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ON TRANSITIVE OPERATORS

V. T. TODOROV*

ABSTRACT. Let X be a topological space and Y C X. The
map f : Y — X is said to be transitive if there exists an
element xop € Y for which the forward orbit O4 f(zo) =
{f™(zo)|n = 1,2,...} is a dense subset of X. It is proved
in this paper that the shift operators are transitive.

1. INTRODUCTION

Let X be a topological space and Y € X. The map f : Y —
X is said to be transitive if there exists an element zg € Y for
which the forward orbit O f(zg) = {f"(zo)ln = 1,2,---} is a
dense subset of X. We will call such a point xg a cyclic element
of f. It is well known ([1], ch. 18) that if X is complete space
without isolated points and f is continuous function then the set
of all cyclic elements of f is G5 dense subset of X.

Note that transitivity is a topological property:

Proposition 1.1. Suppose that f : X — X is transitive and let
g: X — Y be a homeomorphism. Then h = go fog~! is also
transitive.

This paper contains sufficient conditions and some examples for
two types of transitive operators.
The first part is devoted to shift operators in products of spaces.
oo
For the product X = [] X, the left shift [ : X — X is defined by
n=1
the formula I(x) = (2(2),2(3),...,z(n + 1),...) where for x € X
we have x = (z(1),x(2),...,z(n),...). To define a generalized shift
operator we need the notion of the shift map:
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The injective map v : N — N of integers is said to be a shift
map whenever the following condition holds:

(S) N (N) =0
n=1

Furthermore, for every integer n, let X,, be a topological space
and let g, : Y,() — X, be a map which is defined on a dense
separable subset Y,y of X, ,) and for which we have g(V,,)) =

o0
Xp. In the sequel welet Y = [] Y,

n=1

Definition 1.2. The map ¢g: Y — X defined by the formula
gv(¥) = 9(x) = (91 (z(v(1))), 92(x((2))), - . ., g (2 (¥(1))), - - -)

is called a generalized shift operator (shortly G-shift operator, or
just a shift operator).

2. TRANSITIVITY OF THE SHIFT OPERATORS

Denote for an integer n € N by I,, the set I(n) = {1,2,...,n}.
In proving the main theorem we will use the following two lemmas.

Lemma 2.1. For every k there exists an integer ny € N such that
for n > ny we have I(k) Nv"(N) = (.

[e.9]

Proof: We have ) = () v"(N). The map v is injective, hence
n=1

0 =I(k)n N v*(N) = ) (¥"(N)NI(k)). Because the set I(k) is
n=1 n=1

finite, it follows from the above that v (IN) N I(k) = 0 for some
nr € N. From the inclusion v"™1(N) C v"(N) we obtain that
I(k) N v"(N) = 0 for n > ng. Evidently sequence {n;} may be
choose to be increasing.

Lemma 2.2. Ifv is a shift function then there exists a sequence
p1 < p2 < --- of integers such that if k # 1 then vP*(I(k)) N
v (I(1)) = 0.

Proof: We may put for example p, = ny + -+ + ng. Thus for
k < 1 we have ) = I(k) N v™(N) = vPe(I(k) N v™(N)). Thus
for the injective function v’ we obtain vP*(I(k)) NP+ (N) =
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(). Furthermore evidently p; > pr + ng and vP (I(1)) C vP(N) C
vPEte (N, so vPr (I(k)) NvPL(I(1)) = 0.

Now we can prove the main result of the paper.
Theorem 2.3. The operator g is transitive.

Proof: Let for A,, n=1,2,... be a dense subset of Y,, C X,,. For
every integer n let us denote with z, some fixed point of Y,, C X,
and then consider a countable subset

A, =A1 x Ay x -+ x Ap X {znt1} X {znya} x -+

(0.9}
of X. Let A = (J A,,. We will show that A is dense in X, i.e.
n=1
that A NV # () for an arbitrary non - empty open set V' C X. We
may of course assume that V =U; X -+ x Up X X1 X Xy X - -
where for i = 1,--- ,n U; is an open subset of X;. Let a; € A, NU;
for every i = 1,--- ,n. Clearly for a = (a1, - ,an, 2nt+1, ) we
haveac ANV.

We are going to construct in the sequel an element ¢ € X whose
forward orbit O (g)(c) is a dense set in X. For this purpose, let
us define for each a € A the weight w(a) of a by means of the
formula w(a) = max{i|a(i) # z;}. It is easy to verify that the set
A is countable and moreover that it can be written as a sequence
A = {a;,ay, -} such that the condition w(a,) < n holds for every
n € N. So we can write a, = (ap1,-- -, Anns Zntls - - - )-

Furthermore let

M = [ J(I(k) x {pr})
k=1

and let > be the function v*>° : M — N defined by v*(i,p;) =
VP (i) where py is as in Lemma 2.2. Clearly v* is injective and
v (I x {pr}) N v x {p}) = 0 for k # 1 since v>°(I(k)) =
vPr(I(k)) for every k € N.

Now we can point out the construction of the element ¢ € X:

(a) c(j) = 2 € Y; if j & (M),

(b) if j € v*°(M) then j = vPk(i) for some k and i € I(k).
Choose now c(j) € h~!(ay;) where h = g; o Gu(i) © " O Gym—1(3)-

It remains to show that the forward orbit O, (g)(c) = {¢"(c)|n =€
N} is a dense set. Let as above V' be an open subset of X and
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V=U; x--xUpXx Xpy1 X---. Then for some k > n one should
have a; = (ag1,. .-, gk, 2k+1,---) € ANV where ay; € U;. It fol-
lows now by the construction of the element ¢ that gP*(c) has the
form

gpk(c) = (aklu ag2, . .- 7akk7wk+17 [ )
where wy, for n > k + 1 is some (arbitrary) element of X,,. Clearly
gPk(c) € V, which finishes the proof.

Denote with X the set of all irrational numbers in the interval
[0,1]. Every element x € X can be written as a continued fraction:
r=[0;21, 72, -]

Example 2.4. The function f: X — X defined by the equation

f([0; 21, 22,23, -+ ]) = [0; 22, 23, - - -]
1s transitive.

Proof: The space X is homeomorphic to the product NN under
the function g : NN — X; g(x1,29,--) = [0;21,22, -] [2]. Ex-
ample 2.4 follows now by Proposition 1.1.

Example 2.5. Let K be the Cantor set and for x € K let
x = 0,z129--- be the expression of x in ternary number system.
The function f : K — K; f(x) = 0,x9x3- -+ 1is transitive.

The spaces K and {0,2}N are homeomorphic, moreover the
equality f(z1,22,...) = 0,z122... give the desired homeomeor-
phism [2].

A rich class of examples may be obtained by usung results in
[3]. It is described in [3] the class of infinite - dimensional linear
topological spaces which are homeomorphic to RN. The following
statement obtains from the Anderson - Kadec Theorem ([3], ch.
VI):

Example 2.6. For every infinite - dimension separable Frechet
space X there exists a transitive operator f : X — X which is
conjugate of the left shift in RN.

3. LINEAR TRANSITIVE OPERATORS

This part contains some examples of transitive operators in Frechet
spaces as well in different spaces which are homeomorphic to prod-
ucts.
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It contains also the following some examples of linear transitive
operators which are similar to the shifts. In particular we con-
sider shifts relatively given basis in given linear topological space.
Our tool in this part is based on the following sufficient condition
concerning tranzitivity of the linear operators:

Theorem 3.1. Let L : X — X be a linear operator defined on the
Frechet space X. Suppose that the following conditions are fulfilled:

oo
(a) U L7™(0) is a dense set in X.
n=1

(b) There exists a continuous right inverse B of L such that
B™(z) — 0 for every x € X, where 0 € X is the zero element of
X.

Then L is transitive.

Proof: Let p be a invariant metric in X (i.e. po(z,y) = o(z —
y,0)) which is compatible with the topology in X. Denote M =

U L7(0) and for x € M let deg(z) = min{n € N|L"(x) = 0} be
1

n=
the degree of z. Let A = {ay,as9,...,ay,...} be a countable dense
subset of M - note that A is dense in X.

Now we choose by induction a sequence k1 < ko < -+ < kp < ...
of integers which satisfies the following conditions:

(i) 0(0, B*»~*m(a,)) < 5 for m < n and

(ii) kpy1 — kpn > dega, for n € N.

Let us set k; = dega; and suppose that the integers k,, are
defined for m < n. Because llim B!(a,) = 0 there exists an integer

— 00

pn such that o(B'(a,),0) < 5= whenever [ > p,. Now we can
take for example k, = p, + dega,, + k,—1. Note that it follows
from the choice of p, that o(B*"(a,),0) < 5. To continue on put
b, = B*(a,) and ¢, = by + --- + b,. We are going to prove that

there exists ¢ = lim ¢, and that the forward orbit Oy L(c) of ¢ is

n—oo
a dense set in X.

Note for this purpose that for m > n we have o(c¢y,, ¢,) = 0(cm —
Cn,O) = Q(bn-i—l + e+ bm70) Hence Q(Cmacn) < Q(bn+170> =+
- 0(bm, 0) < TL% + -+ 5 < 5= which means that the sequence
{c,} is convergent.
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In the same way one can prove also that for every n the sequence
{Akn(c,)} is convergent when m — oo. Indeed for m > [ we have

m

o(AM (), AP (@) = o(A* (am — @), 0) = o( Y B*"*"(a;),0)
i=l+1

Thus (A" (cm), AFn(ar)) < Y o(B* ™% (a;),0) < Z %
i=l+1

which shows that {A*»(c,,)} is a Cauchy sequence.

It remains to prove that O;L(c) is a dense set in X. Take for
this purpose an arbitrary x € X and € > 0. Because A is a dense
set, there exists n € N such that o(x,a,) < e. Now for m > n we

have A*»(c,,) = > AFn(b;) and it follows from (ii) that A*(c,,) =

N\H

i=1
an+ Y. BFiFn(a;) =a, +b, where b= > BFi~Fn(q;). Hence
1=n+1 i=n+1
o(AFn 1) = o(an +b,7) = o(a, —+b,0) = o(an, —z,—b) < oan
z,0) + 0(0,—-b) = o(an,z) + 0(b,0). It follows now from (i) that

m m
o(AM(em), ) <e4 Y o(BY7F(a;),0) <e+ Y 5 <et g
i=n+1 i=n+1

In the inequality o(4*"(c;),2) < €+ 57 we let m — oo to obtain
that o(A4™ (c),z) < & + 5.

Keeping in mind that in the above considerations the integer n
may be choosen arbitrarilly large we obtain that the forward orbit
O+ L(c) is a dense subset of X.

Theorem 3.1 gives a sufficient condition only. The example below
shows that it is not necessary. In Example 3.2 we consider the space
C*(R) of all smooth real functions with the standard topology
generated for example by the metric:

n If—glln
2"
Z T+ f = glln

where for f € C*®(R) we have ||f|, = sup{|f®(2)||i <n; =z €
[=n,n]}.
Example 3.2. There exists a function f € C*(R) for which the

sequence {gn|n € N} where gn(z) = f(x+n); x € R forms a dense
subset of C*°.
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Note that this example states that the operator L : C*°(R) —
C*(R); L(f)(x) = f(z +1) is transitive and in the same time it is
obvious that the conditions (a) and (b) from Theorem 3.1 do not
hold.

Proof: Let {a(m,n)} be a sequence of integers which has the
following property:

la(m, n) —a(p,q)| > 2(m+n+p+q)
for (m,n) # (p, q).
Furthermore denote the intervals [a(m,n) — n,a(m,n) + n] with
A(m,n). Note that A = |J A(m,n) is a closed subset of the real

m,n
line because {A(m,n)}m n is a discret system of intervals.

Now let P = {p1,p2, ...} be a countable dense set in C*°(R) and
denote by py, n the restriction of the function p,, over the interval
[-n,n]. We define the function f : A — R by setting f(x) =
Prmn(x —a(m,n)) for x € A(m,n). Evidently f € C®(A), and as it
is well known, f can be extended to a smooth function f over the
real line R. We are going to prove that f is the desired function.

For that purpose let us choice h € C°°, ¢ > 0 and an integer n.
To complete the proof it is sufficient to find a functon g, for which
the inequality ||gm — h|ln < € holds. Clearly one may suppose in

oo

additional that ) 2% < 5. Because of density of P, one can find

=n
a function py, € P for which [[py — hlln < 5. Actually we would
have ||p, —h||; < § for j < n, since ||-||; < ||- Hn Note furthermore
that for € [—n, n| we have

gmn(x) = f(x + a(m,n)) = ppn(x + a(m, n) — a(m,n)) = pm(z)
That’s why

n

1 ”pmn hll;
h) < 1
o(Ga(mn)+ 1) Z 2 T+ [[pmm — Bl lzn;l

Because of the choice of n we have

(gamn _22 Z*<€

i=n+1
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which completes the proof.

Theorem 3.1 is applicable in different situations; below we point
out some examples.

Example 3.3. [4] The operator - = L : C>® — C* is transitive.

It is easy to verify that L satisfies the conditions (a) and (b)
o

of Theorem 3.1. More precisely, the set |J L7"(0) contains all

n=1
polynomials and one can put B(f)(z) = [ f(t)dt.
0

Similarly as an easy consequence from Theorem 3.1 one can ob-
tain that every linear differential operator with constant coefficients
is transitive [5] as well as for different types of partial differential
operators [4].

A weighted shift operator L on (complex) Hilbert space H is an
operator that maps each vector in some orthonormal basis {e,}
into a scalar multiple of the next vector: L(e,) = wpeny1 [6]. It
follows from Theorem 3.1 that:

Example 3.4. Let L be a weighted shift operator. If

lim sup |wgwg41 -« Wgn—1| = 00
n—oo k,

then L is transitive.

REFERENCES

[1] Oxtoby J. Measure and category, Graduate Texts in Mathematics,
Springer-Verlag, (1971).

[2] Kuratowski K. Topology (v. I), Acad. Press, New York and London, (1968).

[3] Bessaga C., Pleczynski A. Selected topics in infinite - dimensional topology,
Warszawa, PWN, 1975.

[4] Korov O., Todorov V. A C*° function with a dense set of derivatives, Proc.
of the IX conf. of the Un. Bulg. Math., 1980, 87-94 (Russian).

[5] Todorov V. Linear differential operators are transitive, University Annual
Appl. Math., 21 No. 4 (1985), 17-25.

[6] Shields A. Weighted shift operatos, Analytic function theory, Mathematical
Surveys, 13 (1974), 51-128.

E-mail address: mlada@usia.gov





