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Abstract

Let S be a fixed topological space. The contravari-
ant Hom functor given by C(X) =
Homrep(X,S) has an adjoint specified, on sets,
by P(A) = S4 and the composite, M = C o P,
is a Monad on the category of sets. In this paper
we characterize the category of Eilenberg—Moore
Algebras associated with M in the special case
where S is a linearly ordered space in its special-
ization order. The characterization is presented in
terms of the notion of a dual frame which admits

a C'(S)-action.

1. Introduction. The Monad Mg

Let S = (S,T) be a given topological space. Let Mg be the
induced monad on the category of sets specified on objects by

Ms(A) = Homge(S*,5) = C(S%)

Mathematics Subject Classification: Primary: 18C15, 54B30; Sec-
ondary: 06D20, 08A99, 54F05
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The problem of identifying explicitly the Eilenberg-Moore
category of Mg—algebras has not been solved for a general topo-
logical space S, as far as we know, though many interesting
special cases have been treated in the literature: for example,
R.-E. Hoffmann discusses all cases for which the cardinality of
S does not exceed 2 [1]. F. Linton had earlier dealt with the
case where S is the Sierpinski dyad. In [2] and [4] the case of
the unit interval with its usual topology is discussed. Related
and extensive work has been done in other categories, though
we shall only single out the “Locally Convex Algebras” of D.
Pumpliin and H. Réhrl [5]; and that of J.W. Pelletier and J.
Rosicky [4], where further references are also given. Other ex-
amples are provided in P. Johnstone’s book “Stone Spaces” [3]
to which we refer for the general theory.

Our intention has been to obtain a unified description of the
Eilenberg—Moore category of Mg—algebras for a general S. This,
however, is not the appropriate place to report on that work;
instead we shall consider a further special case: S is a finite
linearly ordered set when given the specialization order: z <y
if and only if y € clz, equivalently, when S is a finite 71 space
whose topology is linearly ordered by set inclusion.

The reason for studying this special case should be clear if
we recall that the category of Mg—algebras is the category of
Frames and Frame Homomorphisms when S is the Sierpinski
dyad. The study also leads to an interesting description of the
algebras as “C'(S)—module”-type structures.

Finally, the case where S is an infinite linearly ordered set
seems to involve an additional notion of limit. We have not
yet succeeded in describing the resulting category of Eilenberg—
Moore algebras in a way analogous to the finite case, not even
when S is compact.

We shall record, for ease of reference, the following well known
and readily verifiable facts concerning the monad Mg on Ens:
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(i) The unit 7 is specified by:

na:A— C(S4,9), na(a) = m, forall a € S.

(ii) The multiplication pu is specified by:

pa i M2A — MgA is given by composition on the right
with the evaluation map ega : S4 — SC(SA’S),Where T O
ega = f for all f inC(S4,9).

Thus p14(a) = a o ega, for all a in MZ(A).

(iii) For f: A — B, we have f : S8 — 54 given by meof = Tf(a)-

Then Mf : C(S%,S) — C(S4,9) is given by composition
with f on the right: M f(3) = 8o f, for all 8 in C(SZ,S).

2. The Chain S

We shall be concerned with finite chains S with a smallest ele-
ment 0, a largest element 1; equipped with the u—topology with
basic open sets of the form [0,a), a € S. Denote by S, the
resulting topological space. The [-topology on S has basic open
sets of the form (a,1], a € S. The u V [-topology on S is the
discrete topology d on S. Denote by S; and Sy the corresponding
topological spaces.

Observe that S has the property that if z, y, a, b are in S
and x < y ,a < b, then there is p € C(S,S) such that p(x) =
a,p(y) = b, when S is Sy, S; or Sy.

Finally, let us record some facts that will be used later with-
out further explanation: In all cases, S is a complete ordered
set; every ¢ € C(S,,S,) is a monotone function and preserves
finite infima and finite suprema in S; moreover, when C(S,)
is given the pointwise induced partial order: f < g if, for all
x €8, f(x) < g(x), then it is closed under finite suprema and
arbitrary infima, where these constructs are specified pointwise.
Of course, C'(Sy, S,) is also closed under arbitrary suprema, but
these are not given by pointwise evaluation.
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Throughout this note S will always refer to a finite chain with
the u—topology, unless specified otherwise.

3. A Theorem of Stone—Weierstrass Type for C(S4)

It will be essential to express the functions in C'(S%) in terms
of the projection mappings. A simple description is available in
terms of A\ and \/ when S is a finite chain.

Theorem 3.1. Every continuous function f : S — S, is the
pointwise infimum of finite suprema of functions of the form
@ o m,, where p is in C(S,) and 7, : S* — S is a projection.

Proof. We first establish a two point approximation property.
Given z, y in S4, we have f(y) < f(z) or f(z) < f(y) or
f(z) = f(y). Assume f(y) < f(x). Since f is, necessarily,
a monotone non—decreasing function, we cannot have z < y.
Hence there is a € A such that m,(x) > 7,(y). Since f(z) > f(y)
there will exist a continuous function ¢, : S, — S, such that
Pa(ma(x)) = [(7), pal(ma(y)) = f(y)-

Similarly, if f(z) < f(y), then there is b € A and ¢, € C(S,)
such that ¢, o my(x) = f(2), eu(m(y)) = f(y)-

When f(z) = f(y) = ¢, then co 7, is the required function,
where ¢ denotes the constant map to ¢, ¢: S, — Sy, where a is
any element of A.

We denote the function constructed above by f,,. Thus,
Jay Sf — Su, [oy(®) = f(2), fuy(y) = f(y) (“two point ap-
proximation property”).

Let us observe that f,, is also a continuous function from SlA
to S, since 7, : SlA — Spand ¢ : S; — 5) are continuous. Hence
fey 1 S, — S,y is continuous.

Now, fix x. For each y there is a Ill-neighbourhood of y,
V,, whose image under f,, is contained in [f(y), 1], by (II]—1)-

continuity of fu,. By continuity of f, there is a
ITu-neighbourhood, W,,, of y, whose image under f is contained
in [0, f(y)]. Thus V, N W, = U, is a IIVIIu =

II(I V u)—neighbourhood of y. Since [V u is the discrete topology
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on S and S is a finite set, the product space I1,c4(S,u V1), is
a compact. Hence, there are finitely many U,’s which cover S4,
say Uyi, Uya, ..., Uy,.

Let fo = foyu V foys Vo ..V fay,. Observe that f, : Sf — S, 18
continuous and that f,(z) = f(z), since fu,,(z) = f(z), 1<
Jj<n.

We now show that f < f, for all . Consider an arbitrary z
in S4. By above, z € Uy, for some j. Now, since z € V,,, we have
fey;(2) = f(y;); since z € W, we have f(z) < f(y;). Hence
f(2) £ fey,(2) < fo(2). Now z is arbitrary, hence f < f, for
all x. Letting h = A f., we have h € C(S2,S,) and f < h.

xeSA
Observe that, for a given t in S4, h(t) = A f.(t) < fi(t) <
x€SA
f(t). Thus h < f. Hence h = f, as required. 0

Definition 3.2. Let S denote the set of functions g : S4 — S,

such that g = \/ ¢; o m,,, where ¢; € C(S,) and a; € A for
i=1

1,2,...,n.

Every f in C(S4,S) can be expressed as the infimum of all
members of § that dominate it.

Proposition 3.3. Let f : S4 — S, be a continuous function,
then f = N{glg €S, [ <g}.

Proof. Let &f consist of all g in S such that f < g. Then,
clearly, f < A{g| g € S} . On the other hand, f,, defined
in the proof of 3.1, is in Sy. Hence A{g| g € Sy} < f,. This
inequality holds for all z in S4, hence A{glg € Sf} < A

A

TrES

fz = f. The proof is complete.
The set § has an important compactness property:

Theorem 3.4. Let f € S, and suppose {g;| i € I} is a fam-
ily of functions in S such that N\ g; < f. Then, there exists
iel

gi17gi27 e 7gin SUCh that /\ gir S f

r=1
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Proof. Let g = A,.;g;- For each i, there are ¢;; € C(S.),

a;; € A, 1 < j < nf(i), such that g; = ©ij O Ta,;- Let pp, ap,
j=1
1 < p < m, be such that f = \/ ¢, 0 Ta,. Consider z in SA.
p=1

We have g(x) = g¢;(x) for some i = i(x). Similarly, there is
p = p(x) such that f(x) = ¢, om, (x). Now, as observed in
3.1, both f and g; are continuous as functions from S4 to Sy,
where Sy denotes S with the discrete topology. Hence, there is
a Ild—neighbourhood of x, W,, say, such that for all z in W, we
have g;(2) = gi(z) and ¢,(74,(2)) = @p(7Ta,(x)), where i = i(x)
and p = p(x), determined above. Because of compactness, S7
is covered by finitely many W,’s, say Wy, , Wa,,..., W, . Let w
be any element of S4. There is W,, such that w € W, . For
ir = i(x,) and p, = p(x,), we then have:

(1) gi,(w) = g, (z;) = g(r).

(2) @p, © Tay, (zr) = flar).

Hence:

N gi(w) < g, (w) = gi,(x,)
= Q(ZBT) < f(ifr)

= Qppr © Wapr ('LU) S f(w)

N N

Since (A g¢;,)(w) < f(w) for all w in S4, we have A g;, < f, as
t=1 t=1

required. 0

As a Corollary, we obtain an apparently stronger version of
the Theorem. The formulation below arose from a suggestion
by the anonymous referee.

Corollary 3.5. If the infimum of a set F' of functions in S is in
S, then it is also the infimum of a finite subset of F'.
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It should be noted, however, that the property does not hold
generally, as shown by the following example. Thus emphasizing
the special nature of S.

Example 3.6. Let 7, : 2¥ — 2, denote the n*® projection map.

Then A\ 7, is never equal to the infimum of a finite set of m,’s.
n=1

4. The Mg—Algebras

The set C(S%,S,), with the order induced by S,, is a partially
ordered set which is closed under arbitrary infima and finite
suprema, defined pointwise. It also admits an action by elements
of C'(S,) defined by composition on the left: px f = po f, where
feC(84,5,), ¢ € C(S,). We shall show that these operations
can be transferred to an Mg—algebra A by means of the structure
map h: C(S4,S,) — A.

Firstly, the definition of an action by C'(S,) on a lattice that
admits arbitrary infima and finite suprema.

Definition 4.1. Let (A, <) be a complete lattice. A is said to
admit a C(S,)-action if there is a map C'(5,) x A — A, where
(p,a) — @ * a, satisfying the following:

(1) Is *a = a for all a € A, where Ig is the identity map in
C'(Sy)-

(2) (pot)*xa = px* (1*a), where o denotes composition in

C(S,).

® (A#)ra=Alera)

il el

(3) px* ( A ai) = A (¢ *a;), I arbitrary.

il il

W (Ve)sa=Viara @ o (Va)=Viera)

I finite.
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(5) Let @1, wa,. .., ¢n, Y1,...,0, € C(S,) be such that for all

si € S we have A () <V (¥i), ie.: pi(s1) A pa(s2) A
AN n (8) <y (s1) V...V, (s,), then for any choice
ai, ..., a,, we have:

n

/n\ (1, .- pnyxlar,...a,) < \/ (1,19, ... p)xlay, . ..ay),

=1 =1

ile.:
rkar ANpakas A .. Nppka, < PrkarVibakas V.. NV, *ay,.

Examples 4.2.

1. If (X,T) is a topological space, then C' (X, S,) is a com-
plete lattice, where arbitrary infima and finite suprema are
specified pointwise by:

= /\fz<:>f /\fZ , forall z € X.

el i€l
f= \/fg<:>f \/ , forall x € X.
J=1 j=1

In this example, (A, <) = C (X, S,) and the action is speci-
fied by composition: for p € C'(S,) and f € C (X, S,), ¢*
f = @ o f. The verification of the requisite properties is
straightforward, taking into account that S is a finite chain

and p € C'(S,).

2. (9, <) itself admits a C(S,) action given by evaluation:
pxs=(s) forall p € C(S,), s € S. This example is a
particular case of the first one when X is a singleton set.
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5. The Transfer of Structure from C (S;‘, Su) to A for
an Algebra (A, h)

We shall assume that (A, h) is an Mg—algebra with structure
map h, so that the following diagrams commute:

n, , Mh
A2 — MA M2A ——= MA

\ |

MA — p A

We shall start by defining A a;, for an arbitrary index set,
iel

and \/ a; for a finite index set, all elements belonging to A; as
i=1

well as the C'(S,) action on A.
Definitions 5.1.

(1) Let I be a nonempty set of indices, a; € A for ¢ € I. Define
N\ a; to be h(/\wai) :

il el

(2) For a finite index set J, a; € A for j € J, define \/ a; to

jeJ
be h <\/ 7raj> :
jeJ

(3) Forae A, o € C(S,) define p *a to be h(pom,).

Theorem 5.2. Under the operations N\ and \/, A is a complete
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lattice, and h preserves arbitrary infima and finite suprema:

h(/\ﬁ-) = A\nr(£)

il il

h( fj) = vh(fj)

Moreover, the dual frame identity holds: aV N\ a; = N\ (aV a;) .
iel iel

Lemma 5.3. Mh and pa preserve arbitrary infima and finite
suprema of functions, both operations being defined pointwise.

Proof. Both maps are defined as composition on the right with
some function. The definition of pointwise order on the function
spaces yields the conclusion. 0

Proposition 5.4. h preserves arbitrary infima.

Proof. Let { f; |i € I} be aset of functions in C' (S2, S,,) . Then
f = A fi is also in C (Sf, Su) . Now f; € C (Sf, Su) , SO

icl
A
7w €C (sf (sit.5) Su) = M2A.
Observe that A my, is in M2 A. Now:
icl

fia </\ Wfi) = A\ pa(mz) (by the lemma)

iel icl
= /\ fi (by the nature of pu4 ).

icl

e 1 () ) < (4, )
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We know that houg = hoM h, so we now calculate ho M h :

Mh </\7Tfi> = /\ M h(my,) (by the lemma)
iel iel
= /\ 75, o h (by the definition of M h)
i€l
= /\ Th(f(i)) (by definition of h )

i€l

Hence: h (Mh (/\ wfi)) —h (/\ wh(m) = A (i) (by defi

iel i€l
nition of A in A). Thus h (/\ fi )= Ah(fi), as required. O
iel iel
The proof of the following proposition is analogous.

Proposition 5.5. h preserves finite suprema
Similarly, we have

Proposition 5.6. The lattice identities hold in A with respect
to the operators |\ (over arbitrary sets), V (over finite sets ), as
well as the dual frame distributive law.

Proof. We shall only verify one identity in order to illustrate
the method: To show that a A (bVe) = (aAb) V (aNc),
observe that a A (bV ¢) = h(m, A (m V 7)), since h preserves
the operators. Now 7w, A (mpV 7m.) = (ma Amp) V (mq ATe),
hence h (7, A (mp V 7)) = h ((ma A7) V (Ta A7) = h(ma A )
Vh(mg Ame) = (aAb)V (aAc), as required. 0

Note :It is perhaps worth observing that A is the order inducing
map; by contrast 4 has little to do with order, indeed if 14 (a) <
ta (b), then m, < m,, hence 7w, = m, hence a = b.

We now consider the action of C'(S,) on (A, <).
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Proposition 5.7. With p xa = h(pom,), we have:
(1) 1g % a = a, where 1g is the identity map on S,,.

(2) (po)xa=px(Y*a).

(3) h preserves the action: h(po f) =@ *xh(f).

Proof. (1) 1g xa = h(lgom,) (by definition of * on A) =
h(m,) = a.

(2) This is a remarkable identity with a simple proof that is,
perhaps, not too obvious. We prefer to deduce it from (3):

(poy)xa=h((pod)om) = h(po(dom))
= pxh(Yom)=px*(Pxa).

(3) To prove this, consider ¢ o 7p in MZ A, where f € Mg A.
Now h (pa (pomy)) =h(Mh(pomy)), also:
(1) h(pa(pomys)) =h(pompoega) =h(pof).

(i) h(M h (g omy)) :h<gpo7rfoﬁ) =h(pomyy) = px
h(f)-
Hence, h(po f) =@ *xh(f). O

For completeness we state the remaining identities
relating to * :

Proposition 5.8.
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Proof. (i) ¢ * (/\ ai) = h(gpo /\7rai) = h(/\gpowai)
iel iel iel
(since ¢ preserves arbitrary infima in the finite chain S)

= Nhlpom) = N\ (p*ai).
iel iel
The proof of (ii) is similar. d

Finally, the compatibility of * with respect to the A \/ inequality:

Proposition 5.9. Assume that p;, 1¥; € C(Sy,Sy) are such
that, for all s; in S :

n

Ai(s) <\ v (s0) ()

Then, for ay,...,a, € A, we have:
/\SOi*ai < \/wi*ai.
i=1 i=1
Proof. Let ay,...,a, be given. Observe that the condition ex-

pressed in (+) is equivalent to the following:

n n
N eioms, <\ tiom,.
i=1 i=1

By monotonicity of A and the fact that h preserves finite suprema
and finite infima, we have;

/n\%'*ai:h </n\S0io7Tai> <h <\n/¢iO7Tai> :\n/wi*ai,
i=1 i=1 i=1 i=1

as required. 0
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We have now established that an Mg algebra (A,h) can
be given the structure of a complete lattice compatible with
a C' (Sy)—action on A, and satisfies the dual frame distributive
law.

6. The Constants in Mg—Algebras

It is natural to enquire if algebras contain copies of S. The nat-
ural representative of the element c of S is the constant function
c:S4 — S,, so we define ¢ in A to be h(c). To what extent
are the h(c)’s distinct? We shall show that if ¢ # d are ele-
ments of S and h(c) = h(d), then A is a singleton set, a trivial
Mg—algebra: Suppose h(c) = h(d), ¢ # d. We may assume,
since S is a chain, that ¢ < d. Let ¢ € C'(S,) be a monotone
map such that ¢(c¢) = 0 and ¢(d) = 1. Then ¢ oc = 0 and
pod=1, hence

h(poc)=h(0)=04 h(pod) =h(1)=1a.
But
h(poc)=pxh(c)=p*h(d)=h(pod).
Hence 04 = 14.
Thus, we have proved the following proposition.

Proposition 6.1. Every nontrivial Mg algebra contains a copy

of S.

Corollary 6.2. The two element chain is not a Ms—algebra,
where 3 is the three element chain with the u—topology.

7. The Algebra Maps

Let (A ha), (B,hp) be Mg-algebras. Let f : (A ha) —
(B,hp) be an algebra map, then the following diagram com-
mutes.
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MA Mt MB

ha hg

A B

Proposition 7.1. f preserves arbitrary infima, finite suprema,
the C (Sy)—action and constants:

@ £(Aa)=Aria),

(mf<2%>=0fm»
(iii) f(e*xa) =¢x* f(a), forall p € C'(S,), a € A.
(iv) f(c)=c¢,forallceS.

Proof. (i) Let a = A a;. Then f(a) = f (hA ( /\m)) _

i€l iel
}@<Mf<&m9).

(i) = hp (/\ Mf(wai)> (by 5.3) = hp (/\wf(ai)) -

il il

/\ hp (Wf(ai)) = /\ f(ai)'

i€l i€l
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(i) flexa) = flhalpom)) = hs(Mf(pom)) =
his (w0 mao f) = his (p o msw) = s (1sw) = o f(a).

(iv) f (€)= f (ha (€)= hu (M £ (2)) = hi (co f) = hp (9 = e
U
8. The Eilenberg—Moore Category of Mg, —Algebras

We have established that on every non trivial Mg, —algebra (A, h)
there can be defined a complete lattice structure, and a C' (.S, )—
action. The following properties hold:

(i) av Na, = A (aVa).

il il

(ii) c*xa = ¢, for all ¢ € S, where ¢ : A — S denotes the
constant function mapping A onto {c} .

(1) 1g*xa=a.

(2) (pow)xa = px*(*a), where o denotes composition in

C(S.).

@ (Ae)ra= Al @ ox(Aa)=Avra

iel il il

@ (Vo)ra=Viera @ o

(5) Axiom of x—consistency: If p;, ¥, € C'(S,), 1<1i<n,are
such that, for all possible choices of s; € S, we have:

/\ i (8i) < \/ Vi (i),

then, for all choices ag,...,a, in A, we have

n n
/\SOi*ai < \/wi*ai.
i=1 i=1

V ai) =V px*a;.
-1

% i=1
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We shall refer to such a lattice as a C(S)—consistent dual
frame.

That (3), (3)’, (4), (4)" hold is a straightforward consequence
of the definition of % and of the fact that a structure map pre-
serves arbitrary infima and finite suprema.

We can now formulate the characterization of Mg—algebras,
up to isomorphism.

Theorem 8.1. The Filenberg—Moore Category of Mg, —algebras
has, as objects, the C (S)—consistent dual frames and, as mor-
phisms, the maps which preserve C (S)—action, arbitrary infima,
finite suprema and constants.

The explicit nature of the definitions involved renders it suf-
ficient to verify that, indeed:

(i) Onevery C(S)—consistent dual frame A there can be defined
a (structure) map hg : Mg A — A such that (A, ha) is an
Mg—algebra.

(ii) Every map f : A — B between any two such C (5)-
consistent dual frames that preserves C' (S)-action as well
as arbitrary infima, finite suprema and constants is an Mg—
algebra map from (A, h4) to (B, hg); and the converse is
also true.

Let A be a C(S)—consistent dual frame. We define hy :
MsA — A.
Definition 8.2. Let f € C (SA, S) . Define

hA(f):/\{sm*ai\/ ...\/gpn*an|
f<10Ta Vpa0me, V...V, 0my, }.

By Theorem 3.1, it is clear that h4 is well defined. It is also
clear that h4 is monotone in the sense that ha (f) < ha(g) if

<y
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Proposition 8.3. hy (pom,) = ¢ *a.

Proof. Since g = ¢ o7, is such that ¢ < ¢ o m,, we have

ha(pomy) < p*a.
To prove the reverse inquality we consider two cases:

(i) Assume that g = \/ ¢; o1, > ¢ om,. If n0 a; is equal to
i=1

a, then ¢ (1) < ¢1(0) V2 (0) V...V ¢, (0) = ¢, (0), for

some 7 (since S is linearly ordered). Then p*a < ¢(1)*a <

©r(0) xa = ¢, (0) * a, < ¢, *a,, so that pxa < \/ ¢; x a;.
— — i=1

(ii) If a is one of the a,’s, say a;, then we have ¢ (s) < 1 (s) V
w2 (82) V...V @, (sn), for all choices of s,sg,...,s, in S.
Hence:

@ (s) <1 (s)Vepa (0)V.. .V, (0) = p1 (s)Ve = (1 V ) (5),

where ¢ = \/ ¢, (0). Hence p xa < (1 V) * a, so that
r=2

pxa < prxaVcka =g xaVe Butc= . (0), for

some 7, so that ¢ = ¢, (0) x a, < ¢, * a,. Moreover, a = ay,

hence p*xa < p1%xa;1 Ve, *xa, < \/?:1 ;i *xa;. In conclusion:

pxa<hy(pom,). Hence pxa=nha(pom,). O

Corollary 8.4. ha (7,) = a.
This follows from the fact that 15 *x a = a.

Proposition 8.5. hy ( ©; © Wai) =\ i * a;.
i=1 i=1

n

<s

; * a;, by defini-

i=1 1

Proof. 1t is clear that ha ( ;0 Wai) <

tion of ha. Also, for each j, ¢; 0w, < \ ;o m,,, hence, by

hA ( ®i © 7Tai) 5
=1

i=1

IA I|<3ﬁ.

monotonicity of h4, we have ha (gpj o 7Taj)



ON EILENBERG-MOORE ALGEBRAS INDUCED ... 341
n

so that ¢ xa; < h (\/ p; © Wai), since hy (gpj e 7Taj) = ; * aj.
i=1

Hence \/ j*a; < hy (\/ ;0 Wai). The proof is complete. O
=1 i=1

n(i)
Corollary 8.6. Let g; = \/ @i 0m,,,, i =1,2. Then ha(g1) V

j=1
ha(g2) = ha(g1V g2).

Proof. From Proposition 8.5, we have, for n =1, ha (pom,) =

pxa. We can write g; as \/ ¢;j0a;;, where n =n (1) Vn(2), by

j=1
taking some ¢;; to be 0, if necessary. Hence g1 Vgo = \/ ¢j;0
5
Ta,. By Proposition 8.5, we have ha (g1 V g2) = V @45 * ay;.
1<j<n
1<i<2

. Hence hy (g1 V g2) =

7=1
ha(g1)V ha(g2). 0

Proposition 8.7. hyu (/\ i owai) = A i *a;.

i=1 i=1

2 n
Also, ha (g1)Vha(g2) = V [V Pij * Qi

n
Proof. Since /\ ;i 0 Mg, < pj 0, for 1 < j < n, we have
=1

3

=1

i % a;). To prove the reverse inequality, let s = \/ Yy 0
k=1

(/\ gploﬂ'a) < p*aj, forl < j <n. HencehA(/\ gpiomi)
SAl

mp, be such that /\ w; oMy, < 5. We consider two cases:
i=1

(1) If no a; is a by, then A\ ¢; (1) = ¢, (1), for some r. Hence
i=1

(1) < \7 ¥y (0) = 1 (0), for some ¢t. Hence
k=1

or*xar < o (1) xar = @ (1) < 1Py (0) = 1Py (0) % by < 9y * by,
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so that A ¢r *a, < \/ ¥y * by.
r=1

k=1

it a;,...,a, are the same as, respectively, b1,...,b,, then
n p p

we have A ¢; * a; < i xa; < \/ ; xb; (by the axiom
i=1 i=1 i=1

of *—consistency).

Hence A ;i xa; < \/ ¢ % b;.
i=1 i=1

Thus A ¢; *xa; < \ 9 % b;, in both cases. Consequently
i=1 i=1

N wi*xa, < hal N\ wio Wai), by definition of hs. The
i=1 i=1
proof is complete. O

Proposition 8.8. hy (/\ gi) = A ha(gi), where ¢g; €
C(S4,8.), i€l

el el

Proof. Let g = A gi. By monotonicity of h4, we have ha (g) <

il

N
N\ ha (gi). To establish the reverse inequality, let f = \/ ¢,om,,

il

r=1

be such that g < f.
By Theorem 3.4, we have g;,,...,g;,, such that A g¢;. < f.
Then

by

s=1

m N N
ha </\gi5> < ha(f)=ha <\/ soromr> =\ er*a,
s=1 r=1

r=1

m N
Corollary 8.6. Hence A ha(g,) < V ¢r * a,, since
s=1 r=1

hA(/_\lgis) = —1hA (9i.), by Proposition 8.7. Thus

S=



ON EILENBERG-MOORE ALGEBRAS INDUCED ... 343

N N
A ha(g:) <V ¢rxap, forall f =\ ¢, om, such that g < f.
i€l r=1 r=1

Hence A ha(gi) < ha(g), as required. d
il

Proposition 8.9.. ha(po f)=¢=*ha(f)

n(4)

Proof. We have f = \ \ ¢;j o ma;; by Theorem 3.1. Hence
iel j=1

pof=9po\ V pioma,; = N\ V @opijon,,, since S is a finite

i€l j=1 i€l j=1
chain and ¢, being monotone, preserves arbitrary infima and

n(i)
finite suprema. Hence hy (po f) = A ha < P 0 ;0 Wai]),
iel j=1

by Proposition 8.7. Now

n(3) n(4)
ha \/9009%07% = \/hA (wowijoma,),

J=1 J=1

by Corollary 8.6. Also ha (gp 0 (p;j © Waij) = (@ o) * a;;, by

Proposition 8.3. Now (¢ o ¢;j) * ai; = ¢ * (¢4 * a;j), hence
n(i)

ha(pof)= NV pxpij*xa;. Putting ¢ = 1,, we get hy (f) =

icl j=1
n(i)

A V ¥ij * a;;. Hence

iel j=1

prha(f)=¢x \V vuraiz =\ oxeyxay =halpof),

i€l j=1 i€l j=1
as required. 0

PI‘OpOSitiOH 8.10. hA (f1 V fg) = hA (fl) V hA (fg)
Proof. By Theorem 3.1, we have fi = A g1i, fo = A 925,

iel jeJ
where each g, isin S. By the dual frame law, we have f,;V fo =
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A g1V 925 = N\ (g1: V g25). Hence ha (f1V f2) = N ha (91 V 925),
i€l icl ij ij

by Proposition 8.8. Also, ha (91 V g2;) = ha (g1:) V ha (g2;), by
Corollary 8.6. Hence

ha(fiV fa) = /\ (ha(91) V ha(g27))
tj
= /\ ha(g1:) V /\ ha (g2;) by the dual frame law,
iel jer

= ha(f1) Vha(f2). O
Proposition 8.11. hqpo Mhy =hao pa.

Proof. Let o € M*A. Then a = A \/ i; o 7pij, where ¢;; €

iel j=1

C (S,) and fi; € C (S, S,). Thus

ha(Mha (o)) = ha | \\/ @i o7mpij 0 ha
iel j=1

= ha | A\ @5 ©Thatr)

icl j=1

n(4)
= AV @i *ha(f).

iel j=1

n(1)
Also, ha (pa (@) = ha </\ V @ijo fij) (j14 preserves com-

icl j=1

position and pa (7)) = f )= A\ ha <\n/1 ®ij © fij) = A \"/ Pij *
=

iel i€l j=1
ha (fij), since hy preserves finite suprema and C (S,)-action.
The proof is complete. 0
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We now complete the picture by describing the Mg—algebra
morphisms. Let A and B be two nontrivial C' (S)—consistent

dual frames and let h4, hg be the corresponding structure maps
defined above.

Proposition 8.12. If f : A — B preserves C (S)-action,
arbitrary infima and finite suprema, then f: (A, ha) — (B, hp)
1s an algebra map.

Proof. We verify that hg o Mf = fohy. Let « € MA, then
n(3) n(i) N
a = A\ V i o mj, hence Mf(a) = AV gijoma,of =

iel j=1 iel j=1
n(3) n(i

)
AV ©ijoT sy, so that hg (M f (o)) = NV wij* [ (aij). Now

iel j=1 il j=1
n(i) n(i)
ha(e) = AV wij xaij. Hence f(ha(a)) = AV pij = f (ay),
el j=1 iel j=1
by our assumption on f. O
Conversely,

Proposition 8.13. Let f : (A ha) — (B,hp) be an Mg—
algebra map, then f : A — B preserves arbitrary infima, finite
suprema and C (S)-action.
Proof. 1. f preserves arbitrary infima: Consider a = A a; in
iel
A. By Corollary 8.4 and Proposition 8.8, we have

a=ha( A\ 7, |, hence
iel

f(a) = foha </\7Ta> = hp <Mf </\7ra>>

= hp </\7Tai of) = hp </\7Tf(ai)>
— /\f(al)

i€l
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2. f preserves finite suprema: Consider a; V as.  Now
ha (7o, V Tay) = a1 V ag, so that

fla1Vay) = foha(me, VTa,) =hgoMf(ma V Ta,)
= hp ((Wal V Tay) © f) = hp (Tf(a) V Tf(az)
= f(a1) V [ (a2).

3. f preserves C (S, )—action:

flexa) = f(ha(poma))=hp(Mf(pom))
= hp (onWaof) = hp (gpowf(a)) =@x* f(a).

O

9. Summary

The condition involving “replacement” in the description of the
algebras is a consequence of a more general property. It is easy
to show that this property is shared by all Mg—algebras, thus
allowing the following description of the nontrivial objects of the
Eilenberg—Moore category of Mg—algebras:

Complete lattices A which contain a copy of S and admit an
n—ary action x : C'(S™) x A" — A, for every integer n,n > 1,
such that for all &, € C'(S™), a = (a1,a2,...,a,) € A", c€ S,
we have:

(I)(i\:/l@i) xa= .n Qixa () @x (\7@) :i\z ® xq

=1 =1 1

(2

(II)(iﬂéi)*ngl\@i*g (11)/@*( Qi):i/:\@mi

i=1

>
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10. The Case of the Sierpinski Dyad S = (2, u)

The Eilenberg—Moore category of Mg—algebras, as mentioned in
the introduction, is the category of Frames and Frame homo-
morphism, with no reference to a C' (S)-action. The results in
this paper refer explicitly to the C' (S)—action, but this is easily
seen to be trivial: C'(2,,2,) consists of three elements 0, 15, 1
and we have 0 xa = 0, 1 xa = 1, 13 xa = a, for all a in an
algebra A, so that, when S = 2,,, reference to the C' (S)-action
is superfluous.

11. Generalizations

It would be most interesting to be able to describe the Mg—
algebras when S is, for instance, w = {0 <1 <2 < ---<n < ...}
with the u—topology, and with the [-topology; as well as when
S = (whu), S = (wh,1), etc. As far as we can ascertain, a
purely algebraic/discrete discription as the one given in this pa-
per would not be possible, and an Mg—algebra would need to
satsify, in addition, a topological condition compatible with the
algebraic ones given in section 9, above.
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