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FIBER PROPERTIES OF CLOSED MAPS, AND
 
WEAK TOPOLOGY
 

YOSHIO TANAKA AND CHUAN LID 

Let X be a space, and let C be a cover of X. Then, X has 
the weak topology with respect to C, if A c X is open in X 
if and only if A n C is open in C for every C E C. Here, we 
can replace "open" by "closed". Locally compact spaces, first 
countable spaces, and many other kinds of topological spaces 
have the weak topology with respect to covers of compact (or 
compact metric) subsets. 

Let f : X -+ Y be a closed map. Then, as is well-known, 
every B /-1 (y) is countably compact if X is a normal space, 
and Y is a locally compact space or first countable space, and 
so on; see [M1], for example. Here, BI-1 (y) is the boundary 
of the fiber /-1 (y). (Also, many decomposition theorems for I 
under X being nice properties on X are well-known; see [TY], 
for example). 

In this paper, we shall consider the following question on 
closed maps in terms of weak topology. Here, if necessary, 
change "Bf-l(y)" by "f-l(y)"; or "y E Y" by "y E Y - YO, 
where YO is a ((J"-) discrete closed subset of Y". 

Question: Let I : X ~ Y be a closed map. Under what 
conditions on X or Y, does B 1-1 (y) have some nice properties 
for each y E Y? 
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Let X be a space, and let C be a cover of X. In this paper, 
we shall use "X is determined by C (or, C determines X)" 
instead of the usual "X has the weak topology with respect 
to C", as in [GMT], etc. We recall that X is dominated by C 
(or, C dominates X), if for any subcollection C* of C, U C* is 
a closed subset of X which is determined by C* . 

Let X be a space. Any open cover of X determines X. For 
a closed cover C of X, the following hold. 

C dominates X ::::} C determines X (but, the converse doesn't 
hold). If C is increasing and countable, C determines X {::} C 
dominates X. 

C is hereditarily closure preserving (==HCP) :::} C dominates 
X ::::} C is closure preserving (but, the converse of each impli­
cation doesn't hold). 

We recall that every CW-complex is dominated by a cover 
of compact metric spaces, and that every space dominated by 
paracompact spaces is paracompact. 

Let us give other main definitions used in this paper. Let X 
be a space. Then, ~~ is a k-space (resp. quasi-k-space; sequen­
tial space) if X is determined by a covertof compact subsets 
(resp. countably compact subsets; compact metric subsets). 
For x E X, let t(x, X)== min {ICI : if x EcIA, x E ciG for some 
C c A}, and t(X) = sup {t(x,X) : x E X}. If t(X) :::; w, X 
is a space of countable tightness, equivalently, X is determined 
by a cover of countable subsets. A space is an M-space if 
it admits a quasi-perfect map onto a metric space. A map 
f : Z ~ X is bi-quotient (resp. pseudo-open) if, whenever V 
is an open cover of 1-1 (x) (resp. V is an open set containing 
f- 1 (x)), then finitely many !(V), with V E V, cover a nbd (= 
neighborhood) of x (resp. f(V) is a nbd of x) in X. 

For a space X, the following characterizations hold in view 
of [M2], etc. For inner definitions of bi-(quasi-) k-spaces) and 
singly bi- (quasi-) k-spaces, see [M2J. 

X is a bi-k-space (resp. bi-quasi-k-space) {:} X is a bi­
quotient image of a paracompact M-space (resp. M-space). 
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X is a singly bi-k-space (resp. singly bi-quasi-k-space) ¢:> X 
is a pseudo-open image of a paracompact M-space (resp. M­
space). 

X is a k-space (resp. quasi-k-space; sequential space) <=? X 
is a quotient image of a paracompact M-space (resp. M:~pace; 

metric space). 
A space X is an A-space, if whenever c E cl(An - {x}) with 

An :J An+l for x E X and n EN, there exist En C An such 
that U{clEn : n EN} is not closed in X. If the En are closed 
(resp. singletons) in X, then such a space is an inner-closed A­
space (inner-one A-space). In [MOS], these spaces are defined, 
and it is shown that these spaces X are precisely spaces with 
the property that any map onto X belonging to some class Cl 

must belong to some other class Cz. 

For a space X, we have the following implications, for ex­
ample. 

X is first countable * X is sequential =} X is a k-space
 
with t(X) ~ w.
 
X is paracompact M =? X is bi-k =? X is singly bi­

k =? X is k =} X is quasi-k.
 
X is bi-quasi-k =} X is inner-one A =} X is inner-closed
 
A =? X is A.
 

Let a be an infinite cardinal. Then, a space X is a-compact 
if every subset of cardinality a has an accumulation point in 
x. Every countably compact space is precisely w-compact, 
thus, a-compact. Every Lindelof space is WI-compact, and the 
converse holds among paracompact spaces. A space is loca~ly 

a-compact if each point has a nbd whose closure is a-compact. 
Let us say a space X is an sa-space, if for any discrete closed 

set D C X with IDI ~ a, there exists a Hep collection V 
of open subsets such that IVI = /DI, and each V E V con­
tains a point Pv E D with the points Pv distinct. sa-spaces 
are sw-space. Well-separated spaces in the sense of [Mal] are 
sw-spaces, then, so are normal spaces, countably paracompact 
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spaces, realcompact spaces, or uniformly complete spaces. Col­
lectionwise normal spaces, or M-spaces are Sa-spaces for any 
a. 

Let Sa denote the space obtained from the topological sum 
of a convergent sequences by identifying all the limit points to 
a single point. In particular, Sw is called the sequential fan. 

Let us use the following letters, P, P*, and F in this paper. 

P denotes a point-countable cover determining a space; 
P* denotes a point-countable closed cover determining a 
space; and 
F denotes a closed cover dominating a space. 

We assume that spaces are regular T1 , and maps are contin­
uous and onto. 

LEMMAS 

In this section, we give some lemmas. First, let us recall 
that a sequence (An) of subsets of a space is a q-sequence if 
An :) An+1 , and !{ = n{An : n E N} is countably compact 
such that every nbd of !{ contains some An. 

Lemma 1. Let f : X ~ Y be a map such that Y has a cover 
:F (or P). If (An) is a q-sequence in X, then some f(An) is 
contained in a finite union of elements of:F (or P). 

Proof: Since (f(An )) is a q-sequence in Y, if Yn E f(A n ), then 
the sequence {Yn : n E N} has an accumulation point in Y. 
Thus, the result holds as in the proof of [TZ2 ; Lemma 2.4] for 
:F, and [Ts; Lemma 6) for P. 

Lemma 2. (A) Let X be a singly bi-quasi-k-space. Then, (a) 
and (b) below hold. 

(a)	 If X has a cover :F = {Fa: a E A}, then X has a Hep 
closed cover {cIXa : a}, where X a = Fa -U{F,6: (3 < a}. 

(b)	 If X has a cover P, then the set {x EX: any nbd of x is 
not contained in a finite union of ele'ments of P} is closed 
discrete in X. 
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(B) Let X be a bi-quasi-k-space, or an inner-closed A-space 
with t(X) ~ w. If X has a cover:F (or P), then, for each 
x EX, some nbd of x is contained in a finite union of elements 
of :F (or P). 
(C) Let X be a quasi-k-space having a HCP clost~d cover C. 
Then, the set {x EX: C is not locally finite at x} is closed 
discrete in X. 

Proof: (A) and (C) are due to [Tg]. As for (B), for X being 
an inner-closed A-space with t(X) ~ w, the result holds by 
[T9 ; Lemma 2.6], for X is an inner-one A-space. For X being 
a bi-quasi-k-space, suppose the result doesn't hold at x EX. 
Then, B = {X - S : S is a finite union of elements of :F (or 
P) } is a filter base such that x EclB for any B E B. Since X 
is bi-quasi-k, by [M2 ; Lemma 3.F.2], there exists a q-sequence 
(An) such that x Ecl(B n An) for all B E B, and all n E N. 
But, by Lemma 1, some An is contained in a finite union S of 
elements of :F (or P). This is a contradiction. Thus, for X 
being bi-quasi-k, the result also holds. 

Lemma 3. (A) Let f : X ---+ Y be a closed map. Let Y be 
determined by a cover {Ca : a}. Then, X is determined by a 
cover {f-l(Ca ) : a}. 

(B) Let f : X ---+ Y be a closed map such that X is an Sa­

space. Th.~n, every B f- 1 (y) is a a-compact if Y is one of the 
following spaces (where, a = w if Y is (i)): (i) inner-closed A­
space, (ii) locally a-compact space, (iii) sequential space which 
contains no closed copy of Sa. 

Proof: (A) is due to [T1]. For (B), for case (i); (ii); or (iii), 
see the proof of [M2 ; Theorem 9.9]; [ T 3 ; Proposition 1 ]; [ T 4.; 

Lemma 1.5] respectively. 

Lemma 4. For a map f : X ---+ Y, the following (A) (D)f'V 

hold. 
(A) Let X be a bi-k-space. Suppose that any closed para­

compact M -subspace of Y is locally a-compact. Then, for each 
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x E X, ~ C f- 1(!{) for some nbd ~ of x and some a­

compact closed subset !{ of Y. Thus, if x E Bf-l(y), then 
~ n Bf-l(y) C Bh-1(y), where h == flf- 1(I{). 

(B) Let X be a bi-quasi-k-space, or let f be a closed map and 
X be an inner-closed A-space with t(X) ~ w. Suppose that Y 
has a cover F (or P). Then, for each x E X, Vx C j-l (S) for 
some nbd Vx of x and some finite union S == U{Ci : i ~ n}, 
where Ci E F (or P). Thus, if x E Bf-l(y), the following 
holds: 

For P, ~ n Bf-l(y) C Bh-1(y), where h == flf-l(S).~ 

For F (resp. P*), ~ n Bf-1(y) C U{Bfi- 1(y) : i ::; n}, 
where fi == flf- 1(Ci ), that is; Bf-1(y) is dominated (resp. 
determined) by {B f;1 (y) : y E Ca E F (resp. P*)}, where 
fa == flf- 1 (Ca) I 

(C) Let X be a singly bi-quasi-k-space. Let Y have a cover 
F (or P*) == {Ca : a}. Then, for each y E Y, Bf-l(y) == 

U{Bf~l(y) : y E Cal, 10here fa == flf- 1(Ca). 
When f is a closed (or pseudo-open) map, the set {y E Y : 

Bf-l(y) ct- U{Bfi1(y) for any finite {Ca : ,B} C F (or P*) 
with y E C{3} is closed discrete in Y. 

(D) Let f be a closed map such that X has a cover F (or 
P). Suppose that Y is determined by a-compact subsets, or 
t(Y) ~ a. Then, the set {y E Y : f-l(y) ct U C for any C C F 
(or P) with ICI < a} is closed di~crete in Y 

Proof: (A) holds in view of the proof of [T6 ; Theorem 1.1]. 
As for (B), for X being bi-quasi-k, suppose the result doesn't 
hold at x E X. Let B == {X - f-1(3) : 3 is a finite union of 
elements of F (or P)}. Then, B is a filter base such that 
x EclB for all B E B. But, by Lemma 1, this is a con­
tradiction as in the proof of Lemma 2(B). Thus, the result 
holds. For a map f being closed and X inner-closed A with 
t(X) ~ w, the result also holds, because X has a cover f- 1 (F) 
(or f-1(P)) by Lemma 3(A). For the last paragraph of (B), 
for P*, B f- 1(y) is obviously determined by {B f;1 (y) : y E 
Ca E P*}. For F, the same remains valid for any C C F and a 
closed map flf- 1(UC), which shows that Bf-1(y) is dominated 
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by {Bj;l(y) : y E Ca E F}. For (C), let x E Bf-l(y). Then, 
x Ecl((X - j-l(y))n(u{cJ} : ;3})) for some finite {C{j : ;3} C F 
as in the proof of Lemma 2(B) (by [ M2 ; Definition 5.F.2] and 
Lemma 1). Thus, x E Bfi1 (y) for some CJ} E F with y E C/3. 
Then, Bf-I(y) == U{Bf~l(y) : y E Ca }. For the latter part 
of (C), since Y is singly bi-quasi-k, by Lemma 2(A) & (C), 
Y is decomposed into subsets Yo and Yi, where YO is closed 
discrete in Y, and, for each p E Yi, some nbd ~ of p in Y is 
contained in a finite union Sp of elements of F (or P*). Let 
p E Yi. Then, for any x E Bj-l(p), X Ecl(j-l(~) - j-l(p)), 
thus, Bf-l(p) c cl(f-l(Sp) - j-l(y)). Hence, if p E Yi, for 
some finite {CJ} : ;3} C :F (or P*) with p E CJ}' Bf-l(p) C 
U{Bfi 1 (p) : ,B}. Thus, the latter part holds. For (D), review 
the proof of [TY; Theorem 2.2]. 

Let (P) be a topological property which is hereditary with 
respect to closed subsets. Let (PI) ( resp. (P2 )) be the same 
as (P), but it is also closed under finite (resp. locally finite) 
unions of closed sets. 

Lemma 5. (A) If Y is singly quasi-k-space having a cover:F 
of spaces with (P), then Y has a HCP closed cover of spaces 
with (P). Thus, every singly bi-quasi-k-space having a cover 
:F of spaces with (P2 ) is decomposed into a subspace with (P2 ) 

and a discrete closed subspace. 
(B) Let f : X --+ Y be a closed map lvith X paracornpact. Let 

X be a bi-k-space, or an inner-closed A-space with t(X) ~ w. 
Then (a), (b), and (c) hold. 

(a)	 IfY has a cover F (orP*) of spaces with (PI)' then Y 
has a HCP closed cover consisting of spaces with (PI)' 

(b)	 If Y has a cover F of spaces with (P2 ), and each B f- 1 (y) 
is WI -compact, then Y has a countable HCP closed cover 
oj spaces with (P2 ). 

(c)	 [fY has a coverP* == {Pa : a} oj spaces with (P2), and 
each Bf~l(y) is wI-compact, fa == flf- 1 (Pa), then Y has 

.a countable HCP closed cover of spaces with (P2)' 
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Proof: (A) holds by Lemma 2(A) & (C). As for (B), for (a), 
by Lemma 4(B), X has a locally finite open cover V such that, 
for each V E V, f(V) is contained in a finite union of elements 
of F (or P*). Thus, f(cIV)(:= {f(cIV) : V E V}) is a Hep 
closed cover consisting of spaces with (PI). For (b), we can 
assume that each f- 1(y) is Lindelof. Then, each i-I (y) has a 
countable subcover Vy of the open cover V. Since j is closed, 
there exists a nbd Gy of y with f-l(Gy ) C UVy • Since Y 
is paracompact, Y has a locally finite closed refinement C of 
{Gy : y E Y}. Note that, for each C E C, C is contained in a 
countable union of elements of the HCP closed cover f( clVy ) , 

thus, C is determined by a countable HCP closed cover Cc == 
{C n Ci : i EN}, where {Ci : i E N} C f(clVy ). But, Y is 
determined by C. Then, Y is determined by a cover U{Cc : 
C E C}. For each n E N, let Fn == U{C n Cn : C E C}. 
Then, Y is determinded by {Fn : n EN}, and Fn are closed 
subsets of Y having property (P2). Let {Yn : n E N} be the 
collection of all finite unions of the Fn's. Since Y is determined 
by {Yn : n EN}, by Lemma 4(B), each x E X has a nbd Wx 

with Wx C j-l(yn ) for some n E N. For each n E N, let 
Gn == U{Wx : Wx C f- 1 (Yn )}. Then, there exists a locally 
finite open refinement {Hn : n E N} of {Gn : n EN}. Hence, 
{f( clHn ) : n E N} is a countable Hep cover of Y such that 
f(cIHn ) c Yn , thus, f(cIHn ) has (P2 ). Hence, (b) holds. (c) is 
similarly shown as in (b). 

We recall that a cover C of a space X is a k-network if 
whenever ]{ C U with ]{ compact and U open in X, then 
]{ C C* c U for some finite C* C C. Spaces with a countable 
(resp. a-locally finite) k-network are called ~o-spaces (resp: 
~-spaces). 

Lemma 6. (A) Let X be a k-space with a a-HCP k-network. 
If {da : a E A} is a closed discrete subset of X, then there 
exists a discrete closed collection {Wa : a E A} of subsets of 
X such that each W a is a weak sequential nbd of da ,o that is 
any sequence converging to da is frequently contained in W a . 
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(B) let f : X ~ Y be a closed and open map such that each 
point of X is a Gs-set. Let y E Y be not isolated in Y, and 
{Yn : n E N} be a sequence converging to y. Then, for each 
x E 1-1 (y), there exists a sequence {xn : n E N} converging to 
x, and {f( xn) : n E N} is a subsequence of {Yn : n E N}. 

Proof: (A) is shown by modifing the proof of [Fo; Theorem 
1.3] (indeed, replacing "{Fa: a E A}" by " {da : a E A}" 
in [F0], we show that the collection {Wa : a E A} there, is a 
desired discrete closed collection of weak sequential nbds). For 
(B), if x E j-l (y), there exists a sequence {Gn : n E N} of 
nbds of x with clGn +1 c Gn . Since y is not isolated in Y, and 
j(Gn ) are nbds of y, there exists a sequence of {xn : n E N} in 
X such that X n E Gn, aIld {f(xn) : n E N} is a sllbsequence 
of {Yn : n EN}. But, f is closed, then, any subsequence of 
{xn : n E N} has an accumulation point. Thus, the sequence 
{x n : n E N} converges to x. 

Lemma 7. Let X X Y be a quasi-k-space with t(-,Y) ~ a. 
Then, X is an inner-one A-space, otherwise Y satisfies the 
following (a) and (b). 

(a) Any closed paracompact M -subspace is locally a-compact. 
(b) Space containing no closed copy of S'Y' where, == 2Q 

• 

Proof: Suppose that X is not an inner-one A-space. Then, Y 
satisfies (a) by [T2 ; Proposition 2.4 & Theorem 4.2]. Moreover, 
to show that Y satisfies (b), let Y contain a closed copy of 
S'Y. Let F be a closed subset of X such that F == cIS with 
/5/ ~ a, thus, F has weight ~ 2a 

. Suppose that F is not 
locally countably compact at p E F. Then, there exists a local 
base {U,e : (3 < ,}, , == 2Q 

, at p in F. For each (3 < " there 
exists a closed discrete subset D{3 == {dn {3 : n E N} of cIU,e. 
Let T == {(dn ,e,n,e): n E IV,(J < ---,}, where n,e is the n-th term 
of the ,B-th sequence in S'Y. Then, T is not closed in F X S'Y. 
But, T n 1< is finite (hence closed) in 1< for every cQuntabIy 
compact subset 1< of F X S'Y' Then, since F x S'Y is a quasi­
k-space, T is closed in F X S'Y. This is a contradiction. Thus, 
every closed subset of X with a dense subset of cardinality ~ a 
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is locally countably compact. Now, to see' X is an inner one A­
space, for x EX, let x Ecl( An - {x}) with An :J An+1 . Then, 
since t(X) ~ a, for each n E N, there exists Cn C An - {x} 
such that x EclCn and lenl ~ a. Let C == U{Cn : n EN}. 
Then, lei ~ a, so, by the above, F ==clC is locally countably 
compact at x in F. Since x EclF(Cn - {x}) for each n E N, 
there exists an infinite set {Pn : n E N} with Pn E Cn, but it 
is not closed in X. Hence, X is an inner one A-space. 

THEOREMS 

Theorem 1. Let f : X ~ Y be a closed map such that X zs 

an Sa-space. Then, the follolving (A) and (B) hold. 

(A)	 Let X be a bi-k-space. If every closed paracompact M­
subspace of Y is locally a-compact, then each B f- 1 (y) is 
locally a-compact. 

(B)	 Let Y have a cover F (or P*)== {Y, : ,}, where each Y, 
is one of the follolving spaces: (i) inner-closed A-space, 
(ii) locally a-compact space, (iii) sequentail space lvhich 
contains no closed copy of Sa' 

Then, (a) and (b) below hold. 

(a) Suppose that X is a bi-quasi-k-space; or an inner-closed 
A-space with t(X) ~ w. Then, each Bf-l(y) is a lo­
cally a-compact space dominated by a closed cover C of 
a-compact subsets (where, Q' == w if all Y." are (i)). For 
P*, the closed cover C can be countable. 

(b)	 Suppose that X is a singly bi-quasi-k-space. Then, the 
set {y E Y : B /-1 (y) is not a-compact} is closed discrete 
in Y. For P*, each B j-l (y) is a countable union of a­

compact closed subsets. 

Proof: This holds by means of Lemma 3(B), but also use 
Lemma 4(A) for (A), and use Lemma 4(B) and Lemma 4(C) 
for (B). 

N otel: (1) Related to (A), for a closed image Y of a para­
compact bi-k-space, any closed paracompact M-subspace of Y 
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is locally a-compact {:} Y is a closed image of a paracompact 
bi-k-space which is locally a-compact, where a is reg·ular. In 
fact, this is shown as in the proof of [T6 ; Theorem 1.1], but, 
for the proof of (::::}), also use a fact that, for any closed map 
9 : S ---t T with S paracompact, eac11 a-compact closed subset 
of T is a closed image of an a-compact closed subset of S as 
in the proof of [M1 ; Corollary 1.2] by means of Lemma 3(B). 

(2) As for (a) in (B), if Y has a cover P of a-compact spaces, 
then each B f- 1(y) is locally a-compact in view of Lemlna 4(B). 
(However, we don't know whether it is possible to replace" lo­
cally a-compact" by "a-compact"). 

Related to (b) in (B), we have the following question: 

Question: Let f : X ---t Y be a closed map such that Y has 
a cover F (or P*) of metric subsets. If X is paracompact, 
then, is the set {y E Y : Bf-l(y) not compact (or, not locally 
compact)} a-discrete closed in Y? 

Theorern 2. Let f : X ---t Y be a closed map_ . T'hen., the 
following (A) and (B) hold. 

(A) If X has a cover :F (or P*) of a-compact spaces, here 
a is regular, then, the set {y E Y : f- 1 (y) is not a-compact} 
is closed discrete in Y. For F (or P* instead of P), we can 
add a prefix "locally" before "a-compact". 

(B) If X has a cover :F (or P*) of metric spaces, then, the 
set {y E Y : /-1 (y) is not metric} is closed discrete in Y., For 
F, the set {y E Y : f- 1 (y) is not compact metric} is a'-disc'rete 
closed in Y. 

Proof: (A) holds by Lemma 4(D). For (B), the first half holds 
by Lemma 4(D), for X is a k-space. For the latter part, since 
X is dominted by metric subsets, as is well-known, X is a 
(normal) a-space. Thus, Y is decompsed into subspaces Yo 
an~ Yi, here Yo is a-discrete closed in Y, and for each y E 
Y1 , f- 1 (y) is compact by a decomposition theorem on normal 
a-spaces; see [0]. Thus, the latter part of (B) holds b~y the first 
half. 
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Note 2. As for the latter part of (B), it is impossible to omit 
"a-" even if X is metric. Indeed, in view of [La], there exists 
a closed map I : X ---7 Y such that X is metric and Y is a 
countable space, but any B 1-1 (y) not locally compact. Thus, 
for any closed discrete subset D of Y, B 1-1 (y) is not locally 
compact for any y E Y - D. For P*, we have the following 
question: 

Question: Let I : X ---7 Y be a closed map with X paracom­
pact. Let X have a cover P* of metric spaces. Then, is the 
set {y E Y : f-l(y) is not compact (or, not locally compact) 
metric} a a-discrete closed subset of Y? 

Theorem 3. For a space X, the following (A) and ("B) hold. 
It is possible to replace "paracompact M -space( s)" by "para­
compact bi-k-spaces( s)" (or "metric space(s) ", etc) in (A) and 
(B). 
(A)	 The following are equivalent. 

(a)	 X is singly bi-quasi-k-space having a cover :F of para­
compact M -spaces. 

(b)	 X is a closed image of a paracompact M -space, and 
X has a cover :F of paracompact M -spaces. 

(c)	 X has a Hep closed cover of paracompact M -spaces. 

(B)	 The following are equivalent. 
(a)	 X is a closed image of a paracompact M -space, and 

X has a cover P* of M -spaces. 
(b)	 X is closed, Lindelof (i. e., fibers are Lindeloj) image 

of a paracompact M -space, and X has a cover F of 
M-spaces. 

(c)	 X has a countable HCP closed cover of paracompact 
M-spaces. 

Proof: For (A), (a) => (c) holds by Lemma 2(A). (c) => (b) 
holds, fQr X is a closed image of an M-space Z, where Z is 
the topological sum of the HCP closed cover of paracompact 
M-spaces in (c). (b) =>(a) is clear. For (B), (a) => (b) holds by 
means of Lemmas 3(B) and 4(B). (b) => (c) holds by Lemma 
5(B), and (c) => (a) is obvious. 
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Note 3. In [Mo2], C M -spaces are introduced as a modification 
of Lasnev spaces, and it is shown that, for a space X, X is a 
quasi-k-and C M-space (resp. paracompact, k-and-C M-space) 
{::> X is a closed images of M-spaces (resp. paracompact M­
spaces). 

For a closed map I : X ~ Y, let us consider the following 
conditions. (Cl) (or (Cl)+) and (C2) are independent in view of 
[L1]. Note that, for any obvious map I from X onto Y == X/A 
(with A identified), (C2) is satisfied. 
(Cl) Every BI-1 (y) is locally compact. 
(Cl)+ Every B 1-1 (y) is locally compact, and Lindelof. 
(C2) The set {y E Y : B 1-1 (y) is not compact} is closed dis­

crete in Y. 

T. Mi\va [Mi] asked whether every Lasnev space XIA with 
X metric has a cover F of metric spaces. A negative answer 
is given in [TZ2] by showing that, for a closed map I : X ~ Y 
with X metric, if Y has cover F of metric spaces, then (Cl) 
is satisfied. Recently, S. Lin [L2] gave the following complete 
answer to the Miwa's question: For a closed map I : X ~ Y 
with X metric, Y has a cover F of metric spaces {::>( Cl) and 
(C2) are satisfied. 

We have the following analogous result to the S. Lin's result. 

Theorem 4. For a closed 'map I : X ~ Y with X a paracom­
pact M -space, the following (A) and (B) hold. 

(A) The following are equivalent. 
(a)	 Y has a cover F of paracompact M-spaces. 
(b)	 Y has a HCP closed cover of paracompact M -spaces. 
(c)	 (Cl) and (C2) are satisfied. 

(B)	 The following are equivalent. 
(a)	 Y has a cover P* of paracompact M-spaces. 
(b)	 Y has a countable HCP closed cover of paracompact 

M-spaces. 
(c)	 (Cl)+ and (C2) are satisfied. 
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Proof: (A) (a) {:} (b) holds by Theorem 3(A). (b) => (c) holds 
by Theorem 1(B). Let us prove (c) ::::} (b) holds by refering to 
the proof of [L2 ; Theorme 1], where a metric function on X 
is used. First, X is a paracompact M-space, so there exists a 
sequence {Vn : n E N} (Vn+1 < Vn) of locally finite open covers 
of X such that, for each x E X and n E N, cl(St(x, Vn+1 )) C 
St(x, Vn); and, if X n ESt(x, Vn), the sequence {xn : n E N} has 
an accumulation point in X. Thus, for any A, An C X and 
any n E N, the following (i) and (ii) hold. 

(i) cl(St(A, Vn+1 )) cSt(A, Vn): (ii) if x ESt(An,Vn), there 
exist X n E An such that any subsequence of {x n : n E N} has 
an accumulation point in X. 

Now, suppose (c) holds. For each y E Y, pick X y E f-l(y), 
and let X y == Bf-l(y) if Bf-l(y) =I 0, otherwise X y ~ {x y}. 
Let X* == U{Xy : y E Y}. Then, X* is closed in X. Thus, h == 
flX* : X* ~ Y is a closed map such that X* is a paracompact 
M-space, and h-1 (y) == Bf-l(y) or {x y}. Thus, we can assume 
that every f- 1 (y) is locally compact, and the set D == {y E Y : 
f-l(y) is not compact} is closed discrete in Y. Let D == {Ya : 
a < 'x}, and let Fa == f- 1 (Ya). We show the following holds. 

Claim: If all Fa are Lindelof , then Y is determined by the 
increasing countable closed cover of paracompact M-spaces. 

Indeed, any Fa is locally compact and Lindelof, then Fa is 
determined by a countable increasing cover {!{an : n E N} 
of compact subsets with Fa =I- !{an. While, {Fa: a < A} is 
a discrete closed collection in X, there exists a discrete open 
collection {Ga : a < ,x} in X with Fa C Ga. For each a < ,x, 
and n E N, let Gan == Gan St(Fa - !(an, Vn), Gn == U{Gan : 
a < ,x}, X n == X - U{Gn : n EN}, Dn == j"(Xn), and 
let fn == flXn. Then, each Xn is clearly closed in X with 
X n C X n+1 , and also {Xn : n E N} is a cover of X. Indeed, 
for some x E X, let x E X - X n for any n E N. Then, for 
each n E N, x E St(Fa(n) - !(a(n)n, Vn) for some a(n) < ,x. 
Then, by (ii), there exists a sequence L == {x n : n E N} wittl 
X n E Fa(n) - !{a(n)n such that any subsequence of L has an 
accumulation point in X. Let A == {a( n) : n E N}. If A is 
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infinite, S == L n(U{ Fa(n) : n E N} contains an infinite discrete 
closed set, because {Fa(n) : n E N} is discrete in X. Tllis is 
a contradiction. If A is finit'e, S = L n Fa is infinite for some 
a < A, but S is discrete in Fa, because Fa is determined by a 
countable increasing cover {/{an : n E N} with each Sn/{an at 
most finite. This is also a contradiction. Thus, {Xn : n, E iV} is 
a cover of X. For each y E Dn, f;;l(y) == !{an - Gan if y == Ya, 
and f;l(y) == f-I(y)nXn ify E Dn-D. Then, fn is a perfect 
map. Thus, D n is a perfect image of a paracompact M-space 
X n . Hence, as is well-known, Dn is a paracompact M-space., 
Let us show that Y is determined by an increasing closed cover 
{Dn : n EN}. Since Y is a k-space. it suffices to show that, for 
each compact set C C Y, C c Dn for some n E N. So, suppose 
that, for some compact subset C c Y, C ct Dn for any n E N. 
Then, there exists a sequence {Pn : n E N} with Pn E C - Dn C 
f(Gn). For each n E N, take qn E f-I(Pn) n Gn. Since f is 
closed and the sequence {Pn : n E N} in C has an accumulation 
point in Y, the sequence {qn : n E N} has an accumulation 
point q in X. Since Gn+I C Gn for each n E N, q EclGn for 
each n E N. But, for each n E N, {Gan : ex < A} is a discrete 
collection in X. Then, for each n E N(n ~ 2) q E cIGa(n)n 
for some a(n) < A, thus, q ESt(Fa(n) - !{a(n)n, Vn- I ) t)y (i). 
But, in view of the above, this is a contradiction by (ii). Thus, 
Claim holds. 

We complete the proof of (c) =} (b). Since any Fa == f-I(Ya) 
is locally cornpact and paracompact, Fa has a star-countable 
cover of compact subsets. Thus, as is well-known, each Fa is 
the topological sum of {L a (3 : f3 < ,} of a-compact (hence, 
Lindelof) subsets. Since {La /3 : a < A, f3 < I'} is a discrete 
closed collection in X, there exists a discrete open collection 
{Va/3 : a < A,f3 < I'} with La/3 C Va/3. For each f3 < r, 
let X/3 ==cl(U{Va/3 : a < A}), Y{3 == f(X{3), and let X'Y == 
Z - U{Va /3 : a < A, f3 < r}, and Y'Y == f(X'Y). For each f3 ~ r 
let f[3 == fIX[3. For each f3 ~ 1', and y E Y/3' fiI(y) == L a[3 
ify == Ya and fiI(y) == f-I(y)nX[3 ify E Y[3-D. Thus, 

fi l (y) is Lindelof. Hence, f[3 : X[3 ~ Y/3 is a closed map such 
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that X{3 is a paracompact M-space, and fi l (y) is Lindelof, 

locally compact, but {y E Y{3 : fi l (y) is not compact} is closed 
discrete in Y{3. Then, by Claim, for each (J ~ " Y,e can be 
determined by a countable closed cover of paracompact M­
spaces. Thus, by Theorem 3(B) each Y13 has a countable HCP 
closed cover of paracompact M-spaces. While, since {X13 : (J ~ 

,} is a Hep closed cover of X, so is a cover {YI3 : (3 ~ ,} of Y. 
Hence, it follows that Y as a Hep closed cover of paracompact 
M-spaces. Thus, (b) holds. 

(B) (a) * (b) holds by Theorem 3(B). (b) => (c) holds by 
Theorem l(B). For (c) => (a), Y has a cover F of paracompact 
M-spaces by (A). While, Y is a closed Lindelof image of a 
paracompact M-space, for each Bf-I(y) is Lindelof. Thus, (c) 
:::>(a) holds by Theorem 3(B). 

Let us recall the following facts. Here, X(y, Y) == min {IB 1 : 

B is a local base at y in Y}. 

Facts: (A) Let f : X ~ Y be a closed (or quotient) map with 
X metric. For a cover C of Y, C determines Y {:} for each 
sequence L converging to x in X, some C E C contains f (L ) 
frequently, and the point f( x). 

(B) Let f : X ~ Y be a closed map with X metric. Then, 
(a) If f-l(y) is compact, X(y, Y) ~ w; (b) If X(y, Y) ~ w for 
all y E Y, Y is metric; and (c) If Y is an M-space, Y is metric. 

Proof: For (A), ({=) is routine, for Y is determined by a cover 
{f( L); L is a convergent sequence in X containing the limit 
point}. For (*), note that if the set f(L) doesn't contain the 
point f( x), f( L) is not closed in Y. For (B), (a) is routine, (b) 
is well-known. (c) holds by (b), because each point of Y is a 
G8-set, thus, by [M2 ; Corollary 7.2], X(y, Y) ~ w for all y E Y. 

Corollary: Let f :.X ~ Y be a closed map such that X zs 

metric. Then the following (A) and (B) hold. 

(A) ([L2]). The following are equivalent. 
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(a) Y has a cover F of metric subsets. 
(b) Y has a HCP closed cover of metric subsets. 
(c) (Cl) and (C2) are satisfied 

(B) The following are equivalent. 
(a) Y has a countable cover P* of metric subsets. 
(b) Y has a cover P* of metric subsets. 
(c) Y has a cover P of metric subsets, and (C2) is satisfied. 
(d) (Cl)+ and (C2) are satisfied. 

Proof: By means of Theorem 4 and Fact (B), it suffices to 
show that (c) =* (b) in (B) holds. So let (c) hold. By (C2), we 
can assume that D == {y E Y : f- 1 (y) is not compact} is closed 
.discrete in Y. Let D == {Ya : a < .,x}, and let {Va: a < .,x} 
be a discrete open collection in Y with Ya E Va' For the 
cover P in (c), let C == { cl(P n Va): Ya E PEP; a < 
.,x} U {f(X - U1/ n (f-l(D)) :n EN}, here U1/ n (f-l(D)) == 
{x EX: d(x,f- 1 (D)) < lin}. d is a metric on X. Then, C is 
a point-countable closed cover of Y, and it is routinely shown 
that C determines Y by Fact (A). We show that each member 
of C is metric. For all Y E Y - D, f-l(y) are compact. Then, 
for each n E N, f(X - U1/ n (f- 1 (D)) C Y - D is metric by Fact 
(B). For each PEP with Ya E PEP, X(y,cl(pnVa)) ~ w for 
all Y E cl(pnVa), thus, cl(pnVa) is metric by Fact (B). Indeed, 
let y Ecl(P n Va)' If Y # Ya, then f-l(y) is compact, thllS, by 
Fact (B), X(y,cl(pnVa)) ~ w. If y == Ya, then x(y, pnVa) ~ w. 
Thus, since Y is regular, X(y,cl(P n Va)) ~ w. Hence, Y has a 
cover P*( == C) of metric subsets, which shows (b) holds. 

Note 4. (1) Let us consider the following properties (F) and 
(P*) : (F) Space with a cover F of bi-k-spaces; and (P*) Space 
with a cover P* of bi-k-spaces. 

Let f : X ---t Y be a closed map such that X is a paracom­
pact space. If X is locally compact, Y satisfies (F), because 
Y has a HCP closed cover of compact subsets. If X is a bi-k­
space, then, by Theorem l(B), the following implication holds: 
(*) Y satisfies (F) (resp. (P*) =} (Cl) (resp. (Cl)+) and (C2) 
are satisfied. If X is an M-space, the reverse of (*) holds by 
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Theorem 4. But, for X being a bi-k-space, we don't know 
whether the reverse also holds. 

(2) For a closed map f : X -+ Y such that X is metric, we 
have the following (a) and (b). Here, (a) shows that (C2) is 
essential in (c) of (B) in the previous corollary. 

(a) Even if Y has a countable cover P of metric subsets, 
Y need not satisfy (F) or (P*). Indeed, as in [L1], let X == 
{(x,y) E R2 

: x E [0,1], °~ y < x} U {(O,O)} be a subspace 
of the Euclidean plane. Let Y == {(x, y) E R2 

: x E (0,1) ­
C, O<y<x}U{(x,O):xEC}, C=={lln: nEN}U{O}, 
be the quotient space determined by a map I : X -+ Y defined 
by I(x,y) = (x,O) if x E C, otherwise I(x,y) == (x,y). Then, 
I is a closed map such that X is separable metric, and (Cl)+ 
is satisfied. But, (C2) is not satisfied, so Y doesn't satisfy (F) 
or (P*) by the implication (*) in (1). Let P == {Y - {(lin, 0) : 
n E N}} U {!{o, !{n : n EN}, where !{o == C X {OJ, !{n == 
{f(x, y)) : y ~x -lin}. Then, P is a countable cover of Y by 
metric subsets, and P determines Y by Fact (A). 

(b) If Y has a cover P of metric subsets, then every B 1-1 (y) 
is Lindelof by Lemma 3(B). Indeed, since Y has a cover P of 
metric subsets, it is routine that Y contains no closed copy of 
SWl by means of Fact (A). But, we don't know the relationship 
between (Cl )+, and "Y has a cover P of metric subsets" . 

Let a be an infinite cardinal. Let us say a space X is a 
c()(-space if, for each non-isolated point p EX, any collection 
{U,s : (3 < a} of nbds of p is not HCP in X. If a == wand 
the A,s are singletons, such a space is a c-space in the sense of 
[C]. Quasi-k-spaces, A-spaces, or c-spaces are cw-spaces. Lo­
cally a-compact spaces are ca-spaces. If Q < " ca-spaces are 
c.,,-spaces. Note that spaces determined by ca-spaces are CQ:­

spaces. In the following theorm, (A) is a generalization of a 
result in [C], where X is a uniformly complete space, and Y is 
a c-space. 

Theorem 5. For a closed and open map I : X -+ Y, the 
following (A) arid (B) hold. 
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(A) Let X be an SOt-space. If Y is a COt-space (or Y is de­
termined by COt -spaces), then, each B f- 1 (y) is a a-compact 
(indeed, f- 1 (y) is a a-compact for each non-isolated point y E 

Y). 
(B) If X is a k-space with a a-HCP k-network, then, each 

B f- 1(y) is compact (indeed, f- 1 (y) is compact for each I non­
isolated point y E Y). 

Proof: (A) Let y E Y. If y E Y is isolated in Y, Bf-1(y) == 0 
since f is open. Then, we assume that y is not isolated irlY. 
Supposet that f- 1 (y) is not a-compact. Then, there exists a 
discrete closed subset {x,e : (J < a} in f-1(y). Since X is an 
SOt-space, there exists a HCP collection {V,e : (J < a} of open 
subsets with x,e E V,e. Let W,e == f(V,e) for each (J < a. Then, 
since j. is closed and op.en, {W,e : (J < a} is a HCP collection of 
nbds of y in Y. But, the point y is not isolated in Y. Hence, Y 
is not a COt-space, a contradiction. Thus, f- 1 (y) is a-compact. 

(B) Let y E Y be not isolated in Y. Suppose that f- 1 (y) is 
not compact. Then, f- 1 (y) is not countably compact. Then, 
there exists a discrete closed subset {x n : n E N} in f- 1(y). By 
Lemma 6(A), there exists a discrete closed collection {Wn : n E 
N}, where each Wn is a weak sequential nbd of X n in X. Since 
Y is sequential, there exists a sequence {Yn; n E N} converging 
to Y withJJn =f y. By Lemma 6(B), there exists a sequence L 1 

converging to Xl in X such that f(L 1 ) is a subsequence of 
{Yn : n EN}. Since F1 contains L 1 frequently, we assume that 
L 1 C Fl. Similarly, for each n EN, there exists a sequence 
Ln C W n converging to X n such that f(L n ) is a subsequence 
of f(Ln- 1). Then, we can choose points Pn E Ln such that 
{f(Pn) : n E N} is a subsequence of {Yn : n EN}. Then., 
{Pn : n E N} is closed discrete in X, thus, so is {f(Pn) : n E N} 
in Y. But, {f(Pn) : n E N} converges to the point y. This is 
a contradiction. Thus, f- 1 (y) is compact. 

Note 5. For a closed map f : X ~ Y, if X is a sequential Sw­

space, and Y contains no closed copy of Sw, then, each B f- 1 (y) 
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is w-compact by Lemma 3(B). Here, we can replace "sequen­
tial sw-space" by "k-space with a star-countable k-network", 
because any k-space with a star-countable k-network is a se­
quential paracompact space (dominated by k-and-~o-spaces) 

([8]). However, related to (B) in Theorem 5, we have the fol­
lowing question: 

Question: Let f : X ~ Y be a closed map such that X is a 
k-space with a o--HCP (or o--locally finite) k-network (thus, X 
is sequential). If Y contains no closed copy of Sw, then, is each 
Bf-1(y) compact? 

Finally, let us consider the products of (quasi-) k-spaces. 
The following theorem holds by Lemmas 3(B) and 7, and The­
orem l(A). 

Theorem 6. Suppose that fi : Xi ~ Yi (i == 1,2) are closed 
maps such that Xi are bi-k-spaces, Xl is an sw-space and X 2 

is an Sa-space, and t(Yi) ~ a. Let Yi X Y2 be a quasi-k-space. 
Then, (a) or (b) below holds. When X 2 is an s--y-space, I == 2a, 
and Y2 is sequential, (a) or (b)+ below holds. 
(a) Every B f11(Y1) is w-compact. 
(b) Every B f:;l (Y2) is locally a-compact.
 
(b)+ Every B 1:;1 (Y2) is locally a-compct, and 2a-compact.
 

Note 6. The converse of the above result doesn't hold. Indeed, 
let Xl == X 2 == Yi be the rational~ Q, and let Y2 == Q/ Z, where 
Z is the integers. Then, (a), and (b)+ (with a == w) holds for 
the obvious closed maps Ii from Xi onto Yi, but Yi X Y2 is not a 
quasi-k-space in viewtof [F]. Related to Theorem 6, when Xi are 
paracompact bi-k-spaces, and Yi are sequential spaces, in [T7], 

the first author gave some necessary and sufficient conditions 
on Yi for Yi X Y2 to be ak-space (equivalently, quasi-k-space) 
under (CH), etc. 
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