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Abstract 

Let A(X) be the free abelian topological group on 
a Tychonoff space X , and S (/'l:) the sequential fan with 
/'l:-many spines, which is the quotient space obtained 
from C(/'l:) which is the disjoint union of /'l:-many con­
vergent sequences by identifying all the limit points to 
a single point. Then we proved that the tightness of 
A2n(C(K)) is equal to that of S(K)n for each n E N. 
As a corollary, we get if /'l: is an infinite cardinal with 
K = W or cf(/'l:) > w, n E N and X is a metrizable space 
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such that the weight of the set X' of all non-isolated 
points in X is K, then t(S(K)n) = t(A2n(C(K))) ~ 

t(A2n (X)) ~ t(A(X)) ~ w(X') = K. This result 
partially answers the question raised by Arhangel'skir, 
Okunev and Pestov in [2]. Furthermore, we get that 
for a metrizable space X such that the weight of X' 
is WI or w, t(A4 (X)) = t(A(X)) = w(X'), and always 
t(A3 (X)) ~ W for any metrizable space X. 

o Introduction 

This paper discusses the relations between the tightness of free 
abelian topological groups A(X) on metrizable spaces X, the 
tightness of the subspaces An(X) of A(X) formed by reduced 
words whose lengths are less than or equal to n, n == 1, 2, ... , 
and the tightness of finite products of sequential fans S(K). 

The tightness of a space X is denoted by t(X) and the 
weight of X is denoted by w(X). The set of all natural num­
bers is denoted by N. For an infinite cardinal K, let C (K) be 
the topological sum of K-many convergent sequences with their 
limits points. Then we prove that t(A2n(C(K))) == t(S(K)n) for 
each n E N. In [2], Arhangel'skil, Okunev and Pestov proved 
that for a metrizable space X, t(A(X)) :::; w(X'), where X' is 
the set of all non-isolated points in X, and asked whether the 
converse inequality is true. In this paper, applying the above 
result, we give the following partial answer to the question. 

Let K be an infinite cardinal such that its cofinality cf( K) is 
larger than wand X a metrizable space such that w(X') == K. 
Ift(S(K)n) == K for some n E N, then t(A2n(X)) == t(A(X)) == 

w(X') == K. 

On the other hand, in the same paper Arhangel'skil, Okunev 
and Pestov proved that if t(A(X)) == w, the converse inequal­
ity is true, i.e. t(A(X)) == w(X'). Since Gruenhage and 
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Tanaka [6] proved that t(S(WI)2) == WI, applying our result, 
we can improve their result as follows; if t(A4(X)) == WI or 
W, t(A4 (X)) == t(A(X)) == w(X'). Furthermore we show that 
t(A3(X)) :s; W for any metrizable space X. 

1 Notations and fundamental results 

All topological spaces in this paper are assumed to be non­
discrete and Tychonoff. Our terminologies and notations follow 
[4]. 

Let A(X) be the free abelian topological groups on a space 
X in the sense of Markov [8]. For each n E N, let An(X) 
formed by reduced words whose lengths are less than or equal 
to n (by definition Ao(X) == {O}, where 0 is the unit element 
of A(X)). Define the mapping in from (X EB -X EB {o})n onto 
An(X) by in((XI, X2, . .. ,xn)) == Xl + X2 + ···+ Xn for each 
Xi E X EB - X EB {O}. The following fundamental properties 
related to A(X) are used often in this paper (see [1],[7] and 
[10]). 

Lemma 1.1 Let X be a space. Then the following properties 
hold: 

(1)	 Let 71 be a group topology for A(X) which induces the 
original topology for X J. then 71 :s; T. 

(2)	 X and An(X)J n E N J are closed subspaces of A(X). 

(3)	 Ao == {g == Xl - YI + X2 - Y2 + ···+ X n - Yn : Xi, Yi E 
X, n E N} is a clopen subgroup of A(X)J and hence 
it is a clopen neighborhood of o. Furthermore J A(X) 
can be represented as a disjoint union of the clopen sets 

U{A2n (X) \ A2n- I (X) : n E N} U {O} and U{A2n- I (X) \ 
A2n- 2(X) : n EN}. 

(4)	 The mapping in is continuous for each n E N. 
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(5)	 For each n E N, the restriction mapping of in to 

i~I(An(X)\An_1(X)) is an n!-to-l, open and closed map­
p'l,ng. 

(6)	 Let Y be a closed P-embedded subspace of a space X; 
then A(Y) is embedded into A(X) as a closed topologi­
cal subgroup. In fact, the homomorphic extension of the 
inclusion mapping from Y to X over A(Y) is a closed 
embedding. Thus, An(Y) is also embedded into An(X) 
as a closed subspace for each n E N. 

For a space X, Let D(X) be the set of all continuous pseu­
dometric on X. For each d E D(X), we denote the Graev's 
extension of dover A(X) by d (cf.[5]). Then, Tkacenko [10] 
showed that {lid = {g E A(X) : d(O,g) < I} : d E D(X)} is 
a neighborhood base of 0 in A(X). On the other hand, using 
the universal uniformity Ux of X, another representation of 
a neighborhood base of 0 in A(X) was given in [9] and [11]. 
Furthermore, in [11], the author con-structed a neighborhood 
base of 0 in A2n (X), n E N. Here, we introduce an improved 
style of the neighborhood base of 0 in A2n (X). 

Lemma 1.2 Fix an n E N. For each U E Ux, put Vn(U) = 
{Xl - YI + X2 - Y2 + ... + Xk - Yk : (Xi, Yi) E U, k ~ n}. Then, 
{Vn(U) : U E Ux } is a neighborhood base of 0 in A 2n(X). 

Furthermore, as a corollary of the above Lemma, we have the 
following, which is often used in our main results. 

For a space X and each n E N, we define a mapping jn 
from x 2n to A2n (X) as follows; 

Xl - YI + X2 - Y2 + · . · + Xn - Yn 

for each (Xl,X2, ... ,Xn) and (Yl,Y2, ... ,Yn) in xn. 
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Corollary 1.3 ([11]) Let X be a space, n E Nand E a subset 
of A 2n(X). Then, 0 E E if and only if j~l (E) n un :f 0 for 
each U E Ux , 
where un = {((Xl,X2, ... ,Xn),(Yl,Y2, ... ,Yn)) E x 2n: (Xi,Yi) E 
U,i = 1,2, ... ,n}. 

Corollary 1.4 ([11]) Let X be a space such that every open 
neighborhood of the diagonal ~x of x 2 is contained in Ux (in 
particular, X is paracompact) , and E a subset of A2(X). Then, 

oE E if and only if jl1 (E) n~x :f 0. 

Let X be a space. The tightness t(X) of X is the smallest car­
dinal number K such that for every point x E X and A eX, 
if x E A, then x E B for some B c A with IBI :::; K. For 
a infinite cardinal K, let C (K) be the topological sum of K­
many convergent sequences with their limit points. The se­
quential fan S( K) with K-many spines is the quotient space 
obtained from C (K) by identifying all the limit points to a 
single point. Though S( K) is a concrete and simple space, it 
is difficult to investigate the cardinality of t(S(K)n), n E N. 
In fact Dow and Todorcevic asked whether ZFC implies that 
t(S(W2)2) = W2. On the other hand, there were some results 
for the tightness. For example, Gruenhage and Tanaka [6] 
proved that t(S(Wl)2) = WI. And recently, Eda, Gruenhage, 
Koszmider, Tamano and Todorcevic [3] obtained some (set the­
oretic) equivalent statements to t(S(K)2) = K. 

Tightness of A2(X) 

For a space X, since A1(X) = X EB -X EB {O}, it easy to see 
that t(AI(X)) = t(X). For the tightness of A 2(X), we can 
show the following. 

Theorem 2.1 'Let X be a space such that every open neigh­
borhood of the diagonal ~x of X 2 is contained in the universal 
uniformity Ux of X. Then t(A2 (X)) = t(X2

). 
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Proof: First, we suppose that t(X 2
) :::; K. Let E C A2 (X) 

and 9 E E. If 9 E (X EB -X) U (A 2(X) \ A 1(X)), by Lemma 
1.1, we have that gEE n (X EB -X) U En (A 2 (X) \ A 1 (X)). 
Since t(X EB -X) :::; K and by the property (5) in Lemma 1.1, 
we can take a subset C of E such that 9 E C and ICI :::; K. 

Thus, let 9 == O. Since Ao is a clopen neighborhood of 0 in 
A(X), 9 E F, where F == E n Ao and F C A2(X) \ A1(X). 
Therefore, by Corollary 1.4, fl 1(F) n ~x =I- 0. Take a point 

(x, x) E Il 1 (F) n D.x . Since t(X 2
) :::; K, there is a subset C of 

}11 (F) such that (x, x) E C and ICI :::; K. By Corollary 1.4, we 
have that 0 E }1(0), and also }1(0) is a subset ofj1}11(F) == F 
and 1/1(C)1 :::; K. Consequently, we get t(A2(X)) :::; K. 

Next, suppose that t(A 2(X)) :::; K. Let E C X 2 and x E E. 
The proof is in two cases. 

Case 1: z ft D.x . 

In this case, it is easy to see that i 2 (x) E A2 (X) \ A1 (X). 
Then we can take an open set U in X 2 and an open set V in 
A2 (X) such that 

z E U and i 2(z) E i2 (U) eVe V c A 2 (X) \ A 1 (X). 

Let F == U n E; then z E F and i2(F) C i2 (U) C A 2(X) \ 
Al (X). By the property (5) in Lemma 1.1, we have that t(U) :::; 
K, and hence we can take a subset C of F such that ~ E C and 
lei:::; K. 

Case 2: z E D.x. 
If z E E n D.x, the proof is finished. For, the diagonal D.x 

is homeomorphic to X and X is a subset of A 2(X). It follows 
that t(~x) :::; K. Then, we may assume that z E F, where 
F == E \ D.x. We define a subset A of D.x, as follows; 

A == {y E ~x: there is C y C F such that y E C y and ICyl :::; K}. 

Since z E ~x, F n ~x # 0, and hence 0 E }l(F). By the 
assumption, there is a subset D of }1 (F) such that 0 E D and 
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IDI :::; K. Note that the mapping jllx2\~x is one-to-one. Then 

we have jll (D) c F and ~x n jll (D) =I 0. This implies that 
the set A is not empty. Next we show that z E A. On the 
contrary, there is an open set U of X 2 such that z E U and 
UnA = 0. Since z E F n U, 0 E jl(F n U). In the same 
way, we can show that there is a subset C of F n U such that 
C n ~x =I 0 and ICI :::; K. Take a point y E C n ~x; then 
yEA. But this contradicts to y E U. Therefore, we have that 
z E A. Since t(~x) :::; K, we can take a subset B of A such 
that z E Band IBI :::; K. Thus, Z E U{Cy : y E B}, and also 
U{Cy : y E B} is a subset of F such that IU{Cy : y E B}I :::; 
K. 

Consequently, we have that t(X2 ) :::; K. 0 

Corollary 2.2 Let X be a paracompact space. Then 
t(A2(X)) = t(X2 

). 

The following example shows that the hypothesis of a space X 
in Theorem 2.1 cannot be omitted. It was proved by Ohta and 
is presented here with his kind permission. 

Example 2.3 There exists a space X such that W = t(X 2
) < 

t(A2(X)) = WI. 

Proof: Let X = {(a, (3) E WI X WI: a < (3}, where WI is the 
space of countable ordinal numbers with the order topology. 
Then t(X2 

) = w, because X satisfies the first axiom of count­
ability. To show that t(A2(X)) = WI, let f : WI ~ WI be a 
map such that f(a) > a for each a E WI and f(a) < f(a') if 
a < a', and put C = {a E WI : f((3) :s a for each f3 < a}. 
Since C is closed unbounded in WI, C can be decomposed 
into two disjoint stationary sets Cl = {a" : , E WI} and 
C2 = {(3" : , E WI}, where a" < a,,' and (3" < (3", if , < ,'. 
Put X" = (a", f( a,,)) and y" = ((3", f((3,,)) for each, E WI, and 
define H = {x" - y" : , E WI} C A2(X). Suppose that 0 f/:. H 
in A2(X). Then there is a continuous pseudometric d on X 
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such that d( X"Y' Y"Y) > 1 for each, E WI. For each, E WI, there 
are A"Y < a"Y and 1l"Y < (3"Y such that d((a,j(a"Y))'x'Y) < 1/3 
for each A'Y < a ~ j(a'Y) and d(((3,j((3'Y))'Y"Y) < 1/3 for each 
1l"Y < (3 ~ j ((3'Y). Since C1 and C2 are stationary, we can find 
an increasing sequence {,(n) : nEw} C "WI and v < a"Y(O) 
such that a'Y(n) < (3'Y(n) < a'Y(n+l), A'Y(n) < v and 1l'Y(n) < v for 
each nEw. Since {j( a'Y(n)) }nEw and {j((3"Y(n)) }nEw have the 
same limit, there is mEw such that d(p, q) < 1/3, where p == 
(v,j(a'Y(m))) and q == (v,!((3'Y(m))). Then, d(x'Y(m)'Y'Y(m)) ~ 

d(x'Y(m),p)+d(p,q)+d(q'Y'Y(m)) < 1/3+1/3+1/3 == 1, which 
is a contradiction. Hence, 0 E H in A2(X). On the other 
hand, the set D == {(a,j(a)) : a E C}(== {x'Y' Y'Y :, E WI}) 

is discrete and closed in X. For, if (a, (3) E X and a E C, 
then [0 ,a] X (a,,8] contains at most one element of D. For 
each, E WI, since {(a,(3) EX: a < (3 ~ ,} is metriz­
able, we can find a continuous pseudometric d'Y on X such 
that d'Y(X8' Y8) > 1 for each 8 ~ ,. This means that 0 tt H' in 
A2 (X) for each countable set H' C H. Hence, t(A 2(X)) == WI. 

D 

Let X be a space and fix an n E N. When we take a subset H 
of An(X) and a word 9 E An(X) such that 9 E H to investigate 
the tightness of An(X), by Lemma 1.1, it suffices to consider 
the following three cases: 

(1)	 9 E Ak(X) \ Ak- 1(X') and 9 E H n (Ak(X) \ Ak- 1(X)) 
for some k ::; n. 

(2)	 9 == 0 and 9 E H n (A2k (X) \ A2k- 1 (X)) for some k with 
2k ::; n. 

(3)	 9 E Ak(X) \ Ak- 1 (X) and 
9 E H n (A2m+k (X) \ A2m+k- 1 (X)) for some k and m 
with 2m + k ~ n. 
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In the case (1), We can apply the property (5) in Lemma 1.1. 
For example, if X is metrizable, by the property, we can take a 
countable subset C of Hn (Ak(X) \ Ak-I(X)) such that 9 E C. 
And in the case (2), we can apply Corollary 1.3, however it is 
not easy to know the smallest cardinality of subsets of H whose 
closure contains g. For the case (3), we prepare the following 
Lemma. 

Lemma 3.1 Let X be a first-countable space such that every 
open neighborhood of the diagonal ~x of X 2 is contained in 
the universal uniformity Ux of X and let m, n E N. Take a set 
H C A2m+n(X)\A2m+n-I(X) and a wordg E An(X)\An-I(X) 
such that 9 E H. Then, there is subset Ho of H such that 
9 E Ho and IHol ~ t(A2m(X)). 

Proof: Put t(A2m(X)) = T. Since 9 E An(X) \ An-I(X), let 
9 = al + · · · + ak - ak+l - · · · - an be a reduced form such 
that 0 ~ k ~ n and each ai E X. Put HI = H - 9; then 
n E HI. By the property (3) of Lemma 1.1, we may assume 
that HI C Ao. It follows that if we take h = 2:~=I+n Zfi E H 
and hI E HI with hI = h - g, then 2:;:;+n Ci - k+(n - k) = O. 
Since the operation on A(X) is commutative, we can represent 
hI as follows; 

hI = (Xl + ·.· + xm) - (YI + .··+ Ym) 
+ (Xm+l + ... + Xm+k) - (Ym+k+l +... + Ym+n) 
- (al + ... + ak) + (ak+l + ... + an) 

= Xl - YI + ··· + Xm - Ym + Xm+l - al +···+ Xm+k - ak 
+ ak+l - Ym+k+l +···+an - Ym+n, 

where each Xi, Yi E X. Note that the above form is not nec­
essarily a reduced one, that is, some Xi may be a member of 
{aI, ... ,ak} and some Yi may be a member of {ak+l' ... ,an}, 
From this argument, we can put the set HI as follows; 



372 Kohzo Yamada 

HI == {hA ==	 x~ - Y; +···+x~ - Y~ +X~+I - al +··· 
+ X~+k - ak + ak+1 - Y~+k+1 +···+ an - Y~+n 
: each x;,y; E X, A E A}. 

By Corollary 1.3, we have that 

Let P be the permutation group of the set {I, 2, ... , m + n}. 
For each 1r E P, put E 1r == {~ == (( X1r(I), X1r(2), · . · , X1r(m+n)), 
(Y1r(I),Y1r(2),.' "Y1r(n+m))) E X 2(m+n) : jm+n(~) E HI}. Then, 
j~~n(HI) == U1rEP E 1r . Since P is a finite set and Ux is closed 
with respect to finite intersections, by (1), we may assume that 

E n um +n =I	 0 for each U E Ux, (2) 

where E == {eA == ((x;, ... , x~, X~+I"'" X~+k' ak+I, ... , an), 
A A A A )) X 2(m+n). \ A}(YI,···,Ym,al, ... ,ak,Ym+k+I'···'Ym+n E ./\E. 

Put 

B == {bA ((X;, ... ,X~),(y;, ... ,y~)) E X 2m : A E A}, 
C == {cA ((X~+I"" ,x~+k,ak+I"" ,an), 

E X 2n(at, . .. , ak, Y~+k+l" .. , Y~+n)) : A E A}. 

Then, by (2), we have that 

B n Um =I- ,0 
C n un =I- 0 

for each U E Ux and 

for each U E Ux . 

(3) 

(4) 

Put D 
A}. 

Claim. (al, ... ,an ) E D. 

Let Vi be an open neighborhood of ai in X, i == 1, ... , n, such 
that VinVj == 0if ai =I aj' For every x E X\U7=1 Vi let Vx be an 
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open neighborhood of x in X such that ~ n {a1' ... , an} = 0. 
Then the set U = U~=1 Vi X Vi u U{~ X ~ : x E X \ U7:1 Vi} 
is an open neighborh<?od of the diagonal ~x of X 2 • By our 
hypothesis, U E Ux, and hence, from the property (4), there is 
a A E A such that c,\ E un. Then (X~+i' ai) E U for each i = 
1, ... , k and (ai, Y~+i) E U for each i = k + 1, ... , n. From our 
method of the choices of Vi and Vx , it follows that X~+i E Vi for 
each i = 1, ... , k and Y~+i E Vi for each i == k + 1, ... ,n. Con­

sequently, d,\ == (X~+l" · · ,X~+k' Y~+k+l" · ., Y~+n) E I1~=1 Vi, 

x
Now, since X satisfie"s the axiom of first countability and so 

n does, take a countable neighborhood base {~ : sEN} of 
(al, ... , an) in x n such that Vi == xn and ~+1 ~ ~ for each 
sEN. For each sEN, let As == {A E A : d,\ E ~ \ ~+l}, 

Es == {e,\ : A E As}, Bs == {b,\ : A E As}, Cs = {c,\ : A E As} 
and Ds == {d,\ : A E As}. Here, our proof is in two cases. 

Case 1: There is a subsequence {t s : sEN} of N such that 
B ts n um =I 0 for each sEN and U E Ux. 

By Corollary 1.3, for each sEN, we have that 0 E jm(Bts ) 

in A2m (X). Thus we can take a subset A~ of Ats such that 
oE {jm( b,\) : A E A~} and IA~I ::; T. Put 

E,\ == { ( (Xl,' · · ,Xm, X~+l" · ., X~+k' ak+l, . .. , an), 
,\,\ )) E X 2(m+n) ·(Yl,· · · ,Ym, al,· .. , ak, Ym+k+l" .. , Ym+n · 

( (Xl,,'" Xm), (Yl"'" Ym)) E j~ljm( b;\)} 

for each A E U:l A~, and E l == U{E;\ : A E U:l A~}. Then 
we can see that lEI I ::; W · T == T and E1 n um+n =I 0 for 
each U E Ux . Let H2 = jm+n(E1 ); then we have that 0 E H2 

and IH2 1 ::; T. Furthermore it is easy to see that H 2 CHI. 
Consequently the set Ho == H 2 - 9 is desired one. 

Case 2: There is So E N such that for each s 2:: So BsnUm == 
ofor some U E UX. 
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Let B t = Us>so B s, and assume that there is a Ut E Ux 
such that B t n Ur = 0. Then, we have that 

UEs n U;n+n = 0. (5) 
s~so 

On the other hand, since (Us<so Ds) n ~o = 0, we can select 
U2 E Ux such that Us<so Cs n U; = 0. This follows that 

(6) 
s<so 

Thus, by (5) and (6), En(Ut nU2 )m+n = 0, but this contradicts 
(2). Therefore, we can see that B t n um =10 for each U E Ux . 
By Corollary 1.3, this means that 0 E jm(Bt ), and hence we 
can take At C Us~so As such that 0 E {jm(bA):"\ E At} and 

IAtl:::; T. Now, by the hypothesis of Case 2, 0 f/. {jm(bA):"\ E As} 
for each 8 2: 80. Then we can see that At n Ut>s At =I 0 for 

each 8 2: 80, and this means that (at, ... , an) E {dA : ,,\ EAt}. 
Put 

E A = {( (Xt, ... , Xm, x~+t,···, X~+k' ak+t,···, an), 
A A )) x2(m+n).( Yt,···,Ym,at, ,ak,Ym+k+t'···,Ym+n E . 

((XI, ... ,Xm),(YI, ,Ym)) Ej~ljm(bA)} 

for each ,,\ E At, and E I = U{EA : A E AI}. Then E I n 
um+n =I 0 for e~ch U E Ux . Finally, put H2 = jm+n(Et ) and 
Ho = H 2 + g. Therefore, we can see that 9 E Ho, IHol :::; T and 
also Ho C H. 0 

Using the above fundamental results, we show the follow­
ing main result in this paper. Let K be an infinite cardina
and C(K) = EBO'<I'\: CO', where each CO' is the set of convergent 
sequence {an,O' : n E N} with its limit {aO'}. Then, the sequen­
tial fan S(K) is the quotient image of C(K) identifying the set 
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{aa : a < K} to a point o. Let q> be the set of all mappings 
from K to N, and for each cp E q> and a < K, put 

O(cp, a) {an,a : n > cp(a)} U {aa} 
W(cp) {an,a : n > cp(a), a < K} U{OJ. 

Then, Ua<~ O(cp, a) is a canonical open neighborhood of the 
set {aa : a < K} in C(K), and W(ep) is a canonical open 
neighborhood of 0 in S(K). 

Theorem 3.2 Let K be an infinite cardinal and n E N. Then 
t (A2n (C (K))) = t (S (K ) n). 

Proof: We prove the Theorem by induction with respect to n. 
It is clear that t(S(K)) = w and, by Theorem 2.1, we have that 
t(A2(C(K))) = t(C(K)2) = w. Then, let n ~ 2 and suppose 
that for each k < n, t(A2k(C(K))) = t(S(K)k). 

Claim 1. t(A2n(C(K))) ~ t(S(K)n). 

Let t(S(K)n) = T, (w ~ T ~ K), and take a subset H of 
A2n(C(K)) and a word 9 E A2n(C(K)) such that 9 E H. By our 
inductive assumption, we may assume that H C A2n (C(K)) \ 
A2n- 2(C(K)). Furthermore, if 9 E A2n(C(K)) \ A2n- 2(C(K)), 
by the properties (3) and (5) in Lemma 1.1, we can take a 
countable subset Ho of H such that 9 E Ho. Thus, it suffices 
to show in the following two cases. 

Case 1: 9 E Ak(C(K)) \ Ak-1(C(K)) for some k such that 
1 ~ k ~ 2n - 1. 

If k is odd, 9 E A2n- 1(C(K)) \ A2n- 2(C(K)). Thus, by 
Lemma 3.1, we can take a subset Ho of H such that 9 E Ho and 
IHol ~ t(A2n- 1- k (C(K))). Similarly, if k is even, we can take a 
subset Ho of H such that 9 E Ho and IHol ::; t(A2n- k (C(K))). 
In any case, by our inductive assumption, we have that IHol ::; 
t(A2n- 2(C(K))) = t(S(K)n-l)::; t(S(K)n) = T. 

Case 2: 9 = O. 
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In this case, we may assume that 

(1) 

Let d be a natural metric on C( K) such that d( x, y) = 1 if x E 

Ca, y E C(3 and a =j:. (3, d(aa, an,a) = lin, and d( am,a, an,a) = 
111m - 1/nl· Since 0 E H, we have that 0 E HI, where 
HI = H n lid and lid = {g E A(C(K)) : d(O,g) < I}. On 
the other hand, we can put HI = {h = x; - y; +... +x~ - y~ : 
x;,y; E C(K),A E A} such that 

for each A E A, 

there are a;, ... ,a~ < K such that x;,y; E Ca~' (2), 

For each A E A and i = 1, ... ,n, choose a point z; E {xt, y;} 
such that the distance between z; and aa~ is larger than the 
one between another point and aa~' Now,' we show that 8 = , 
(0, ... ,0) E E I , where E I = {e,\ = (z;, ... ,z~) E S(K)n: A E 
A}. Take an arbitrary rp E ~, and put Ucp = U{O(rp,a) X 

O(rp,a): a < K}U~c(~). Then Ucp E Uc(~), and by Corol­
lary 1.3, we can see that {((x;, ... ,x~),(y;, ... ,y~)) : A E 

A} n U; =j:. 0. Thus, there is a A E A such that ((x;, ... , x~), 

(y;, ... ,y~)) E U;, and so that each (xt,y;) E Ucp. By (1) and 
(2), we have that x;,y; E O(cp,a;) for each i = 1, ... ,n, and 
this means that each z; E O( rp, at). Therefore, e,\ E W( rp) and 
hence we can see that EI n W( rp) =j:. 0. Since A is arbitrary, 
this follows that e E E I . 

Now, since t(S(K)n) = T, let Ao be a subset of A such 
that e E {e,\ : A E Ao} and IAol ~ T. On the other hand, 
from the definition of z;, we can see that for each rp E ~ , 

{((x;, ... ,x~),(yt,· .. ,y~)) : A E Ao} n U; =I 0. Hence, by 
Corollary 1.3, this means that 0 E Ho, where Ho = {h,\ : A E 

Ao}. 
Consequently, in any case, we can take a subset Ho of H 

such that 9 E Hoand IHol ~ T, and hence we get Claim 1. 
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Claim 2. t(S(K)n):::; t(A2n(C(K))). 

Let t(A2n(C(K))) == T, (w :::; T :::; K), and take a subset E of 
S(K)n and a point Z E S(K)n such that Z E E. By our inductive 
assumption, we may assume that z == e (== (0, ... ,0)). Put 
E == {eA == (x~, ... ,x~): A E A}. Then for each A E A and 
i == 1, ... ,n, there is a; < K such that x; E Ca~ (if x; == 0 we 

regard x; as acx;)' Now, put H = {h,\ = x~ - a~; +... +x~ ­
aaA : A E A}. Then, with the similar argument of the proof of 

n 

Claim 1, it is easy to see that 0 E H. Since t(A2n(C(K))) == T, 

take a subset AD of A such that 0 E {hA : A E AD} and IAol :::; T. 

Then, by the definition of H and Corollary 1.3, we can see that 
e E Eo, where Eo == {eA : A E AD}. Therefore we have that 
t(S(K)n) :::; T. 

From Claim 1 and 2, we can prove that t(A2n(C(K))) 
t(S(K)n). 0 

Arhangel'skil, Okunev and Pestov [2] proved that for a 
metrizable space X, t(A(X)) :::; w(X'), where X' is the set 
of all non-isolated points in X. Thus we obtain the following. 

Corollary 3.3 Let K be an infinite cardinal and n E N. Then 
t(S(K)n) == t(A2n(C(K))) :::; t(A(C(K)) :::; W(C(K)') == K. 

Let X be a metrizable space with w(X') == K, where Cf(K) > w. 

Then C(K) can be embedded in X as a closed subset. By this 
fact, the property (6) of Lemma 1.1 and Corollary 3.3, we 
obtain the following. 

Corollary 3.4 Let X be a metrizable space with w(X') == K) 
wherecf(K) > w) andn E N. Thent(S(K)n) == t(A2n(C(K))):::; 
t( A2r~(X)) :::; t( A(X)) :::; w(X') == K. 

Consequently, we obtain the following partial answer to the 
question (in [2]) whether t(A(X)) is equal to w(X') for metriz­
able spaces, 
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Theorem 3.5 Let X be a metrizable space with w(X' ) = K, 

where Cf(K) > w. Assume that t(S(K)n) = K for some n E N. 
Then	 t(A2n (X)) = t(A(X)) = w(X' ) = K. 

Corollary 3.6 Let X be a metrizable space with w(X' ) = WI. 

Then t(A4(X)) = t(A(X)) = w(X' ) = WI. 

Proof: Since Gruenhage and Tanaka [6] proved that t(S(WI)2) = 
WI, Theorem 3.5 follows the result. 0 

4	 Countable tightness of A(X) 
for metrizable spaces X 

In [2], the main results with respect to the free abelian topo­
logical groups on metrizable spaces are the following. 

Theorem 4.1 ([2]) Let X be a metrizable space and X' the 
set of all non-isolated points in X. Then; 

(1)	 the tightness of A(X) is countable iff X' is separable, 

(2)	 A(X) is a k-space iff X is locally compact and X' zs 
separable. 

With respect to the result (2) in Theorem 4.1, the author [11] 
showed the following. 

Theorem 4.2 ([11]) Let X be a metrizable space. 

(1)	 The following are equivalent: 

(a)	 An(X) is a k-space for each n E N, 

(b)	 A4 (X) is a k-space, 

(c) the canonical mapping in : (X EB - X EB {o})n ~ 

An(X) is quotient for each n E N, 
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(d)	 i 4 is quotient, 

(e)	 either X is locally compact and X' is separable, or 
X' is compact. 

(2)	 The following are equivalent: 

(a)	 A3 (X) is a k-space, 

(b) i 3 is quotient, 

(c)	 X is locally compact or X' is compact. 

(3)	 A 2(X) is a k-space and i 2 is quotient. 

On the other hand, apply the results in the previous section. 
Then, with respect to the result (1) in Theorem 4.1, we can 
show the following. 

Theorem 4.3 Let X be a metrizable space. 

(1)	 The following are equivalent: 

(a)	 the tightness of A(X) is countable, 

(b)	 the tightness of A4 (X) is countable, 

(c)	 X' is separable. 

(2)	 the tightness of A3 (X) is countable. 

Proof: To prove the statement 1, we suffice to show the im­
plication (b) => (c). Suppose that X' is not separable, i.e. 
w(X' ) ~ WI. Then, C(WI) is embedded in X as a closed 
subspace. Hence, by Corollary 3.6, we can see that WI = 
t (A4 ( C (WI ) )) :::; t (A4 ( X) ). 

Next, to show that t(A3 (X)) :::; w, take a subset H of A3(X) 
and a word 9 E A3 (X) such that 9 E H. By the property (5) in 
Lemma 1,1 and Theorem 2.1, we may assume that 9 E XU-X 
and H E A3 (X) \A2(X). Now apply Lemma 3.1 as m = n = 1. 
Then we can take a subset Ho of H such that 9 E Ho and 
IHol :::; t(A2(X)) = w. This follows that t(A3 (X)) :::; W. D 
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