusion holds, let z € ﬂAn and let s € N, then

n=1

z €A, C Vs ( N A), which implies that z € C1 ( N A) =

A€A AcA
N A.
A€A

Theorem 3. Let X be a continuum and let A be a collection
of nondegenerate proper subcontinua of X such that A is closed

in C(X) and | J A = X. Then A contains a minimal closed
A€A
cover B of X.

Proof: We are going to use Zorn’s Lemma to obtain B. To this
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end let & be the family of closed subcovers of A and note that
A € G, hence S is not empty.

We deﬁne an order “>” on & as follows, given By, B; € S.
We say that By > By if B; C B,. Let H be a chain of elements
of &, we will see that H has an upper bound. By Corollary 2,
there exists a nested sequence {C,}2, of elements of H such

(o0}

that ﬂC = ﬂ C, = Co. Clearly Cy is a closed subset of
CeH
C(X) such that each element of Cy is a nondegenerate proper

subcontinuum of X. Thus, to show that Cy is a minimal closed
cover, we only need to show U C=X.
CECo
Let z € X. Since each C, € H, there exists D, € C, such
that ¢ € D,. By the compactness of A, {D,}22, has a con-
vergent subsequence {D,, }32; converging to an element D of
A. Observe that each D,, contains . Hence D contains z.
Since {C,, }32, is a decreasing nested sequence, we have that
for each k € N, {D,,}2, C C,,, which implies that D € C,,,
o0

because C,, is closed. Therefore D € ﬂan. It only remains

k=1
to show that ﬂcnk = ﬂ C, = Co. Clearly ﬂC C ﬂ Cn,-
k—l n=1 n=1 k=1

Now take D' € ﬂan, and let n € N. Since there exists a
=1
k € N such that ng > n, we have that D' € C,, C C,. Thus

D' € Cy, and therefore CO is a closed cover of X and it is an
upper bound of ‘H. Zorn’s Lemma implies that <& contains a
maximal element.

Let B be a maximal element of &. Then B is a minimal
closed cover of X. 0O

The next theorem tells us which are the minimal closed cov-
ers of an arc.

Theorem 4. Any minimal closed cover of T = [0,1] is finite.
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Proof: Let A be a closed cover of Z formed by nondegener-
ate proper subcontinua, and suppose it is infinite. Since no
member of A is degenerate, there exists an € > 0 such that
diam(A) > ¢ for every A € A.

Figure 3

Let A; € A such that 0 € A;. Then since diam(A) > e,
[0,e] C A, and let

by =sup{b€ I | A=]a,b € Aand € € A}.

Since A is closed, there is an A; € A such that A; = [ay, b;).
If b, > 2¢, then we have covered [e,2¢] with only one element
of A. Thus suppose that b; < 2¢, and let

az =inf{a €T | A= [a,b] € A and 2¢ € A}.

Then there exists an Az € A such that Az = [as, b3]. We claim
that a3 < by, otherwise if az > by, then we take z € (b, a3),
and choose an A € A such that £ € A. Thus either ¢ € A or
2¢ € A, but this contradicts the election of either b, or as.

b a
2 %3
ol [ O O ) | | 1
I ¥ r‘l;( LI I I I
€ 2e
Figure 4

Hence, we have that [¢,2¢] can be covered with at most two
elements of A. In a similar way we see that the rest of the
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intervals [le, ({+1)e] can be covered with at most two elements
of A. O

The following result gives us a characterization of graphs in
terms of minimal closed covers.

Theorem 5. A continuum X is a graph if and only if every
minimal closed cover of X is finite.

Proof: 1f X is a graph, it follows easily from Theorem 4 that
all the minimal closed covers of X are finite.

Thus, let us suppose that X is a continuum for which all
its minimal closed covers are finite, and let ¢ > 0 be given.
For each z € X, let A, be a subcontinuum of X such that
t € A; and diam(A;) = . Let A = Clex){A- | = € X},
then by Theorem 3, A has a minimal closed subcover B, which
is finite by hypothesis. On the other hand, for each B € B,
diam(B) = e. Hence X has property S, and X is locally
connected ([N2], Theorem 8.4).

Let A be any subcontinuum of X, we claim that X \ A has a
finite number of components. Suppose this is not true, so X'\ A
has infinitely many components. Let {K,}3; be a sequence
of components of X \ A, converging to K. Observe that, since
X 1is locally connected, K C A.

Let T =U{C | C is a component of X \ A and,
for each n € N,C # K.},
and observe that since X is locally connected, AU T is a con-
tinuum. Consider the following family of subcontinua of X:

A={K,UAUTUK,}>,,

then A is an infinite minimal closed cover of X, which con-
tradicts our hypothesis. Therefore X \ A has a finite number
of components. By ([F], Theorem 4.7) we have that X is a
graph. O

Based on the previous theorem, one might ask the following
question:
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Is it true that a continuum X is hereditarily locally connected
if and only if all its minimal closed covers are countable?

In one direction the answer to this question is no, because
the Gehman dendrite

Figure 5

(see [G]) has an uncountable minimal closed cover, which con-
sists of all the arcs from the vertex to the points of the Cantor
set at the bottom.

In the other direction we have a positive answer. First we
show the following:

Theorem 6. If X is a continuum such that all its minimal
closed covers are countable then X is locally connected.

Proof: Suppose X is not connected im kleinen at the point p/,
then we can find an open set U’ of X containing p’, a continuum
D that contains p’, lying in Clx(U’) and meeting Clx(U’) \ U’
and a sequenece of distinct components {D,}32, of U’ con-
verging to D, see ([H-Y], Theorem 3-12). Let p be a point
in D such that, for some € > 0, the closure of the open ball
U = V.(p) is contained in U".

Since p € D and the sequence {D, }52, converges to D, there
isan M € Nsuch that if n > M then Clix(U)ND, # 0. Hence,
we can find a sequence {pn}.>m of points of U converging to
p such that p, and p,, are in different components of Clx(U)
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if and only if n # m. Let K, be the component of Clx(U)
containing the point p,.

1 ,
Wp

D

Figure 6

Since Clx(U) is compact and metric, we have that its qua-
sicomponents and components coincide, see ([H-Y], Theorem
2-14). It is easy to see that we can find a sequence {FE,}>2,
of open sets of Clx(U) such that each K, C E,, n € N, and
E.NE, = 0 if and only if n # m. By ([H-Y], Theorem 2-
15), for every n € N, there is an open and closed subset H,, of
Clx(U) such that K, C H, C E,, let H = | J H.. By ([N2],
5.7), there is and N € N such that o = gllfv{ﬁlzlxm(Hn)} > 0.

Let 1 be a Whitney map for C(X), and let s € (0, (X)) be
such that for every A € pu7!(s), diam(A) < ;¢ min{e,e}. Now
let us consider a closed interval [r, s], where 0 < r < s, and let
{rn}oz: = (r,5) NQ.

If U\ Clx(H) # 0 then, for each z € U \ Clx(H), let us
take A, € C(X) such that z € A;, p(A;) = r, and call Aj; this

family of subcontinua of X; otherwise let A3 be empty.
Let

Ai={Aeu'(r,)| AC H, and n € N},
A, ={A€eC(X) | p(A) =sand AN(X\U) # 0},
and
A=Clc(x)(A1UA2UA3),

then A is a closed subset of C(X). To see that A is a covering
of X,let z € X. If z € (X \U), then there exists A € A, such
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that € A. Thus let us assume that z € U. If z € U\Clx(H),
then there is an A € A3 such that x € A. Hence, suppose
z € Clx(H). Since A is closed in C(X), it is enough to show
that H is covered by the elements of A. Thus, let us assume
z € H, then there is an n € N such that z € H,. If there
does not exist an element A of p~'(r,) containing z such that
A C H,, then we have that for every A € u~*(r,) containing z,
AN(X\U) # 0 (A cannot be contained in U C Clx(U) because
H, is an open and closed subset of Clx(U) and A is connected).
~Since r, < s, by ([N1], (1.15)), there is a B € u~!(s) such that
r € AC B € A; C A. Therefore, A is a closed cover of X.

Observe that, clearly, A, is closed in C(X) and that p is not
contained in any element of A,. In fact, we claim there is a
6 > 0 such that for every A € Az, AN Vs(p) = 0. If this is
not true, for each n € N, there is an A, € A, such that A, N
Vi(p) # 0. Let z, € AN V1i(p), since A, is compact, without
loss of generality we may assume that {A,}3, converges to an
element A of A;. On the other hand, since {z,}52; converges
to p, we have that p € A, which is not possible. Therefore
there is such a 6 > 0.

Since {p,}32, converges to p, there is an N € N such that
if n > N then p, € Vs(p). Let us observe that if n > N then
no element of Cl¢(x)(As) contains p,. This is because, if for
some n > N, there is an A € Cl¢(x)(As3) such that p, € A,
then there exists B € Aj such that BN H, N Vs(p) # 0. Since
BNU\ H, # 0, we have that BN X \U # 0. Let C € p71(s)
be such that B C C, then C € A; and C N Vs(p) # 0, this
contradicts the choice of §.

By Theorem 3, we can find a minimal closed cover B of A.
Now, let ¢ € [r, s] and let {r,, }32; be a subsequence of {r,},
converging to t. By the previous pragraph for each n, > N,
there is an A,, € A; N B such that p,, € A,, C H,,. Then
{An, }ne>n has a convergent subsequence {A,,, }§2; converging
to A € B. Since p is continuous, we have that u(A) = ¢. Hence,
for every t € [r,s], there is an A € B such that u(A) = t.
Thus, B is uncountable, a contradiction to the fact that all the
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minimal closed covers of X were countable. Therefore X is
locally connected. [

Theorem 7. If X is a continuum such that all of its mini-
mal closed covers are countable, then X is hereditarily locally
connected.

Proof: By Theorem 6, we may assume that X is locally con-
nected. Suppose X is not hereditarily locally connected, then
X contains a nondegenerate convergence continuum K, (see
[N2], 10.4). Let U be an open connected subset of X contain-
ing K and let € > 0 be such that Clx(V.(K)) C U.

Since K is a convergence continuum, there is a sequence
{K,}22, of subcontinua of X such that K, N K, = 0 if and
only if n # m, and for each n € N, K, N K = (. With-
out loss of generality we may assume that for every n € N,
K, C U. Since we are working on locally connected metric
spaces, we can find a sequence {U,}32, of open connected sub-
sets of U such that for any n € N, K, C U, C Clx(U,) C U,
Clx(U,)N K =0, and Clx(U, )ﬂ Clx(Un) = 0 if and only
if n # m. Let H, = Clx(U,), n € N. We do not lose any
generality if we suppose that the sequence {H,}32, converges
to a continuum H containing K. Since K is nondegenerate
and {K,}52, converges to K, there is an N € N such that
o= 1nf {dlam(H )} > 0. Let T = (] H,, and observe that

n>N
Clx(T ) =TUH.
Let u be a Whitney map for C(X), and let s € (0, u(X))
be such that s < inf {,u( )}, and for every A € p7(s),

diam(A) < 55 mln{a e} Now let us consider a closed interval
[r, s], where 0 <r <s,and let {ry}n>n = (r,5) NQ.

Let R=U\(TU H), then note that R contains at most
countably many components, see ([K], Theorem 1, p. 236). For
each n > N, let D, = U{Clx(F) | F is a component of R and
n = min{m € N | H, N Cix(F) # 0}}, and E, = H, U
D,,. Note that Clx(E,) is a continuum, for each n > N, and
observe that if Clx(E,)NClx(E,) # 0, with n # m. Then by
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construction we have Clx(E,) N Clx(E,) C 0x(Clx(E,)) N
Ox(Clx(En)).

If there is a component F' of R such that Clx(F)N H # 0
and for every n > N, Clx(F) N E, = 0, then for each such
component F' and for any point z € F', we take an A, € C(X)
such that z € A, C Clx(F)U H and p(A;) = r. Let A3 be
this family of continua; otherwise let A3 be empty.

Now we are ready to define a closed cover of X, let

A ={Aeul(r,) | AcC Clx(E,) for some n > N},
A, = {Ae€eC(X) | pu(A) =sand AN(X\U) # 0},

and
A = Clex)(A1 U A3 U As),
then A is a closed subset of C(X). We have to show that A

is a covering of X. To this end, let z € X. If z € X \ U,
then there is an A € Aj such that z € A, thus, let us suppose

that € U. If z € U\ Clx | | Cix(E,) |, then there is a
n>N

component F' of R such that Clix(F)NE, =0, forn > N and

Clx(F)NH # 0. Thus we can find an A € Aj; such that z € A.

Hence suppose z € Cly U ClX(En)). Since A is closed in

n>N
C(X), it is enough to prove that | J Clx(E.,) is covered by A.
n>N
Thus, let us assume that z € | J Cix(FE,). Then there is an

n>N
n > N such that z € C’lX(Enj. Since r, < s < u(H,) <
p(Clx(E,)), by ([N1] (1.15)), there is an A € p~!(r,) such
that z € A C Clx(FE,). Hence A € A and therefore A is a
closed cover of X.

Observe that A; is closed in C(X) and no point p of K is
contained in any element of A;. A similar argument to the one
given in the proof of Theorem 6, shows that thereisa 6 > 0
such that for any A € Ay, AN Vs(K) = 0. Since {K,}.>n
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converges to K, there is an M > N such that if n > M then
K, C Vs(K).

Since A is a closed covering of X, by Theorem 3, there is a
minimal closed cover B of X contained in A. Now let ¢ € [r, 5]
and let {r,, }$2, be a subsequence of {r,},>n converging to
t. Let p € K and for every ny > M, let p,, € K,, C H: C
Clx(En,,)° such that the sequence {p, }n,>m converges to p.
Let L > M be such that if ny > L, then p,, € Vs(p), in
particular we have that K,, C Vs(K) if ny > L. For each
ng > L, there is A,, € Cl¢x)(A1) N B such that p,, € A,,
and p(An,) = rn,, the existance of this A,, is guaranteed by
the fact that p,, € Clx(En,)°. Then {Ay, }n,>r has a con-
vergent subsequence {Ank, }22, converging to an element A of
B. Since u is continuous, we have u(A) = t. Thus B is un-
countable, which is contrary to our assumption. Therefore X
is hereditarily locally connected. [

It is known that if X is a hereditarily indecomposable con-
tinuum (a continuum for which all of its subcontinua are in-
decomposable) then X € CP (see [K-N]), which means that
for each t € (0,u(X)) the corresponding Whitney level is a
minimal closed cover. Based on this we ask the following ques-
tion: Is it true that if X is a continuum such that for each

t € (0,u(X)), the corresponding Whitney level is a minimal
closed cover, then X is hereditarily indecomposable?

Or more general:

Is it true that if X is a continuum for which all of its minimal
closed covers are connected, then X is hereditarily indecompos-

able?

In any case it is clear that such a continuum must be inde-
composable. On the other hand we might reformulate our first
question in the following way:

Is it true that a continuum X is hereditarily locally connected
if and only if all its minimal closed covers are totally discon-
nected?
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