Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT (©) by Topology Proceedings. All rights reserved.



TOPOLOGY
PROCEEDINGS

Volume 26, 2001-2002
Pages 297-306

SPACES ADMITTING TOPOLOGICALLY
TRANSITIVE MAPS

ANIMA NAGAR AND V. KANNAN

ABSTRACT. In this paper, after observing that on certain
topological spaces there are no topologically transitive maps
at all, we characterize all those locally compact subspaces of
the real line that admit a topologically transitive map.

We prove that any locally compact subspace X of R ad-
mitting a topologically transitive map, must be one of the
following up to homeomorphism:

(1) Finite discrete space
(2) Finite union of nontrivial compact intervals
(3) Finite union of nontrivial noncompact intervals
(4) Cantor set K
(5)

1. INTRODUCTION

A self map f on a topological space X is said to be topologically
transitive if for every pair of non-empty open sets U and V in X,
there exists z in U and a natural number n such that f*(z) € V,
ie, f"(U)N V is non-empty.

Examples of transitive maps on the unit circle S', the Cantor
set K and the compact interval [0, 1] are well known. See [5] or
[7]. Some explicit examples of transitive maps on the real line R
were constructed in [1] and [12], and they must have infinitely many
critical points [2].

2000 Mathematics Subject Classification. 54H20.
Key words and phrases. Cantor set, locally compact, topologically transitive.
The first author acknowledges N.B.H.M. (Government of India) for financial
support.
297



298 A. NAGAR AND V. KANNAN

It is also known already that the following topological spaces ad-
mit topologically transitive maps (satisfying some additional prop-
erties) (see [8]):

Any connected region in R™. (see Sidorov [11])

The Torus St x S!. (see Devaney [5])

The cylinder S' x R. (see Besicovitch [3])

The Banach Space [;. (see Read [10])

The square I x I. (see Xu [13])

Therefore, the following is one of the natural questions: What
are all the subspaces of R that admit topologically transitive maps?
We provide a complete answer, among locally compact spaces. We
prove that among infinite, zero-dimensional subspaces there are
exactly two such (up to homeomorphism), on which topologically
transitive continuous self-maps exist: (i) the Cantor set K and (ii)
K+ N.

Similarly, we prove that there are only countably many subspaces
of R (up to homeomorphism) that are locally connected and that
admit a topologically transitive map. These are:

(i) Np=1{1,2,...,n} for each positive integer n.

(i) [0, 1] + N, where again n is a positive integer.

(iii) ([0, %) + Ny)U((n,n+ %) + N,,,) where n and m are positive
integers.

Apart from these, there is nothing else; every locally connected
subspace of R admitting a topologically transitive map must be
homeomorphic to one of these.

Moreover, every locally compact subspace of R admitting a topo-
logically transitive map must fall in one of the above two lists. This
is our main theorem.

2. SUBSPACES OF R
We restrict ourselves to subspaces of R presently.

Proposition. Let X be a locally compact subspace of R, and let
f + X—X be topologically transitive. Let some element of X
have a connected neighbourhood. Then X has only finitely many
connected components.

Proof: Let )Ng be the space of all connected components of X,
and ¢ : X—X be the natural quotient map. Let f : X— X be
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the map induced by f. Then fq = qf, i.e., ¢ is a semi-conjugacy
between f and f, and f is topologically transitive on X.

Let z have a connected neighborhood W in X. Then, because f
is transitive, there is a y € W having a dense f-orbit in X. Then
q(y) has a dense f-orbit in X. Also, since f is transitive, there
is a positive integer k such that f*(W) N W is nonempty. Then
fk(q(y)) = ¢(y). Thus, ¢(y) is a periodic point, and the orbit of
q(y) is both finite and dense in X. Therefore, X should be finite
and so X has only finitely many connected components. O

Theorem 2.1. Let X be any locally compact subspace of R admit-
ting a topologically transitive map. Then X must be homeomorphic
to one of the following:

(1) {1,2,...,m}, for some m € N

(2) 10,1]U[2,3]U---U[2n,2n + 1], for some nonnegative integer

n

(3) (10,1) x{1,2,....,k})U((0,1) x {k+1,...,n}), for some non-
negative integer k < n

(4) Cantor set K

(5) K+ N.

Proof: We first prove that each of the locally compact subspaces
mentioned above admits a topologically transitive map.

(1) Let X ={1,2,...,m} and f: X— X be such that
Fl) =i+1,i=1,2,..;m—1
F(m) = 1.

Then clearly f is topologically transitive on X and is nothing
else but the m-cyclic permutation o = (1,2, ...,m).

(2) Let X,, denote (0,1] U...U [2n,2n+1]. First, when n = 0,
we have Xo = [0,1]. And it is already known that the tent map
defined by

is topologically transitive on Xg. It can be proved that given any
nontrivial subinterval J of Xy, there is a positive integer m such
that t™(J) = Xo. It follows that ¢P(J) = Xy for all p > m. This
fact will be used in constructing a transitive map on X, for all
other values of n.
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Let n > 1. Define f : X,,—X,, by

flz) = t(z —2k) + 2(k+ 1) (mod 2(n + 1)), x € [2k,2k + 1],
k=0,1,2,...,n.

Then it can be easily verified that f| 2k 2k 1]
composite 0y.t.hy, where hy is the map x——x — 2k, ¢ is the tent
map on [0,1], and 6y is the map x—x+2(k+1)(mod 2(n+1)).

To prove the transitivity of f, let I be a nonempty open interval
in X. Then I C [2k,2k + 1], for some k. Consider hi(I). By a
known property of the tent map ¢, there exists m € N such that
t"(hi(I)) = [0,1]. For the same m, it is not hard to see that
h™(I) D [2r,2r + 1] for some r. It follows that the finite union
U; = 0 to n A™t" contains the whole X.

is nothing but the

Note : We note that on [0,1] x {1,2,...,n}, the map ¢ X o is
topologically transitive, where t is the tent map on [0, 1] and o is
the cyclic permutation (1,2, ...,n). But it is not true in general that
if g is any topologically transitive map on a space X, it induces in
this way a topologically transitive map on X x {1,2,...,n}.

(3) Any finite union of nontrivial noncompact intervals is home-
omorphic to X = [[,_; Xk, where each X}, is either [0, 1) or (0, 1),
for some n € N.

Define g : [0,1)—(0,1), as

%(3—$), T e [Oa %]

1 = 2k

g(x) = < 2k+2 = 2%+1
2k+1 _ 2k—
2k+2" L= "9k

and g is linear on 2271, %] and [2=2 2k-1] k€ N (see Fig. 1).

Then any interval, under iterations of g, expands to contain some
(%, %) in finite number of steps which eventually expands to
cover the whole of (0,1).

Define h : X—X as h = (g X 0)|x where o is the cyclic per-
mutation (1,2,...,n), and g x o : [0,1) x {1,2,...,n}—(0,1) X
{1,2,...,n}. Then, clearly h is topologically transitive on X.
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F1GUrRE 1. Graph of the function g.

(4) The modified tent map, t : K—K defined as

3z ze[0,3]NK
t(:E) = 1
3-3r zelz1NK.
is topologically transitive on K.
(5) Let No = NU {0}.
Let X = K 4 2Nj. Define first f : X—R, for each n € Ny, as

32 (x — 2n) x € [2n, 6”3‘"1]

We see that any « € X under f first comes to the Cantor set in
the unit interval [0, 1] and then, due to multiplication by a power
of 3, goes to a Cantor set with even integral part. And so, actually
f: X—X.

Let us call K,, = X N [2n,2n + 1], n € Ng. Then we see that,
F(Ko) = KoUK, f(K1) = KoUK1UK2, and so on. And any subset
of X expands to cover Ky in finite time. This proves the topological
transitivity of f.

Thus, X and hence K + N admits a transitive map.

We now prove the second part, that if X is any locally compact
subspace of R admitting a topologically transitive self-map f, then
X must be one of the spaces mentioned in the above list.

First, we claim that f cannot map a nontrivial interval to a
singleton. For if J is an open interval such that f(J) = {zo}, let k
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be the least positive integer such that f#(J)N.J is nonempty. Then,
because f¥(J) is a singleton, f*(J) C J and therefore f**1(J) =
{zo}. Thus, ¢ is a periodic point, the orbit of z is finite, and there
is a nonempty open subinterval J; of J disjoint from this finite set.
But it is seen that f™(J) never meets J;, whatever n may be. This
contradicts the topological transitivity of f.

Secondly, the same argument proves that if J is an open singleton
{y} , then the orbit of y is finite, and the transitivity of f will force
that X is finite. This second claim will be repeatedly used in what
follows.

Thirdly, the first claim implies that f maps nontrivial intervals
in X to nontrivial intervals in X. Therefore, if Y is the union of all
nontrivial intervals in X, then f(Y) C Y and fjy is topologically
transitive on Y.

The transitivity of (Y, fjy-) implies that if J; and J are interiors
of any two components of Y, then f"(J;)NJz is nonempty for some
positive integer n. Correspondingly, in the quotient space (Y f‘y)
this means that for any two elements y1,y2 3 m,n € N such that
f™y1) = y2 and f"(y2) = y1 . This would mean that all elements
are periodic and that there is a single orbit. This can happen only
when Y is finite.

This implies that X has only finitely many nontrivial connected
components. Since every connected component is closed, Y is closed
in X.

On the other hand, Y is f-invariant, and unless it is empty, it
has nonempty interior. Therefore, Y is dense in X, unless Y is
empty.

Combining these two observations, we conclude that ¥ = X
or Y = ¢. This means: Either X is a finite union of nontrivial
intervals, or X is totally disconnected. Let us consider these two
cases separately.

Casel: Let X =Y = LUILU---UI, be the decomposition
of X into connected components. We claim that if one of these
components ( say I1) is compact, then X itself is compact.

In this case, the space X of components is finite. The induced
map f on X is also transitive, and is, therefore, a cyclic permu-
tation. Therefore, f™(I;) C I, and for all positive integer k,
R = fE(f™(1) € f*(11). This implies that USS_, f™ (1) =
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Ul _1f™(I1) = a compact subset of X. But the transitivity of f
implies that this is a dense subset of X. Therefore, X is compact.

Thus in this case, X is the union of finitely many compact in-
tervals, or X is the union of finitely many noncompact intervals.

Case 2 : Let X be totally disconnected. First we claim that X is
either finite or uncountable. The local compactness of X implies
that X is a Baire space. If X were countable, writing X as the
union of its singletons and applying Baire Category theorem, some
singleton in X must be open. But, as already seen, this would
imply that X is finite.

Now let X be uncountable. The locally compact space X may
or may not be compact. Consider two subcases:

a: Let X be compact. Then X is an uncountable compact, to-
tally disconnected space; also X has no isolated points, because the
only spaces having isolated points and admitting transitive maps,
are the finite spaces; also X is a subspace of R and hence metriz-
able. Therefore, by a classical theorem of Hausdorff (see [6]), X is
homeomorphic to the Cantor set.

b: Let X be noncompact. First note that X is zero-dimensional,
as every totally disconnected subset of R is; X is locally compact
by assumption; X is second countable because X is a subspace
of R. Therefore, X = U;2,V,, where each V,, is compact and
open in X. Defining W,, = V,, — (V4 U---UV,_1), we can write
X = U2 Wy, where each W,, is compact and open and these W),’s
are pairwise disjoint. By deleting the empty sets among them, we
may assume each W,, is nonempty. As already seen, X does not
have an isolated point, and so W,, also does not. By Baire-Category
theorem once again, each W, is uncountable. The same classical
theorem of Hausdorff implies that each W), is homeomorphic to the
Cantor set K. It follows that X is the disjoint topological sum of
countably many homeomorphic copies of IC. In other words, X is
homeomorphic to K x N or equivalently to the subset I + N of R.

This completes the proof of our theorem. O

3. REMARKS

Remark 1. In the course of proving our main theorem, we have ac-
tually proved some minor results that hold for more general spaces,
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not necessarily embeddable in R. We mention some of them below.

Let X be a topological space admitting a topologically transitive
map. Then
(1) If some singleton is open, then every singleton is open (and X
is finite).
(2) If some connected component is open, then every connected
component is open (and X has finitely many components).
(3) If some connected component has nonempty interior, then every
connected component is open.
(4) If some connected component is compact and open, then the
whole space is compact.

Remark 2. The ideas used in the proof of our main theorem can
be used to provide complete answers to the following questions:

(A) What are all the countable metric spaces admitting topologi-
cally transitive maps?

Only the finite spaces and the space @ of ratio-
nal numbers. We make use of a theorem of [9]:
Every countable metric space without isolated
points is homeomorphic to Q.

(B) What are all locally compact, totally-disconnected, second count-
able spaces admitting topologically transitive maps?

Apart from finite spaces, there are only two oth-
ers, namely K and K x N. We make use of
a known theorem that every second countable
zero-dimensional space can be embedded in the
real line.

(C) What are all the homogenous Gs - subspaces of the real line
that admit topologically transitive maps?

These are precisely the following;:
(i) The Cantor set K

(ii) The space K x N

(iii) Finite union of disjoint open intervals

(iv) Finite spaces

(v) The space P of irrational numbers.
To prove this, we use our main theorem and the
classical theorem of Hausdorff: FEvery nowhere
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locally compact zero dimensional completely metriz-
able separable space is homeomorphic to the space
P of irrational numbers.

Remark 3. Let X be a space admitting a topologically transitive
map. Let there exist a countably infinite open subset of X. Then
X is nowhere locally compact.

Reformulation: Let X be an infinite space having two points, one
admitting a compact neighborhood and another admitting a count-
able neighborhood. Then X cannot admit a topologically transitive
map.

Another similar result: Let V and W be two nonempty open subsets
of an infinite space X such that V is countable and W is completely
metrizable. Then X cannot admit a topologically transitive map.

Outline of proof: If f : X— X were topologically transitive, 3
a positive integer n such that f*(W)NV # ¢. Let W3 = W N
f7™(V). Then W1 is also a space for which Baire Category theorem
is applicable.

Now Wy =U{W N f"(x) : x € f/(W) NV} is a representation
of W7 as a countable union of nowhere dense sets. Here we use the
known result: A transitive map cannot collapse an infinite open set
to a single point. It can be proved in a similar manner that a power
f™ of a transitive map f cannot collapse an infinite open set to a
single point; therefore, sets of the form f~"(z) are nowhere dense.
This contradicts the Baire Category theorem.

Example. Let X = {x € R: x is rational and positive}U{z € R : =
is irrational and negative} be provided with relative topology from
R. Then X does not admit a topologically transitive map because
of the above remark.

Remark 4. We leave the following open: Find all G§ subspaces of
R that admit a topologically transitive map. In this context it may
be noted that the following result is known: A subspace X of R is
locally compact if and only if X = AN B where A is an open set
and B is a closed set. Therefore, all locally compact subspaces of
R are G5 subspaces of R.

Remark 5. It follows from the above results that the following
spaces do not admit topologically transitive map:
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(1) X x N, where X is a connected space, e.g., {z € R: [x] is even}
(2) [0,1]U (2, 3]

(3) {0} U1, 2]

4) @ U[ 1]

(5) KU

(6) countably infinite compact-Hausdorff spaces.
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