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SEPARATION PSEUDOCHARACTER AND THE
CARDINALITY OF TOPOLOGICAL SPACES

Dimitrina N. Stavrova

Abstract

We investigate the relation between the cardinal-
ity of a topological space and various types of
pseudocharacters. In this paper, using Hausdorff
pseudocharacter Hy(X) we strengthen a result
of Gryzlov and Stavrova [6] concerning Lindel6f
degree with respect to a selected subset and ob-
tain | X \ X,| < expL(X, X,) - HY(X) for a Haus-
dorff space X and its subset X,. We also intro-
duce a cardinal invariant, Urysohn pseudocharac-
ter Uy (X) for a Uryshon space X, and prove that
| X| < exp(al(X) - Uy(X)) for a Uryshon space
X, which strengthens a result of Bella and Cam-
maroto [3].

1. Introduction

Standard notations from [5] and [8] will be used. Let us remind
that O(X) will stand for the set of all open subsets of a given
topological space X.

It is well known that in 7} - topological space X a cardinal
invariant called pseudocharacter can be introduced in a natu-
ral way - we say that ¥(X) < 7 iff for every z € X there
is a neighborhood system H(z) = {U,(z) : a € 7} such that
{z} = NH(z) for every z € X.
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In [7] Richard Hodel introduced a similar invariant for
Hausdorff space X - we say that the Hausdorff pseudocharacter
Hy(X) < 7 iff for every x € X there is a neighborhood sys-
tem H(z) = {Us(z) : a € 7} such that for every two points
x # y there are U,(x) € H(z) and Ug(y) € H(y) such that
Ua(2)NUs(y) = 0 . He also proved that (X) < Hy(X) < x(X)
and gave examples that these inequalities can be strict. He
strenghtens the main theorems in the theory of cardinal invari-
ants for topological spaces by replacing x(X) with Hy(X) in
Hausdorff cases.

In the present paper we use this invariant to strenghten a
result of A.Gryzlov and D.Stavrova [6] concerning Lindel6f de-
gree with respect to a selected subset (sometimes called rel-
ative Lindel6f number of the space) (Theorem 2). In [6] it
was proved that for a given subset X, of a Hausdorff space
we have that | X \ X,| < expL(X,X,) - ¥.(X) - t(X) where
L(X,X,) = w-min{r : for every open cover v of X there is
a y; C v of cardinality at most 7 such that X \ X, C Uy }.
Theorem 2 replaces local invariants in this inequality by H(X).

Also in this paper we introduce a similar invariant in
an Urysohn space X depending on this separation axiom - we
say that the Urysohn pseudocharachter of X - Uy(X) < 7
iff for every * € X there is a neighborhood system
H(x) = {Uy(x) : a € 7} such that for every two points = # y
there are U,(x) € H(x) and Ug(y) € H(y) such that
Cl(Ua()) N Cl{Up(y)) =0 .

In [4] U.N.B.Dissanayeke and S.Willard introduced the al-
most Lindel6f number for a topological space X as aL(X) =
w - min{t : for every open cover v of X there is a 73 C v with
cardinality at most 7 such that U{CI(U) : U € 11} = X}. In [3]
A.Bella and F.Cammaroto proved that for Urysohn spaces we
have that | X| < exp(aL(X) - x(X)). We strenghten this result
by replacing x(X) with Uy (X).
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Let us note that :

Lemma 1. If X is Urysohn then Up(X) < x(X).

2. Cardinality of Urysohn spaces
Theorem 1. If X is an Urysohn space then

| X| < exp(al(X) - Uy (X)).

Before presenting the proof of Theorem 1 we need some more
notations and results:

Definition 1. For every A C X we define the so called 6 -
closure of A , namely Cly(A) = {x € X : CL(U)N A # () for
every open U 3 x}.

We obviously have A C Cl(A) C Cly(A).

Definition 2. Let for every z € X (which is an Urysohn space)
we have a family of neighborhoods H(x) that is closed under
finite intersection, {x} = NH(z) and if © # y then there exist
U, € H(x) and U, € H(y) such that Cl(U,) N Cl(U,) = 0. In
that case we say that the family {H(z) : € X} realizes the
Urysohn property on X.

Definition 3. Let H = {H(z) : © € X} realizes the Urysohn
separation property on X and for every z € X let H(z) =
{Uq(x) : @ € 7}. Then we say that H realizes U (X) < 7.

Definition 4. Define CI}Y(A) = {z € X : Cl(Uy(x)) N A # 0
for every a € 7}.

We have that A C CI(A) C Clg(A) C CI}(A) .

Lemma 2. If X is an Urysohn space, U(X) < 7 and H real-
izes it then |CIN(A)] < |A|.
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Proof. Let xz € CI)Y(A).

Let A, = {a(a,z) € Cl(Uy(z)) N A : a € 7}. We have
that * € CI)Y(A,). Moreover z € CI}(Cl(Uy(x) N A,)) for
every a € 7 - indeed let Ug(x) € H(zx). Since H(z) is
closed under finite intersections there is 7 € 7 such that
U,(z) = Us(z) N Uy(z). From z € CI}(A,) it follows that
Cl(Uyx)) N Ay # 0 ie, 0 # ClU(zx) N A, =
Cl(Us(x) N Un(z)) N Ax € Cl(Us(x)) N (CUUL(x)) N Az) .
Moreover CUHCI(Un(z)) N Az) € CIHCI(Uy(x)) and
{z} = N{CIH(Cl(Uy(x))) : a € 7} - indeed, we saw that
r € CIIHCUUy())) for every a € 7. Let now x # y. By
Uy(x) < 7 and the fact that H realizes it we have that there ex-
ist a; and ap € 7 such that Cl(Uy,, (2))NCl(Us,(y)) = Die.,y &
CIH(Cl(Uqy, (2))). Hence {z} = N{CIH(Cl(Uy(x))) : @ € 7} and
from here it follows that {z} = N{CI}*(Cl(Uu(z))NA,) : a € T}.
We have that A, € [A]S7, so Cl(Uu(z)) N A, C A, € [A]5" for
every « € 7. Let I', = {Cl(Uy(z)) N A, : a € 7}. Then
[, € [[A]=7]=". Hence z — T, is one -to -one mapping, hence
CI(A)| < AT 0

Lemma 3. If X is an Urysohn space, H realizes Up(X) < 7
and H(x) is closed under finite intersections for every v € X
then there is a special family L C expX each element of which
has cardinality at most 27 such that whenever M C X 1is of
cardinality at most 27 then there is an element L € L such that
M C L. We shall call such family a 27 - dominating family in
X.

Proof. Let |A] < 27 and A C X. We shall construct
ACX ACAand A <2,

Let A,=A. Let A;=CI}(A,). Let a € 7+ and {Agz: 5 € a}
be already defined such that - (1) for 3 € 3 € a we have that
As € ClH(Ap) € Ay. Define A, = CIHU{Az : 8 € a}) 2
U{CI}{(Ag): Bea} DU{Az:fca} DA, =A Foraca €
7T we obviously have that A, C CI}¥(A,) C A, C CI}¥(A)

and from here we obtain - (2) CIJ¥(CI}(A,)) C CIH(A,).
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In that way we have defined {A, : @ € 77} beginning with A.
Let then A = A) = CI}(U{A, : @ € 77}). From Lemma 2 and
the construction we have that |A)¢| < 27. We also have that A)f =
U{CI¥(A,):ae7t}. Indeed let z € CIN(U{A, : a € 7F}). For
every v € 7 choose a(vy,z) € Cl(U,(z)) N (U{Ay : « € 77}). Let
A, = {a(y,x) : v € 7}. Then A, is a subset of cardinality < 7
of the increasing union - U{A, : @ € 77} and by the regularity
of 77 we have that there is an o € 77 such that A, C A,.
Then z € CIJ(A,) C CI)H(A) C U{CI)H(Ay) : a € 7T} ie,,
Al = U{CI)Y(Ay) e Tt} ie AN = CIHU{A, :aeTt}) =
U{CI}¥(A,) : a € 77} and the latter two unions are increasing
unions. Let £ = {A} : A C X,|A| < 27}. Then L is a 27-
dominating family in X. 0

Lemma 4. Let £L = {Alf : A C X,|A| < 27} and Y is an
increasing union of Tt elements of L (in that case we shall call
Y - L(77) - inductive. Then'Y = CI{Y) and Y]* =Y. (The
notations are from the proof of the previous Lemma,).

Proof. Let Y = W{Y, : a € 71} be L(7") - inductive and
Y, = (A, for every a € 7. Let z € CI}{(Y). Then for
every v € 7 let us choose a(y,z) € Cl(U,(z)) NY and let
Y' = {a(y,z) - v € 7} € [Y]¥". By the regularity of
71 there exists @ € 7+ such that Y € Y,. Then Y C Y, =
(AN = U{CIH(AB) . B € 77} e, Y € [U{CI)YAD) : B €
715", Hence there is 3 € 7+ such that Y C CINY') C
CIN(CI(AB)) C CIN(APTY) C Y, C Y ie,z € Y. Hence
CIM(Y) = Y. Moreover we have that Y;)* = Y. Remind from
Lemma 3 that Y;' was constructed in the way that
Y= CllHU{Y, : a € 7}) = U{CI)X(Y,) : a € 77} where
Y; = CI(Y) = Y; so by induction if for some o € 77 we sup-
pose that Y3 = Y for 8 € o then U{Ys : § € a} =Y and
Y, = CUYY) =Y. 0
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Proof of Theorem 1. We shall use Theorem 1 from [12].
Let 7 = A = aL(X) - UyY(X); for a family v C expX let
p(v) = U{CLU) : U € v} Let H = U{H(x) : x € X} real-
izes Up(X) < 7 (in particular that means that H(z) is closed
under finite intersections). Let £ = {A) : A C X,|A] < 27}.
By Lemma 3, £ is 2"-dominating in X. By Lemma 4 for each
Y which is £(77)-inductive we have that CI}{(Y) = Y and
Y]t = Y. Let us check the requirements of Theorem 1, [12]:
Let Y be L(71)-inductive and ¢ € X \ Y. For each z € X\ Y
there is an a(x) € 7 such that Cl(Uymy(2)) NY = 0 (because
r ¢ CUYY) = Y). For each y € Y there is a(q) € 7 such
that ¢ ¢ C’l(Ua(q)(y)). Let W = {Ua(m)(z),Ua(q)(y) 1T €
X\ Y,y € Y}. By alL(X) < 7 there are W, W' € [W]="
such that X = U{CI(U) : U € W} UU{CI({U);U € W'} and
W € [(Unin (@) : 7 € X\ VYW € [{Unin(y) 5 y € VY=
But (U{CI(U): U e W} NY =0. Hence Y C U{CI(U) : U €
W'Y = pW") and ¢ ¢ p(WV"). By Theorem 1,[12] we have that
X <2

3. Cardinality of Hausdorff Spaces with a Selected
Subset

Theorem 2. If X is a Hausdorff space, X, C X then
X\ X,| < enpL(X, X,) - H(X).

Before proving Theorem 2 let us make some preliminary notes
and remarks. The definition of L(X,X,) came as a common
view point to the notion of relative Lindel6fness (introduced in
[2] - we say that X, C X is Lindeldf in X if from every open
cover v of X a countable " C « can be found that covers X,).
From the other side in [10] the following invariant is introduced
- kL(X) = w - min{r :there is an A C X,|A| < 27 such that
- (*) for each open cover 7 of X there are v’ € [y]*" and B €
[A]S7 such that X = Uy’ U CI(B)} and it was observed that
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EL(X) < min{d(X),L(X),s(X)}. It was also shown that for
Hausdorff spaces | X| < expkL(X) - ¥.(X) - t(X). Figuratively
speaking this notion shows that we can have some “bad” part
of a certain space but if the cardinality of this part is not “too
big” we still can get a result about the cardinality of the main
space. In [6] it is shown that similar results can be obtained
by using L(X, X,) and we can looked at it as a generalization
of kL(X) in the sense that if kL(X) < 7 then we can find
X, € X such that L(X, X,) < 7. It can also be easily seen that
L(X,0) = L(X),L(X,X,) < L(X),L(X,X,) < L(X\ X,) <
hL(X),L(X) < L(X,) - L(X,X,) and if X \ X, is Lindelof in
X then L(X,X,) <w. As in section 2 we shall need some more
technical definitions :

Definition 5. Let Hy(X)< 7. The family U ={U,: 2 € X} C
O(X) such that - for every p € X we have that p € NU,, [U,| < T
and if p # ¢ there exist A € U, and B € U, such that ANB =10
then the family & will said to be a realizing family for Hy(X) <
T.

It is easy to be noticed that if I/ is a realizing family for
Hy(X) < 7 then the family V = {V, : * € X} where V,
consists of all finite intersections of members of U, will also be
a realizing family for Hy(X) < 7.

Definition 6. The family &4 = {U, : + € X} will be called
canonically realizing Hy)(X) < 7 if the following holds : 1) U,
is closed under finite intersections. 2) For every p € X we have
U,| < 7. 3)p € NU, for every p € X. 4) U, C O(X) for every
p € X. 5) Whenever p # ¢ there exist A € U, and B € U, such
that AN B = 0.

Definition 7. Having a family U = {U, : © € X} satisfying 3)
and 4) from Definition 6 we define an operator ( )y : expX —
expX as follows : if AC X then Ay ={x € X:UNA#0 for
every U € U, }. We shall say that the family U ={U, : v € X}
generates the operator ().
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This operator is defined by Hodel,[7] and for every A C X we
have that A C CIl(A) C (A)y. We shall use the following two
results proved in [7] :

Lemma 5. If X is a Hausdorff topological space and U =
{U, : x € X} is canonically realizing HY(X) < 7 and A € [X]=7
then (A)y € [ X]=7

Lemma 6. IfU = {U, : x € X} generates the operator ( )y
and A = U{(Au)u : o € 77} C expX is such that for every
a € 77 we have that U{(Ag)y : B € a} C A, then Ay = A.

Proof of Theorem 2:

Let L(X,X,) - HY(X) < 7 and let W = {W(z) : z € X}
is canonically realizing Hy)(X) < 7. By transfinite induction
we shall define two families - {H, : a € 77} C X \ X, and
{B,:a €1t} CO(X) such that :

1) H, € X \ X, for every a € 7.

2) |Hy| < 27 for every a € 77

3) (W(Hp)w:pea)N(X\X,) C H, for every a € 77

4) If « € 77 and {Hs : § € a} are already defined then

= U{W(x) : z € U{(Hp)w : 0 € a}}.

) IfV € [B,]5" and X\ (UVUX,) # 0 then H, \ (UVUX,) #
0.

Let « € 71 and {Hp : § € o} and {Bs : § € a} be already
defined with properties 1) - 5).

Let £, ={V:V € [B,5" and X \ (UV U X,) # (). For every
V € &, we choose a point ¢(V) € X \ (WU X,) # 0 and let
Co ={o(V):V € &,}. Since |E,| < 27 we have that |C,| < 27.
Finally we put H, = (X \ X,) N((Co)w UU{(Hpg)w : B € a}. We
obviously have that U{Hg : § € a} C H,. Using Lemma 6 we
obtain that |H,| < 27. It can be easily seen that the conditions
1) - 5) are satisfied.

Let H = U{H, : a € 7}. We have that (H),y = U
{(Ha)w : @ € 71} - in order to prove this let X € (H)w.
Then W, N H # () for every W, € W(x). Let us choose a
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point a(W,) € W, N H for every W, € W(z) and let B, =
{a(W,) : x € W, € W(x)} € [H|". Therefore there is an o € 77
such that B, C H,. Then = € (B,)w C (Ha)w. The converse
inclusion is obvious.

We also have that (H)y N (X \ X,) = H.

Let us show that X \ X, = H. Suppose there is a ¢ € X \
H\ X,. Then q ¢ (H)y (because if we suppose that ¢ € (H)yy
we shall have that ¢ € (X \ X,) N (H)w = H - a contradiction).
Hence for every p € (H)y we can choose V,, € W(p) such that
q ¢ V,. From the other side for every z € X \ (H)y because
of z ¢ (H),y we have U, € W(z) such that U, N H = (). Let
w=A{V,,U,:pe€ (H)w,z € X\ (H)w}. We have that Uy O X
and from L(X,X,) < 7 we can choose p, € [u]” such that
H C X\ X, CUp,. Let us consider ¢/ = {U € pu, : UNH # (0}
Therefore H C Uy’ and ¢ = {V, : p € H € [(H)W]"}. By
the regularity of 71 it follows that there is a, € 7 such that
H C (Ha)w ie., |,u/| < 7,1 C B,, and ¢ ¢ Uy’ U X,. Then we
have already chosen a point ¢(u') O H - a contradiction.

From Theorem 2 (as well as from Theorem 1) we can obtain
several known inequalities :

Corollary 1. For every Hausdorff topological space X we have
that

| X| < expL(X) - x(X).
This is a result first obtained in [1] for countable case.

Corollary 2. For every reqular topological space X we have that
IX| < eapkL(X) - x(X).
This is a result first obtained in [9)].

Corollary 3. For every Hausdorff topological space X we have
that

| X\ Xo| <expkL(X,X,) - x(X).
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This is a result first obtained in [6] for X, # () and for X, = ()
first obtained in [10].

Corollary 4. For every Hausdorff topological space X we have
that
[ X\ Xo| < eapL(X, Xo) - x(X).

This is a result first obtained in [6].

Corollary 5. For every Hausdorff topological space X we have
that
IX] < eapL(X) - H(X).

This is a result first obtained in [7].
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