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ABSTRACT. Let M be a Suslinean ()* -continuum and F'
a homeomorphism of M. We show that for each x E
R( F) (the set of all recurrent points of F) the w-limit
set w(x, F) contains only one minimal set of F and F'
has zero topological entropy~ Furthermore we also give
some results concerning homeomorphisms of hereditarily
decomposable ()* -continua.

1. INTR,ODUCTION

One of the considerable studies in the theory of dynamical
systems is how to recognize chaos. The topological entropy,
which was introduced by R. L. Adler, A. G. Konheim and
M. H. McAndrew[l] in 1965, is an effective method to mea
sure chaoticity. In this paper we consider the theory on one
dimensional continua.
Let M be a hereditarily decomposable chainable cOIltinuum
and F a homeomorphism of M. In [13, Theorem 3.2] Xiang
dong Ye has shown that for each x E R(F) either w(x, F) is
This paper was done while the fourth author was at the Institute of
Mathematics, University of Tsukuba.
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a periodic orbit of F or (w(x,F),F) is semi-conjugate to the
adding machine, furthermore when M is a Suslinean chainable
continuum w( x, F) contains the unique minimal set of F and
the topological entropy h(F) == o. This is a partial answer
to the problem of Marcy Barge, namely: Does every homeo
morphism of a heredetarily decomposable chainable continuum
have zero topological entropy? Moreover it also supports the
question of the third author [6] : Does every homeomorphism
of a Suslinean continuum have zero topological entropy?
Our aim of this paper is to study the dynamics of homeomor
phisms of hereditarily decomposable ()* -continua and to prove
that the results above on a Suslinean chainable continuum are
true for a Suslinean ()* -continuum. The strategy of the proofs
essentially comes from combining the technique of [7] with the
proof of [13, Theorem 3.2].

2.

DEFINITIONS AND PRELIMINARIES

In the first half of this section, we introduce some neces
sary definitions from the theories of continua and dynamical
systems.
A continuum is a nonempty connected compact metric space.
A subcontinuum is a continuum which is a subset of a space.
A continuum is said to be decomposable if it can be written as
the union of two proper subcontinlla. A continuum is heredi
tarily decomposable if each nondegenerate subcontinuum is de
composable. A continuum is Suslinean if each collection of its
disjoint nondegenerate subcontinua is at most countable. It is
known that each Suslinean continuum is hereditarily decom
posable.
Let X and Y be metric spaces and f. > o. Then It :
X ----+ Y is called an f.-map if It is continuous and the diam
eter ft- 1 (ft(x)) < f. for all x E X. Let M and P be continua.
Then M is said to be P--like if for each f. > 0, there is an f.-map
ft from M onto P.
Let n be a natural number. A ()n -continuum is a continuum
M such that no subcontinuum of M separates it into more than
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n components. If no sub continuum of M separates it i:nto an
infinite number of components then M is called a 8-conti'nuum.
Furtheremore M is 8*-continuum if for any subcontinuurn N of
M, N is a 8-continuum. Note that each chainable (== arc-like)
continuum is a 82 -continuum and each circle-like continul1m is a
8l -continuum. In general, if a finite graph G is a 8n -continuum
for some natural number n and a continuum X is G-like, then
each subcontinuum of X is a 8n-continuum~ and hence X is a
()* -continuum.
Let (X, d) be a compact metric space and f a continuous
map of X. We define fO == id and inductively fn == f 0 f n- 1
for a natural number n. A point x E X is a periodic point
of f with period n if fn(x) == x and fi(x) i- x for 1 :::; i :::;
n - 1. A point x E X is a recurrent' point of f if for each
E > 0 there is some natural nuinber n such that d(x, fn(x)) <
E. A point x E X is a nonwandering point of f if for each
neighborhood V of x there is some natural number n such that
fn(v) n V i= 0. The set of periodic points, recurrent points
and nonwandering points of f will be denoted by P(f), R(f)
and O(f) respectively. Note that p(fn) == P(f) and R(fn) ==
R(f) for each natural number n. The orbit O(x, f) of an x E X
is the set {fn(x) In == 0,1,2,··· }. A nonempty closed subset
A of X is called a minimal set of f if the orbit of eac]1 point
of A is dense in A. For each x E X, the w-limit setw(x, f)
of x is the set of all limit points of 0 (x, f) . It is clear that

P(f) C R(f) c UXExw(x,f) c O(f)·
Let Xi be a compact metric space and fi a continuo·us map
of Xi for i == 1, 2. We say that (X 1, II) is semi-conjugate (or
conjugate, respectively) to (X 2, f2) if there is a continuous map
(or homeomorphism) 1J from Xl onto X 2 such that 1J 0 fl ==
f2 0 1J. We call 1J a semi-conjugacy (or conjugacy).
Let h(f) be the topological entropy of a continuous map f
of a compact metric space X and hp,(f) the measure tlleoretic
entoropy of a measure-preserving map f of a probability space
(X, 11)(see [12, p.87, p.166, p.169]). We use the following result
in a proof of our main theorem (see [13]):
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h(f) == sup{h(f

Iw(x,!)) I

x

E

R(f)}·

Let ~g == IT:l Ymi , where Ymi == {O, 1,··· ,mi - I} (rn'i is
some natural nunlber, i 2:: 1). For a == (aI, a2, ... ), fJ ==
(fJl' fJ2' ... )'E ~g, a + fJ == ({I, {2, ... ) is defined by : if
al + (31 < ml then {I == al + (31 ; if a1 + fJl 2:: m1 then {I ==
a1 + (31 - m1 and we carry 1 to the next position. Inductively
continue this procedure. Let 8g :~g ~ ~g be defined by
8g(,) ==, + (1, 0, 0, ... ). We shall call (~g,8g) a generalized
addl>ng machine. In particular when mi == 2 for each i 2:: 1, i.e.
~ == IT:1 {O, 1}, we shall call (~, 8) an adding machine. It is
known that 8g is a minimal homeomorphism of ~g.
The following lemma depends on X. Yeo

Lemma 2.1. The topological entropy of the homeomorphism
8g of a generalized adding 'machine is zero.

Proof: Let x == (Xi)' y == (Yi) E ~g, where X'i, Y'i E Ymi . De
fine a metricfunction d on ~ 9 as follows: d( x, y ) = 2::1 d; (~;;,Y;) ,
where di(Xi,Yi) == 0 if X'i == Yi and di(x'i,Yi) == 1 if X·i i- Y'i. For
any E > there is some natural number i o such that d( x, Y) < f
if X'i == Yi for each i :S io. Put S == {(Zl, Z2, ... , Z'i o ' 0, 0, ... )'
I Z'i E Ymi , 1 :::; i :::; io}. Then for any x == (Xl, X2, . . . ) E ~g,
X' == (Xl, X2, ... , Xio, 0, 0, ... ) is an element of S. By
the assumption d(8;(x),8;(x')) < E for each i == 1,2, .. ··. This
implies h( 8g ) == 0. 0

°

The next lemma is a simple generalization of Lemma 3.1 in
[13]. For completeness we give the proof.
Lemma 2.2. Let X) Y be compact 'metric spaces and F) G
homeo'morphisms of X) Y respectively. Assume that (X, F) is
sem£-conjugate to (Y, G), cP £s a semi-conjugacy and A == {y E
Y I Card(<jJ-1(y)) ~ 2} is countable. If Y is an uncountable
minimal set of G and h( G) == then:
(1) F has the unique 'mini'mal set.

°

(2) h(F) ==

o.

Proof: (1) This proof is a similar one to Lemma 3.1 (1) In
[13].
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(2) Note that if D is an open set of X then

r/J(D) == {Y\r/J(X\D)} U {q)(D)nq)(X\D)nA}.
(*)
Let O(A, G) == UaEA O(a, G), Xl == X\r/J-1(O(A, G)) and Yl
== Y\O(A, G). Then F1 == Flx 1 is a map of Xl and G1 == GI Yl
is a map of Yl. By (*), r/J1 == <plx 1 : Xl ---+ Yl is a conjugacy.
Let f1 be an invariant n1easure for F. Then for any a E Y,
f1(U:1 F i 0 r/J-1(a)) == 2::1 f1(F i 0 q)-l(a)). Thus f1(r/J-1(a)) ==
o. As A is countable, f1(r/J- 10(A, G)) == o. Therefore htL(F) ==
htL (Flx 1 ). Define a measure V1 on Yl by v1(B) == f1(q)j-1(B))
for B C Yl. Also define a measure v on Y by VIYl == U1 and
v(Y\Yl) == O. By the Variational Principle, hv(G) :::; h(G) == o.
Therefore htL(F) == htL (Flx 1 ) == hV1 (GI Yl) == hv ( G) == o. Then
we get that h(F) == o. 0
In the remainder of this section, we mention important prop
erties of continua which we target. We introduce the aposyn
detic set functions T and Ii. Let M be a continuum and H a
subset of M. Put

T(H) == {x E M I if Q is a subcontinuum of M such that
,
x E Int(Q) then H n Q =1= 0} and
]{(H) =={x E M I if Q is a subcontinuuIn of M such that
H C Int(Q) then {x} n Q =1= 0}.
When A is a subcontinuum of M, T(A) is a continuum. If
M is a e-continuum and H is a subcontinuuIll of M then T(H)
== Ii(H) [11, p.l06]. The following is very useful to study the
dynamics on en-continua.

Theorem 2.3. [5, Theorem 1] Let X be a

en -continuurn.

Then X admits a monotone upper semicontl>nuous decornposi
tion D such that the elements of D have vOl:d inter'ior and the
quotient space X/D 1:S a finite graph if and only if Irtt[T(H)] ==
for every subcontinuum H with void i'nterior. Furthermore
D == {Tn(n+1)(x) I x EX}. Atforeover if F : X - 7 X is
a ho'meomorphism of X) then there is the unique homeomor
phis'm G : X /D ---+ X /D such that 9 0 F == Gog) where
9 : X ---+ X/D is the decomposition 'map.

o
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In the remainder of this paper decompositions used will be
of the kind described in the above theorem.

Theorem 2.4. [10, Theorem 9] If M is a hereditarily de
composable continuum, then Int[I{(H)] ==
tinuum H of M with void interior.

0 for every subcon

Theorem 2.5. [4, Theorem 3] If X is a ()-continuum such
that Int[T(H)] == Int[I{(H)] == 0 for each subcontinuum H
of X with void interior, then X is a {)n -continuum for some
natural number n.

By the above theorems if M is a hereditarily decomposable
()*-continuum, then each sub continuum of M is a ()n-continuum
for some natural number n. By Theorem 2.3, M admits the
monotone upper semicontinuous decomposition D which has
the properties in Theorem 2.3.

Lemma 2.6. Let F be a homeomorphism of a hereditarily de
composable

{)n -continuum

M, 9 the decomposition map from

M onto the quotient space MID and G the homeomorphism
of MID (D == {Tn(n+l)(x) I x EM}) such that 9 0 F == Gog.
Then if P( G) =I 0, there is some natural number m such that
Fm(D(x)) == D(x) for each x E D(Fm) .
Proof: First we assume that MID is the unit circle SI and
t E P( G). There is a natural nUITlber m such that Gm (t) ==
t and Gm preserves the orientation of 51. Then D( Gm) ==
P( Gm) == PI (Gm), where PI (Gm) is the set of fixed points of
Gm. Therefore Fm(D(x)) == g-1 0 Gm 0 g(D(x)) == g-1 0 em 0
g(x) == g-1 0 g(x) == D(x) for each x E D(Fm). When MID
is not the unit circle, there are finitely many branch points
t l , t 2 , ..• ,t k of MID. Then there is a natural number m such
that Gm is identity on the set {t 1 , t 2 , · · · ,tk}, Gm maps each
component of 5 1 \{t l , t 2 , · · · ,tk} onto itself and Gm preserves
the orientation of each component. By a similar way we can
have that Fm(D(x)) == D(x) for each x E D(Fm). 0
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3. ENTROPY OF HOMEOMORPHISMS OF SUSLINEAN
O*-CONTINUA

To prove the next proposition, we introduce the following
notion.
By transfinite induction, we shall define D a for each ordinal
number a < WI as follows. Let Do be {M} . If a == (J + 1 then
D a will consist of degenerate elements of D{3 and the elements
of the decompositions as in Theorem 2.3 of nondegenerate ele
ments of D{3. For a limit ordinal number a define D a to be the
set consisting of the intersections n{3<a D{3, where D{3 E D{3.
For every x E M denote by Da(x) the element of D a contain
ing x. For each x E M there is a countable ordinal n'umber
T == T x such that DT(x) == x.

Proposition 3.1. Let M be a hereditarily decomposable 0*
continuum and F be a homeomorphism of M. Then for each
x E R(F)J one of the following cases holds:

(a) w( x, F) is a periodic orbit of F.
(b) (w( x, F), F) is semi-conjugate to a generalized adding ma
chine.
(c) There is a natural number m J ~ continuous map 9 from
w( x, Fm) onto the unit circle 51 and a minimal homeo
morphism G of 51 such that 9 0 Fm == G 0 9.

(d) There is a natural number m J a continuous rnap h from
w(x, Fm) onto a Cantor set C and a minimal homeomor
phism H of C such that h 0 Fm == H 0 h.

8
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Proof: Let x E R(F). If w(x, F) is finite then w(x, F) is a
periodic orbit of F.
Let w( x, F) be infinite. By Theorem 2.3 either F(D 1(x))
== D 1(x) or D 1(x)n D 1(F(x)) == 0, where D 1 is the mono
tone upper semicontinuous decomposition with the properties
in Theorem 2.3 and D 1(x) is the element of D 1 containing x.
As O( x, F) is infinite and D'T (x) == {x} for some cOllntable
ordinal number T, there is a countable ordinal number 0'0 ==
min{O'I Da(x) n Da(F(x)) == 0}. Note that 0'0 is not a limit
ordinal number.
As D ao - 1 (x) is a hereditarily decomposable On-continuum,
Dao-1(X)/Dao is a finite graph. Let 90 be the decomposition
map from D ao - 1(x) onto Dao-1(X)/Dao and Go the homeomor
phism of Dao-1(X)/Dao such that 90 0 FIDao-1(x) == Go 090(see
Theorem 2.3).
If P (Go) == 0 then D ao -1 (x )/D ao is the unit circle 51. Then
by [2] the nonwandering set f!( Go) is the unique minimal set
of Go such that f!(G o) == 51 or f!(G o) is homeomorphic to a
Cantor set.
By the minimality of n(Go) and 90(W(X, F)) c n(Go), we
get that 9o(W(x,F)) == n(Go). Thus when n(Go) == 51, Go is
a minimal homeomorphism of 51 and 90 is a continuous map
from w(x, F) onto 51 such that 90 0 Flw(x,F) == Go 0 90. This
implies the case of (c).
Assume that f!( Go) is not 51. Then there are a Cantor set
C which is homeomorphic to !1( Go), a continuous nlap h o from
w(x, F) onto C and a minimal homeomorphism Ho of C with
ho 0 Flw(x,F) == Ho 0 hOe This is the case of (d).
If P( Go) 1: 0 then there is a natural number mo such that
Fmo(Dao(x)) == Dao(x) and Dao(Fi(x)) n Dao(Fj(x)) == 0
(0 ::; i # j ::; mo - 1) (see Lemma 2.6). Let Dao(Fi(x)) be M i
for each i == 0,1,' .. ,mo - 1. Note that M i is a hereditarily
decomposable Ono-continuum for some natural number no and
Fm oIMi is a homeomorphism of Mi. Then there is a count
able ordinal number 0'1 == min{a I Da(x) n Da(Fmo(x)) ==
0}. Let 91 be the decomposition map from D a1 - 1 (x) onto

THE DYNAMICS OF HOMEOMOR,PHISMS

9

Dcq-l(X)/Dcq and G l the homeomorphism of DCXl-l(X)/Dcq
such that 91 0 Fm o ID cq -1 (x) == G l 0 91·
If P(G l ) == 0 then DCXl-l(X)/Dcxl == 51. This implies the
case (c) or (d) holds.
Let P(G l ) =I- 0. As R(Fn) == R(F) for each natural nun1ber
n, x E R(F) == R(Fm o). There is a natural number ml such
that Fmom1(Dcq(x)) == Da1(x) and D a1 (F'i(x))nD a1 (Fj(x)) ==
o (O:S i i- j :S mom1- I ). Let D CX1 (F'i o+m o'i 1 (x)) be Mio 'i 1 (O:S
i o ::; rno - 1, 0 ::; i l ::; rn1 - 1) . Note that Mio'i 1 is a hereditarily
decomposition f)n1-continuum for some natural number 14~1 and
Fmom 1\Mioi 1 is a homeomorphism of M ioi1 . Then there is a2 ==

min{a I Da(x) n Dcx·(Fmom1(x)) == 0}.

Let 92 be the decomposition map from D CX2 - 1(X) onto
DCX2-1(X)/Dcx2 and G 2 the homeomorphism of Dcx2-1(X)/Dcx2
such that 92 0 Fmom1IDa2_1(X) == G 2 0 92.
If P (G 2 ) == 0 then by the same procedure as the above 92 is a
continuous map from w(x, Fmom 1) onto 51 and G 2 is a minimal
homeomorphism of 51 such that 92 0 Fmom 1 == G 2 0 92 or there
are a continuous map h 2 from w( x, Fmom 1) onto a Cantor set C2
and a minimal homeomorphism H 2 of C2 such that h 2 0 Fmom 1
== H 2 0 h2 , that is to say, (c) or (d) holds.
If P( G 2 ) i- 0 then there is a natural number m2 such that
Fmom1m2(Dcx2(x)) == D CX2 (x) and D CX2 (F'i(x)) n D a2 (Fj(x)) ==
(0 ::; i =1= j ::; mOm1 rn 2 - 1).
We may get hereditarily decomposable Bn2 -continua J\1ioi1 i 2
for some natural number n2 and Fmom1m2lM' ., is 'a homeo
morphism of M io 'i 1 'i 2 (0 ::; i o ::; rno, 0 ::; i 1 ::; m1, 0 ::; i 2 ::; m2)'
Continue this procedure. If P( G j ) == 0, where G j is the
homeomorphism of DaJ-1(X)/Dcxj' then (c) or (d) holds .
We may assume that P(G j ) =1= 0 for j == 1,2,···. Then
we get hereditarily decorp.posable BnJ-continua Mioil ...'iJ such
mi
that Mioil ...'iJ C M'io'i1oo.iJ-l and F oil· .. i J IMioi1 ... iJ is a homeo
morphism of Mioil°o.iJ for each j.

o

~Oq ~2
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Let M a ==

n:o Mioil ..·ij for each a

I1~o Ymi , where Ymi == {O, 1,'"

== (i o, i l

,"')

E ~g ==

,mi - 1}. Note that M a is a

subcontinuum of M for each a E L: g •
Define ¢J : UaEbg M a ~ ~g by ¢J(Ma ) == a. Since w(x, F) c
UaE~g M a and w(x, F) n M a =I 0 for each a E ~g, (w(x, F), F)
is semi-conjugate to (~g, 8g). This is the case of (b). This ends
the proof. D
The next is our main theorem.

Theorem 3.2. Let F be a homeomorphism of a Suslinean

()*

continuum M. Then:

(1) w (x, F) has the unique minimal set for each x E R( F) .
(2) h(F) == O.
Proof: As h(F) == sup{ h(F Iw(x,F)) I x E R(F)} (see Section
2), we need only prove h(F Iw(x,F)) == 0 for x E R(F). We shall
use Proposition 3.1 and its proof.
Let x E R(F). In the case of (a), it is clear that w(x, F) is
the unique minimal set of F and h(F Iw(x,F)) == O.
In the case of (b), (w(x,F),F) is semi-conjugate to a gen
eralized adding machine (~g, 8g). As M is Suslinean, A ==
{a E ~g I Card(¢J-l(a)) ~ 2} is countable, where ¢J is a contin
uous map from w(x, F) onto 2: g with c/JoP == 8g oc/J. By Lemma
2.2 w(x, P) contains only one minimal set of P and h(Plw(x,F))
== O.
In the case of (c), there are a natural number m, a con
tinuous map gi from w( F i (x), Fm) onto 3 1 and a minimal
homeomorphism G i of 51 such that 9i 0 Fm == G i 0 9i for
each i == 0,1,'" ,m - 1. Note that h(Gi )== O(see [1]). By
Lemma 2.2 w(pi(x), pm) contains only one minimal set of Fm
and h(pm Iw(Fi(x),Fm)) == O. As w(x, F) == U;:~lw(Fi(x), Fm),
w(x, F) contains only one minimal set of F.
Moreover
mh(F Iw(x,F)) == h(Fm Iw(x,F)) :S max{h(F'm Iw(Fi(x),Fm)) Ii ==
0,1,'" ,m - 1} == O. Hence h(F Iw(x,F)) == O.
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In the case of (d) we can see w( x, F) contains only one min
imal set of F and h(F Iw(x,F)) == 0 by a similar way to the case
of (c).
Therefore h(F) == sup{ h(F Iw(x,F)) I x E R(F)} == o. D

Note. After the authors finished their work on this paper
they learned from Xiangdong Ye that Jie Lii,hskip, Jincheng
Xiong and Xiangdong Ye have obtained the same result as
Theorem 3.2.
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