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Abstract

cerA = {(u,v) : |A/I] = v > wand
¢(A/I) = p for some ideal I of A} for A an infi-
nite Boolean algebra. Special cases of the main
results are: (1) If (w;,ws) € cyrA and (w,ws) €
curA, then (wy,w;) € cygA. (2) There is a
model with a BA A such that cg,A =
{(w,w), (w1,w1), (w,w2), (wo,ws)}. (3) Under
GCH, there is a BA A such that cg, A = {(w,w1),
(w1, w1), (W1, ws), (wa,wa)}. (4) If cA > wo and
(w,ws) € cs A, then (wy,ws) € cs A for the no-
tion cg, analogous to cy;.

For any infinite Boolean algebra A, let cy,A = {(p,v) :
|A/I| = v > w and ¢(A/I) = p for some ideal I of A}. Here
for any Boolean algebra A, cA is the cellularity of A, which is
defined to be the supremum of the cardinalities of families of
pairwise disjoint elements of A. We call cy, the homomorphic
cellularity relation of A. In topological terms, we are dealing
with compact zero-dimensional Hausdorff spaces X, with

curX = {(u, V) : there is an infinite closed subspace Y of X
with weight v and cellularity u}.

* Research of second author partially supported by NSF Grant DMS-
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It is natural to try to characterize these relations in cardinal
number terms. This appears to be a difficult task, but one
can give various properties of the relations. We mention some
known facts; see Monk [6] for references and more details.

(1) (Shapirovskii, Shelah) If (), (25)%) € cy, A for some ) < k&,
then (w, (2%)%) € cy A.

(2) (Koszmider) If (k',\") € cy, A, K’ is not inaccessible, and
k' < cf|A|, then there is a k” > &’ such that (", |A|) € cy. A.

(3) (Todorcevié) Assuming V = L, for each infinite k there is
a BA A such that cgr A = {(A\, ) tw < A<k} U{(k, ")}

(4) (Malyhin, Shapirovskii) Under MA, if |A| < 2¥, then A
has a countable homomorphic image (implying obvious things
about cy A).

(5) (Koszmider) There is a model with BA’s A, B, C, D having
respective homomorphic cellularity relations {(w,ws)},

{(w’wl)}’ {(w’w2)7 (wl,wZ)}’ {(w’wl)’ (w1, w1)}-

In this paper we give some more properties of these relations.

(6) If (w1,w2) € cyrA and (w,w2) & cur A, then (w1, wr) € curA.
This was mentioned without proof in Monk [6]. We prove a
generalization of this to higher cardinalities.

(7) There is a model with a BA A such that cg A = {(w,w),
(w1, w1), (w,ws), (we,ws)}. This was also mentioned without
proof in Monk [6]. The model is a standard one used to adjoin
a big maximal almost disjoint family of sets of integers, and
we give the construction of that model, and a property it has
that is crucial for this application, in a general form.

(8) Under CH, there is a BA A such that cgr4A = {(w,w1),
(w1,w1), (we,ws2)}. This solves problem 8(i) of Monk [6] pos-
itively. This BA is the algebra of countable and cocountable
subsets of ws, and we describe cy, for algebras ([x]<*) in gen-

eral, in ZFC.
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(9) Under GCH, there is a BA A such that cg;A = {(w,w1),
(w1, w1), (w1, ws), (we,ws)}. This solves problem 8(i) of Monk
[6] positively. The BA is obtained from one of the previous
algebras by adjoining a family of almost disjoint sets.

There is an analogous notion for subalgebras: cs,A = {(u, ) :
A has a subalgebra of size v > w and cellularity u}. Concern-
ing this notion we give one result, a special case of which is

(10) If cA > wy and (w,ws) € cg A, then (w1, ws) € cs;A. This
solves problem 4 of Monk [6] negatively.

Results about the relations cy,A and cs. A are described thor-
oughly in Monk [6]. In particular, the situation for algebras
of size at most wy is thoroughly discussed. After the results
in the present paper, there remain six natural open problems,
which can be concisely described as follows:

(1) Can one prove in ZFC that there is a BA A such that
CHI‘A = {(W,(-U), (W,Cdl), ((4)1,&)1), (UJl,LUQ)}?

It is consistent that such a BA exists.

(2) Can one prove in ZFC that there is a BA A such that
CHrA = {(wy LU), (w7 LU1), (wla Wl), (wla CU2), (w27w2)}?

Again it is consistent that such a BA exists.

(3) Is it consistent that there is a BA A such that

car A = {(w, w1), (w1, w1), (wi,w2)}?

It is consistent that no such BA exists.

(4) Is it consistent that there is a BA A such that

carA = {(w,wr), (W1, w1), (W, wa), (wa, w2) }?

It is consistent that no such BA exists.

(5) Can one prove in ZFC that there is a BA A such that
cstA = {(w,w), (w,w1), (w1, w1), (w1, w2)}?

It is consistent that such a BA exists.

(6) Can one prove in ZFC that there is a BA A such that
CSrA = {(w,w), (w,w1), (wlywl)a (w17w2)7 (w27 UJz)}?
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It is consistent that such a BA exists.

Notation. For set theory, we follow Kunen [5], with the fol-
lowing changes and additions. If f : A - B and X C A,
then the f-image of X is denoted by f[X]. A family of sets
& is almost disjoint if | X NY| < |X|,|Y| for any two distinct
X,Y € &, it is u-almost disjoint or u-ad if the intersection of
any two distinct members has size less than y. A subset X of
a set A is called co-k if |[A\X| < k.

For any topological space X, the collection of all closed and
open subsets of X is denoted by clopX.

For Boolean algebras we follow Koppelberg [4]. If I is an
ideal in a BA A and z € I, then [z]; is the equivalence class of
z under the equivalence relation determined by /. The subal-
gebra of A generated by X is denoted by (X) 4, or simply (X)
if A is clear. The free algebra on k free generators is denoted
by Frk. The algebra of finite and cofinite subsets of a cardinal
k is denoted by Fincok. The completion of an algebra A is
denoted by A. We need a slight generalization of a result of

Juhész and Shelah [2]; their result corresponds to successor A
in Theorem 2.

Let < be a binary relation on a set X, and let 7 and u
be infinite cardinal numbers. For any subset a of X and any
z € X, let Pred,z = {y € a : y < z}. We say that < is
(< 7)-full if for every a € [X]|<" there is an z € X such that
a = Pred,z. And we say that < is u-local if for every z € X
we have |Predxz| < p.

Lemma 1. Let < be a binary relation on an infinite cardinal
p that is both (< T)-full and p-local. Then for every o < T and
every almost disjoint family & C [p]° we have |&| < p- pu<".

Proof. Since < is (< 7)-full, for every a € & there is a &, <
p such that a = Pred,§,. Thus a € [Pred,&|<". So & C
Ueg<,[Pred,§]<", and the latter has size at most p - p=". 0

Theorem 2. Suppose that k and X\ are infinite cardinals, A <
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k*, X reqular. Let f be a homomorphism from {[k|<*) @, onto
an infinite BA B. Then |B| < 2<* or |B|<* = |B).

Proof. Let p = |B| and C = f[[k]<*]. Thus |C] = p too.
Suppose that 2<* < p.

(1) <p restricted to C is (< A)-full.

For, suppose that a C C and |a| < A. Then there is an z €

[[k]<*]<* such that a = f[z]. Since X is regular, also b < Jz €
[k]<*, so f(b) € C. Now a C Predcf(b). For, if u € a, say
u = f(c) with ¢ € 2. Then ¢ C b, so f(c) < f(b). Hence
a={y€a:y< f(b)}, and (1) follows.

(2) <p restricted to C is 2<*-local.

In fact, suppose that ¢ € C; say ¢ = f(z) with z € []<*.
Ifbe Cand b < ¢, say b = f(y) with y € [k]<*. Then
flynz) = fly)N f(z) = b. Thus b € f[Pz]; and | Pz| < 2<*,
as desired in (2).

Now by lemma 1 we have

(3) For every 7 < A, and every almost disjoint & C [p|” we
have || < p- (2<%)<* = p.

Now we are ready to show that p<* = p. For, suppose that
p<* > p. Since X\ < p, it follows that p” > p for some 7 < X;
let 7 be minimum with this property. Then by a well-known
argument, there is an almost disjoint & C [p]” of size p”. This
contradicts (3). a

Lemma 3. Suppose that k and X are cardinals, w < X < k™,
X regular. Let A = ([k]|<*) .. Let I be an ideal on A, and
assume that |A/I| > 2<*. Then

(i) Va € I(|a| < A).

(#) Suppose that & C A, Va € & (la] < A), {[a]; : a € &)
is pairwise disjoint, and & is mazimal with these properties.
Then Y ,czlalr = 1.

(i) Continuing (ii), |A/I| < |U &<
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(iv) |A/I| < c(A/I)<*,
(v) 2 < o(A/I).

Proof. For (i), suppose that a € I and | — a| < A. Then the
mapping z — [z]; for £ C —a is a homomorphism from £ (—a)
onto A/I. But |#(—a)| < 2<*, contradicting |A/I| > 2<*.

For (ii), suppose not: say [b]; # 0, while [b]; - [a]; = O for
all @ € &. Then for all ¢ € [b]<* we have [c|; = 0. Hence
6] > A, s0 | —=b < A So [c]r = [c\b]; for all ¢ € [k]<*
Hence {[c]; : ¢ € [&]<*} = {[c]; : ¢ € [-bB]<*} has size at most
p<*, where p = | —b. And pu < A, so p<* < 2<*. Hence
|A/I| < 2<*, contradiction.

For (iii), note that if b € [x\|J&]<*, then b € I by the
maximality of &/. So

{Blrbe Al <3} = {bnJarls: ol < A},

so (iii) holds.

For (iv), note that if ¢c(A/I) < A, then || J&| < A by reg-
ularity of A, and so ||J#/|<* < 2<*, and (iii) gives a contra-
diction. So A < ¢(A/I). Hence ||J&/| < c¢(A/I). Then (iii)
yields (iv).

Finally, (v) follows from (iv) and the hypothesis. i
Theorem 4. Suppose that w < p < k. Let A = {[K]**) ».
Then cy,(A) = SUT UU, where

S={(mv):iw<p<v<2=v}

T={(mp):2° <p<k}
U={(ur):2° <p,uf =K,k <p}

Proof. First suppose that (u,v) € S. The mapping a — a N
p gives a homomorphism of A onto &p. Since Hp has an
independent subset of size 27, there is a homomorphism of &2p
onto an algebra B such that Frv < B < Frv. Since 1* = v,
we have |B| = v. Now there is a homomorphism of B onto an
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algebra C such that Frv x Fincoy < C' < Frv x Fincou. Thus
|IC| =v and ¢(C) = u, so (p,v) € cu:(A).

Second, suppose that 2 < u < k. The mappinga— anNpu
gives a homomorphism of A onto ([]=*), which has size p* and
cellularity u. So (u, u?) € cur(A).

Third, suppose that 2° < u, u? = k?, and k < p. Note that
2 <k, forifk <2°thenk? <2 < kP,sok?P =2 < pu< pP =
k?, contradiction. Now let v be minimum such that k < V.
Since 2# < k and k < k*, it follows from Jech [1], Theorem 19,
that cfv < p < v and k* = v*. Now if o < cfv, then 17 < &,

for
v =% = U"é SZ]”5| < k.
o<v o<v
Hence |UU <civ UVJ < k, so there is an & C [k|® which is cfv-

ad and of size v = k?. Let I = [k]<*"”. Then ([a]; : a € &)
is isomorphic to Finco(x”). Hence there is a homomorphism of
([a]r : a € &) onto Fincou. By the Sikorski extension theorem
we get a homomorphism h of A onto a BA B with Fincoy <
B < Fincoy. Thus ¢(B) = y, and by Theorem 2, |B|? = |B)|.
Since k < p < |B|, it follows that x” < |B|? = |B| < k*. So
|B| = kf. Thus (u, k?) € cu:(A).

Finally, suppose conversely that (u,v) € cg,(A). Since A is
o-complete, it is well-known that v* = v. So if v < 27, then
(u,v) € S. Suppose that 2° < v. By Theorem 2 v* = v, and
by Lemma 3, 2° < p and v < p?. Hence p? < v? < pP, so
v=uvP=pP. If p <k, then (u,v) € T. Suppose that k < p.
Then k? < p? =v < kP, so v = k” and (u,v) € U. O

Theorem 4 provides a positive solution of Problem 8(i) of Monk
[6]. Namely, assume CH and let Kk = w; and p = w in the
theorem. Thus with A = ([w3[**) ®.,, under CH we have

CH,-A = {(w,wl), (wl,wl), (wz,wg)}.

Under GCH, there is a simpler description of ([k]<*) ®:
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Corollary 5. (GCH) Suppose that w < p < k. Let A =
([K]**) 2. Then

el = {(,v) iw < pu<v < phefr > w}
U{(u, ) : o7 < yp < cfp,p < &}
U{(, ™) : p* < pycfp < p,p < K}
U{(kT, k") : cfx < p < k}. O

It is natural to also consider the algebra A = ([x]<*) for A
limit. For A singular the situation is unclear. Note that if
cfA = w, it is possible that A has a countable homomorphic
image. For example, let Kk = A = N,. For each n € w let
F, be an ultrafilter on the Boolean algebra X, such that
X € F, for every X C R, for which |R,\X| < X,. Define
fla) ={n€w:any, € F,} for every a € A. It is easy to see
that f is a homomorphism from A onto Fincow.

For ) regular limit (meaning that it is weakly inaccessible),
we can give a complete description of the cellularity homomor-
phism relation. For this we need another lemma. This lemma
is proved like Lemma 3.

Lemma 6. Suppose that k and A are cardinals, )\ is weakly
inaccessible, 2¢ < 2<* for all p < X, and A < k. Let A =
(k] 2. Let I be an ideal on A, and assume that |A/I| =
2<*. Then

(i) Va € I(Ja] < A).

(it) Suppose that & C A, Va € & (la| < A), ([a]; : a € &)
is pairwise disjoint, and &/ is mazximal with these properties.
Then Y czlalr = 1.

(iti) Continuing (i1), |A/I| < |[U 2]

(iv) c(A/I) > .

Proof. Only (iv) requires additional scrutiny. If c(A/I) < A,
then |&7| < A, so by the regularity of A, ||J&/| < A. But then
UZ]<*| = 12U )| <2<, contradiction. O
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Theorem 7. Suppose that X is uncountable and weakly inac-
cessible and A < k. Let A = ([k]<*) @,. Define

S={(v):wuv <2 ¥ =0}
T={(,U, <A)'2<'\<N§l‘i};
= {(1, £ : 29 < p, <t = kN £ < s
= {(u 2<*) w< p <2,

{129 : A< p <29

Then
(i) If 2° = 2<* for some p < ), then ¢y (A) = SUTUU UV,
(ii) If 2° < 2<* for all p < ), then cy(A) = SUTUUUW.,
(i) If A is strongly inaccessible, then cy,(A) = SUTUU U

{(A M)}

Proof. The proof that SUTUU C ¢y (A) CSUTUU UV is
very similar to the proof for Theorem 4. For example, to show
that U C cy.(A), take u such that 2<* < u, u<* = k<*, and
k < p. Then 2<* < k by an argument like that in the proof of
Theorem 4. Since k < u < k<*, choose p so that x < x? and
p < A, and then proceed as before.

Now suppose that p < X and 2° = 2<*. The mapping
a — a N p gives a homomorphism from A onto #p. Then the
argument at the beginning of the proof of Theorem 4 shows
that (u,2<*) € cy,(A) for all p € [w,2<*]. This proves (i).

Next, suppose that 2° < 2<* for all p < A, and that A <
i < 2<*. Then there is a p < X such that p < 2°. Write
A=ToUTy, where [y, NT; =6, [Ty| = A, and |T4| = p. By
Theorem 4 there is a homomorphism f of &T'; onto an algebra
of size 2° and cellularity u. Let g(a) = (a N Ty, f(anTy)) for
all a € A. The image of g has size 2<* and cellularity .

To get a homomorphic image of size and cellularity 2<* we
have to modify this argument. Let M be the set of all infinite
cardinals less than A, and let (I', : @ € M) be a partition of
A with |T'y| = a for all @« € M. For each a € M let f, be a
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homomorphism of T, onto an algebra of size and cellularity
2%, Then let g(a)q = fo(aNT,) for all a € A. Then the image
of g is as desired.

That no other pairs are in cy;(A) follows from Lemma 6.
Thus (ii) holds.

(iii) is a clear consequence of (ii). O

For the next result we need a standard Boolean algebraic fact:

Proposition 8. Suppose that A is k-complete, and I is a k-
complete mazimal ideal in A. Suppose that f : I — B preserves
(< K)-joins, (< k)-meets, and 0. Then f exrtends to a unique
k-complete homomorphism f* : A — B. Moreover, ft is
one-one iff Vx € I[f(z) = 0= z = 0] and Vz € I[f(z) # 1].

Proof. The following definition of f¥ is forced upon us:

+ ) fla) ifael,
! (a)_{—f(—a) ifadl.

Then f* preserves —, since if a € I, then f*(—a) = —f(a)
~f*(a), and if a ¢ I, then f*(—a) = f(—a) = — — f(—a)
—f*(a).

Now we show that f* preserves (< k)-joins. So, let 3., a¢
be given, with a < k. If V€ < afa¢ € I], then

Il

i (Z ag) =f (Z ag) = flag) =) f*(ag)

é<a (< é<a (<o

Now suppose that 3¢ < afas ¢ I]. Let I' = {{ < o : a¢ € I}.
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Then

Sac+ (_Z%) Y ac+ (_ (Zas+ 5 5))

ger f<a ger ger g€a\T
=D e+ |-D ac = a
ger ger gca\l’
=Yeer |- T a).
ger gea\l

Using this,

g (- (Z)
= flog)+ > —fl-ae)+f (-Z%)

ger g€a\l’ <o
=f (Zas+ (—Z%)) + Y —f(-ag)
ger £<a €€a\T
=f (Zae+ (— > ae)) + ) —f(—ag)
ger E€a\ll g€ea\l
=f (Zae) +f (— > ae) + Y —f(-a)
ger gea\ll gea\ll
=f (Zas> + ] f(—ae) + (— 11 f(-%))
ger gea\l’ gea\l

= 1.
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And if £ € T, then

fHae) - —f* (Zan> = f(a) - f (—Za,,>

n<a n<o

:f(ae._z%)

<o

= £(0) = 0.

If € € a\I', then

ag) - —f* (Zan> = ~a§> f (—Zan>-

n<a n<a

Nowag <37 ., @p, 80 — an a, < —ag, hence f (— Y n<a a,,)
< f(—ag),s0 —f(—ae)-f (— 2 n<a a,,) = 0. So we have proved

that f+ (ZE <a ag) = ) ¢<a f(ag)- So [ is a k-homomorphism.
Concerning the final statement, the direction = is clear.
Now suppose the indicated condition holds, and f*(a) = 0. If
a € I, then f(a) = f*(a) =0,s0a=0. Ifa ¢ I, then f*(a) =
—f(=a) =0, so f(—a) =1 and —a € I, contradiction. ]

Lemma 9. Suppose that k < X\, k is regular, & C [k]|*
is almost disjoint, and |&/| = A. Let A be the k-complete
subalgebra of Pk generated by & U {{&} : £ < k}. Then
A/IK]"  ([AISF) 2.

Proof. Let (X, : a < \) be a one-one enumeration of &. Set
I = [k]<*. For each T' € [A]<* let f(T') = [Uqer Xa),- Clearly
f preserves (< k)-joins, and f(0) = 0. It also preserves (< k)-
meets. For, suppose that ', € [A|<® for all @ < =, where

v < k. Let A =J,c,Ta So |Al < & since « is regular. Let
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P be the set of all nonconstant g € [],., 's- Then
AUXe= U (X
a<ygela 9€Tacy Fa @<y
= U Xe U U ﬂ Xg(a).
€€Na<y T gEP a<y

Now

LJ [F] }{guﬁ E;L‘J{}(alﬁ])(ﬁ :CMHB € Z&,o:7513},

g€EP a<ky

and the latter set has size less than «. This shows that f
preserves (< k)-meets.

Hence by Proposition 8, f extends to a k-homomorphism
from {[A\]<") », into A/I. by the same proposition it is clear
that f is one-one. Since f[[A]<*] generates A/ as a k-complete
algebra, f maps onto A/I. O

Theorem 10. (GCH) Let & C [k*]*" be kt-ad, with |&/| =
kt*. Let A be the k™ -complete subalgebra of k™ generated
by & U{{a}:a<k*}. Then

cgrA = {(g,v) : w < p < v < kel > w} U
G AR N CARY AR 3

Proof. Let (X, : a < k*T) be a one-one enumeration of <.
Let I = [«*]=". Then by Lemma 9,

(1) A/I = ([K++]S“>9,¢++.

Hence by Corollary 5, cy:A contains the set of the theorem.
Suppose that (u,v) € cyrA, with (4, ) not in the indicated
set. Then v = k™ and u < k. So A has an independent
subset & of size k*t*. Since |I| = k%, we may assume that
the members of # are pairwise inequivalent modulo I, each
nonzero modulo I. By the proof of (1), for each a € & we
can choose a Iy € [k*F]* such that [a]; = [Uer, Xo],- Then

a€l, <t
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there is a A € [Z]*"" such that ([, : a € A) is a A-system.
Let a, b, ¢ be distinct members of A. Then [a-b-—c|; =0, i.e.,
la-b-—c| < k. Hence

(a-b-—c-d:de A\{a,b,c})

is a system of k™t independent subsets of a - b - —c, which
contradicts GCH. O

Taking k = w in this theorem we get, under GCH, a BA A
such that

CHI'A = {(UJ, wl)a (wla wl)’ (wl’wz)’ (Ldg, QJ2)}.

This solves Problem 8(iii) of Monk [6] positively.

For the next result we need a fact about one of the standard
ways of forcing a large mad family. This fact was observed by
Richard Laver, and we thank him for allowing us to include
the proof of the fact here.

Theorem 11. In a model of ZFC+GCH, suppose that k and
A are infinite cardinals, k regular, Kk < A. Then there is an ez-
tension preserving cofinalities and cardinalities in which there
is a system (Ay : @ < A) of almost disjoint members of [k|*
with the following property:

(*) if X € [k]® and | X N Aa| = K for kK many a < A, then
| X N Aq| = K for co-x™ many o < A.

Proof. Let P be the set of all functions f such that there exist
an F € [\|<*and av <ksuchthat f: Fxv—2. For feP
we let Fy and vy be the F,v mentioned, with Fy = 0 = vy if
f=0. We write f < g iff g C f and for any distinct o, 8 € F,
and any ¢ € vs\y,, f(a,t) =0or f(B,t) = 0. Clearly

(1) (P, <) is k-closed and satisfies the k*-chain condition.
Consequently, forcing with (P, <) preserves cofinalities and car-
dinals.
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(2) For any oo < A, the set {f € P: a € Fy} is dense.

In fact, given g € P, if a € F, let Fy = F, U {a}, vs =y,
and let f extend g with f(a,¢) = 0 for all ¢ < v,. Clearly this
proves (2).

Now let G be generic for (P, <) over the ground model. We
then set, for any a < A,

Ao ={t<k:3g€e Gla€ F,t<vy,g(a,)=1)}
Poa={(9):a€ Fyi<vy,g(a,i)=1}.

Thus I'S = A,.
(3) For each a < A, |Aq| = k.

In fact, it suffices to show that for any u < x the following set
is dense:

{geP:ae€ F,and I € k\u(€ <y, and g(e, &) =1)}.

To prove this, let f € P. By (2) we may assume that a €
Fs. Now let f C g, Ff = F,, vy, = max(vy + 1L, p+2), £ =
max(vy, u+1), with g(8,¢) = 0if vy < vand B # o, g(a,t) =0
if ¢ # &, and g(o,€) = 1. Clearly g € P and g < f, as desired
in (3).

(4) |Aa N Ag| < k for a # B.

In fact, by (2) choose g € G such that a, € F,. Then, we
claim, A, NAg = {t <y, : g(a,t) =1 = g(B,¢)}, which will
prove (4). Clearly 2 holds. Now suppose that ¢ € A, N Ag.
Then there is an f € G such that f < g, ¢ < vy and f(a,¢) =
1 = f(B,t). From the definition of < it follows that ¢ < v,
and hence f(a,t) = g(a,¢) and f(B,¢) = g(B,¢), as desired.

Now suppose that X € [«|* and |X N A,| = k for x many
a’s. Let 7 be a name for X. Choose p € G so that

(5) p Ik VH € AI<*(|7\ Uaen La| = &)
Now we claim
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(6) There is a C' € [A\]* such that F, C C and for all ¢, u, H,
ifgeP, F, CC, q<p, p<k,and H € [C]<*, then there is
a ¢’ < ¢ such that Fiy C C and there is a £ € k\u such that
g IF§er\ UﬁeH Lg.

For we construct (C, : a < ) by induction. Let Cy = F,. For
o limit, let C, = |Ug., Cp- Now suppose that C, has been
constructed, with |C,| < k. For ¢, u, H such that ¢ € P, ¢ < p,
F, C Cq, u < k, and H € [C,)<", there exist a ¢' = ¢/(q, u, H)
and a § € x\u such that ¢ < gand ¢ IF§ € T\ Upey s Let

Coat1 = Co U U{Fq/(q,u,y) : g, 4, H as above}.

Let C = |Jpcx Ca- Clearly C is as desired in (6).
Now take any a € A\C and p < x. We finish the proof by
showing

(7) {q: q'F 3¢ € k\u(€ € TNT,)} is dense below p.

To show this, let 7 < p be arbitrary. By (2), we may assume
that a € F,.. Let s=17r | (C X 1,). By (6), choose ¢’ < s and
§ > max(u, ) such that Fy C C and ¢’ IF € € 7\Upep, I's-
Now let F, = Fy UF;, v, = max(vy,§+1), and for any § € F,
and ¢ < v, let

qd(B,) ifB € Fyand<uyy,
r(B,¢) if B € F\Fy and i < v,
1 if B=aand:=¢,

0 in all other cases.

q(B,1) =

Clearly g € P. Since ¢(e,£) =1, we have gl £ € T,.
8)g<d.
In fact, clearly ¢ C q. Now suppose that 8 and v are distinct
members of Fiy and ¢ € v,\vy. Then by definition we have
q(B,¢) =0 or g(v,t) = 0, as desired; so (8) holds.

So it remains only to prove
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9) g< .

For this, first note that F, = (F. N C) U (F:\C) C F,. And
v < vy < v;. Now suppose that 8 € F; and ¢ < v,.. If
B € C, then r(8,1) = s(8,) = ¢(B,1) = q(B,+). If B ¢ C,
then directly from the definition, ¢(3,t¢) = r(3,¢). All of this
shows that r C gq.

Now suppose that 8 and + are distinct members of F, and
t € vg\vr. To finish the proof we want to show that ¢(5,¢) =0
or g(y,¢) =0.

Case 1. B,y€ Cand ¢t <vy. Then B,y € CNEF, =F, C
Fy,s0 ¢(B,0) = ¢'(B,¢) and g(v,t) = ¢'(7,¢). Also, ¢ € vgy\vs
since vs = v,. So ¢'(8,¢) =0 or ¢'(v,¢) = 0.

Case 2. € C, 12> vy. So q(B,¢) =0.

Case 3. ye€ C, ¢ > vy. So q(v,t) =0.

Case 4. B¢ C, v, <, BF#aorit#& Then q(B,¢) =0.

Case 5. v¢ C, v, <t,y# aort#&. Then g(y,t) =0.

Case 6. B € C, v =& v, <t < Vy. Then ¢(B,¢) =
q'(B,€) = 0since ¢' IF € ¢ T'g.

Case 7. v € Cyv =&, v, <t <vy. Thenq(v,i) =¢(7,6) =
0 since ¢' I € ¢ T.,.

Case 8. None of the above. So not both of 3, are in C,
by Cases 1,2. Suppose one is in C, the other not; say 8 € C,
v ¢ C. Since ¢ > v, it follows that v = o and ¢ = . Then
q(B,1) = 0, either because { < vy and ¢ IF £ ¢ I'g, or because
€ > vy and the definition of ¢q. So, suppose that 8,7 ¢ C.
Then one of Cases 4,5 must hold, contradiction. O

Theorem 12. Let (A, : a < k) be a system of infinite almost
disjoint subsets of w such that kK > w and

(*) For every infinite subset X of w, if {a < k: X N A} is
infinite, then it is cocountable.

Let A be the subalgebra of Pw generated by
{Aq:a<k}U{{i}:i<w}
Then cgrA = {(w, k) } U {(s, 1) : w < u < K}
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Proof. A/fin = Fincok, so 2 holds. Now suppose that (u,v) €
cgrd, w < p <v < K, and (y,v) # (w,k); we want to get a
contradiction. Let I be an ideal of A such that |A/I| = v and
c(A/I)=p. Letb={i<w: {i} € I}.
(H)r = {a < k: A,\b is infinite} is infinite.
For, suppose that I is finite. Let p be regular, with 4 < p < v;
we are going to show that A/I has a disjoint family of size p,
contradiction. Now there is a A € []? such that for all € A,
An/I # 0 and A,\b is finite, and for all distinct o, 8 € A,
AoJI # Ag/I. Let Q € [A]? be such that (A,\b : a € Q)
is a A-system, say with kernel K. Now if (4,\K)/I = 0,
then A,/I < K/I, and (A/I) | (K/I) is finite. So wlog,
(A\K)/I # 0 for all a € Q. Now if a, 3 are distinct members
of Q, then ((Ax N Ag)\b)\K = 0, so (Ax N Ap)\K = (A N
Az Nb)\K. But A, NAgNb e I since A, N Ag is finite, so
(Aa N Ag)\K € I. Thus ((Ax\K)/I : o € Q) is a system of p
disjoint elements, contradiction. This proves (1).

So from (*) it follows that I' is cocountable. Now the map
a +— AL\b for a € T is one-one. For any z € A let g(z) =
(z/I,z\b). This is a homomorphism. If z € I, then z\b = 0,
and so g(z) = (0,0). And if g(z) = (0,0), then z € I. So the
image of g is isomorphic to A/I. It follows that |A/I| = k.
Hence w < p. Let {(co/I : @ < w;) be a system of nonzero pair-
wise disjoint elements. Since there are only countably many
finite subsets of w, wlog each ¢, is infinite. In fact, we may
assume that each c, has the form

Ag-—Ay -...-—A,, - —F,
where F' is finite and each ~; # (. This can be written as
Ag-—(Ag-Ay)-...-—(45- Ay,) - —F,

and each Ag-A,, is finite. So wlog m = 0. Thus we may assume
that we have a pairwise disjoint system ((Ay-—F,)/I : @ € A)
of nonzero elements, each F, finite, A € []“.
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Now we have A,\b infinite for all @ in a cocountable subset
A’ of A. So (Ax\Fu)\b is infinite for each o € A’. Now for
a # Btheset A,-—F,-Ag-—Fpzisin I and hence is a subset of
b. So ((Ax\Fa)\b: a € A') is a system of w; pairwise disjoint
subsets of w, contradiction. m]

Theorem 13. Suppose that (k*, k™) € cy, A and (k, k™) ¢
curA. Then (k*,k7T) € ey A.

Proof. We work in the Stone space X of A. We may assume
that X has cellularity <™ and weight k*+. Take points one
apiece from a pairwise disjoint family of k* open sets. If their
closure has exactly k* clopen sets, we are done, otherwise the
closure has k™" clopen sets, and we may assume without loss
of generality that the closure is all of X. Thus X has isolated
points {z, : a < k*}, listed without repetitions, and they are
dense in X. For all & € [k, k™) let X, = cl{zg: B < a}. Thus
X, is a Boolean space with x isolated points, which are dense
in X,. So by the hypothesis of the theorem, |clopX,| < k*.

Case 1. Y & Usern+) Xa is closed. Then [, o+) cloPXa
is a network for Y. Hence Y has weight k*. Since {z, : a <
kT} is its set of isolated points, and this set is dense in Y, the
conclusion of the theorem holds.

Case 2. Y isnot closed. Let g € clY'\Y. Then g ¢ clZ for all
Z € Y], so the tightness of Y is at least k™. Let (yo : @ < k™)
be a convergent free sequence (by Juhész, Szentmiklossy [3]).
Say it converges to z. Let Z = cl{y, : @ < xk*}. Note that
each y, is isolated in Z, and the y,’s are dense in Z. So it
suffices to show that Z has weight k*. Let W, = cl{y, : B8 <
a} for all a € [k,xT). Thus W, is clopen in Z by freeness.
Clearly Nagpent)(Z\Wa) = {2}. So {Z\W, : a € [k,x7)} is
a neighborhood basis for z. Now by hypothesis, each W, has
weight at most k*; let %, be a base for W, with |%,| < ™.
Then

U By V{Z\W,: a <t}

a€ik,xt)
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is a network for Z, so Z has weight ¥, as desired. O
This proof generalizes to give the following result:

If k¥ <v, cofy # k*, (k*,V) € cyrA, and (k,v) & cy A, then
(k*, 1) € cyrA for some p < v.

Problem. Is it necessary to assume that cofv # k* in the
foregoing result? Finally, a result on cg;:

Theorem 14. For every infinite cardinal k, and every BA A,
if cA > k¥t and (k,k™t) € c5 A, then (KT, k™) € cg A.

Proof. Suppose not. Let B be a subalgebra of size k**+ with
cellularity .

(1) There is an a € A such that B [ a, which by definition is
{b-a:be B}, has cellularity x*+.

To see this, let X be pairwise disjoint of size k. Then (B U
X) is of size k¥t and has cellularity greater than k, so its
cellularity is k™*; let Y be a pairwise disjoint subset of size
k*t+. We may assume that each element y € Y has the form
y = by - ay with b, € B and a, € (X). Since |X| < x*F, we
may in fact suppose that each a, is equal to some element a,
as desired in (1).

Choose such an a, and let X € [B]*"" be such that (z-a:
z € X) is a system of nonzero pairwise disjoint elements. Let
Y be a subset of X of size k™, and let

C={z-a:z€eY}U{z - —a:z€ X\Y}).
Now define z =y iff z,y € X\Y and z- —a =y - —a. Then

(2) Every =-class has size at most .

For, suppose that |z/ = | > k. For any y € (z/ =)\{z} we
have
y._x_—.y._:r.a_l_y._x._a

=y-a-—(z-a)+z-—-z-—a
=y-a.
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This means that B has a pairwise disjoint subset of size greater
than x, contradiction. So (2) holds.

From (2) it follows that |C| = k**. Thus we must have
cC = k**. Hence by the argument for (1), there is a d €
({zr-a:ze€Y})anda

Ze[{z-—a:ze X\YP]"

such that (z-d: z € Z) is a system of nonzero pairwise disjoint
elements. We may assume that each z € Z has the form

Tz0" Q... Tyzm-1"—0
(Y0 +a)- - (Y21 + ),

where each z,; and y, ; is in X\Y, and m and n do not depend
on z.

Now since ({z-a: z € Y}) is isomorphic to Fincox*, there
are two cases.

Case 1. d =) .rx-a for some finite ' C Y. Then we
may assume that in fact d = z - a for some z € Y. In this
case we have m = 0, and then each z - d is just equal to d,
contradiction.

Case 2. d = =) p(x-a) for some finite F C Y. Thus
d=—a+a—3  pz Ifm=0,theneachz-dis>a— 3 7,
so these elements are not disjoint, contradiction. Thus m > 0.
Hence z -d = z for each z € Z. For each z € Z write e, =
Zz0 . Tzm-1and c; =€, —Yo0°..." —Yzn-1. Define z = w
iff z,w € Z and e, = e,,. If z 2 w, then

Co Cy=0CCp-Q+Cy-Cp-—a=2z -w=0.

Since ¢, € B for each z € Z, it follows that there are at most s
&~ _classes. So, some =-class has k™ members. Thus we may
assume that all of the e,’s are the same. Thus for any z € Z
we have

Z=T0 ... Tl —Yz0 -+ —Yzn-1 —0C,

C;=Tg" -+ " Tm-1""Y20" .- "Yzn-1.
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Note that c,-a=z¢p ...  Tpm—1 - a. So if z # w, then

Crr—Cw=Cs —Cy-Q+C—Cy- —a
=c,-a-—(cy-a)+c,-—a-—(cy- —a)
=z -—w=2.

So if we fix w € Z, then (c, - —cy : z € Z\{w}) is a system
of k%t nonzero pairwise disjoint elements of B, a
contradiction. O
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