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THE HEREDITARILY METALINDELOF PROPERTY
OF k-SPACES WITH ¢-HCP CLOSED
EF-NETWORKS

LIANG-XUE PENG

ABSTRACT. In this paper, we prove that a regular k—space
with a 0—HCP k—network is a hereditarily metalindelof space.
Thus, the question that appeared in [5] and [6] is answered.

1. INTRODUCTION

If X is a space, a family P of closed subsets of X is a k—network
for X, if for every compact subset K C X and an open neighbor-
hood U of K, there is a finite P* C P, such that K CUP* C U. A
space X is called an R—space if X has a o—locally finite k—network
(cf. [2] and [7]). A network for a space X is a collection F of subsets
of X such that whenever z € U with U open, there exists F' € F
with x € F C U. A space X is a o-space if X has a o—discrete
network (cf. [1]). A space is called a sequential space if a subset
F C X is closed in X if and only if F' contains all limit points of
sequences from F' (cf. [3]). We know that k—spaces and sequential
spaces are equivalent for o—spaces (cf. [1]). A space X is a met-
alindeldf space if every open cover U of X has a point—countable
open refinement (cf. [1]).

The properties of N—spaces have been studied by many topol-
ogists. In [2], Foged proved that a sequential space or k—space
with a o—locally finite k—network (k—and—N space) is a hereditarily
metalindelof space, and a normal k—and—X space is a paracompact
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space. From [4], we know that a space with a o—hereditarily clo-
sure preserving (0—HCP) k—network need not be an R-space. So
it is necessary to study the properties of spaces with c-HCP k-
networks. By a space we mean a regular topological space.

In [5], Liu raised the following question: Are k—spaces with o—
HCP k—networks hereditarily metalindel6f? And the same ques-
tion was also raised by Liu and Tanaka in [6]. Is every k—space
with a o—HCP k—network a metalindelof space? In this paper, we
prove that a k—space with a o—HCP k-—network is a hereditarily
metalindel6f space. Thus, the question appearing in [5] and [6] is
answered.

Lemma 1 [2]. A k—-and-X space is a hereditarily metalindeldf space.

Lemma 2 [3]. The following are equivalent for a regular space.
(a) X is a o-space.
(b) X has a o-locally finite network.
(¢) X has a o—discrete network.
(d) X has a o—closure preserving network.

By Lemma 2, we know that a space with a o—-HCP k-network
is a o—space.

Theorem 1. A k—space with a c—HC P k—network is a hereditarily
metalindelof space.

Proof: A space X is hereditarily metalindelof iff every collection
U of open sets has a point—countable open refinement. Since X is a
o-space, it is easy to see that any U has a o—closed discrete (in X)
refinement. Thus, it is enough to show that every closed discrete
family F of subsets of X may be expanded to a point—countable
open family.

X is a regular space, so we may assume that X has a c-HCP
closed k-network. Let P = U{P, : n € w} be a 6-HCP closed
k-network of X and P, C Pp41 for each n € w. Let F = {F, :
a € A} be a discrete closed family of X. Let P(0) = F. For
n € w,let Pi(n) =U{P:P e P, PNFy#0,PNFg=0 for all
B € A\ {a}t}, and let Po(n) = Py(n) \ U{Pj(n) : B € A\ {a}}.
Then P(n) = {Pa(n) : a € A} is a pairwise disjoint family in X,
and for any A" C A, U{Pj(n) : f € A’} is a closed subset of X.
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For any finite sequence ¢ of w, suppose P(d) has been defined.
That is, P(9) = {Pa(0) : @ € A} is a pairwise disjoint family, where
Po(0) = Py(0) \U{P5(9) : B € A\ {a}}, and U{P(6) : r € A’} is
closed for any A’ C A. Now, for n € w, we construct P(dn). Let
Py(0n) = U{P : P € Py, PNP,(0) # 0, PAU{P;(9) : B # a} = 0}.
Then U{P*(dn) : r € A’} is closed for any A" C A. Let P,(én) =
Py(on) \ {P3(0n): B # a}. Then P(én) = {FPa(n) : @ € A} is a
pairwise disjoint family of X.

Let Uy = U{P,(9) : 0 is a finite sequence in w}. We will show
that U = {U, : « € A} is a point—countable open family of X and
F, c U, for a € A.

For any x € F,, there is an open neighborhood V, of X, such
that V,NFg = 0 for § € A\ {a}. Then thereisn € w, and P € Py,
such that x € P C V. Since U{Pg(n) : f € A\ {a}} N F, =0, we
have z € P,(n). Thus, F, C U,.

To prove U, is open, we need only to prove that it is sequential
open in X. Suppose a sequence Z converges to x, and = € U,.
Then there is a finite sequence 0 in w, such that x € P,(J) =
Pr(O\U{P5(6) : B € A\{a}}. And we know that U{P5(d) : 8 € A\
{a}} = M is a closed subset of X. So there is an open neighborhood
Vg of x, such that V; " M = (). Then there are some n € w and
P* C P, |P*| < w, such that Z is eventually in UP* C V,, and
every P € P* contains x. So UP* C PX(dn). For any § € A\ {a},
P3(0n) N Py(0) =0, s0 z € X \U{Pj(n): B € A\ {a}}. Thus, Z
is eventually in Po(dn) = P (dn) \U{P5(n) : B € A\ {a}}. So Uy
is an open set of X.

Suppose {U, : a € A} is not point—countable. Then there is
x € X such that [{a : x € Uy}| > w. Thus, there is a finite sequence
d in w, satisfying x € P,(d), where o € {# : € Ug}. Thus,
{P,(5) : @ € A} is not a pairwise disjoint family. Contradiction.

Now we have proved that {U, : @ € A} is a point—countable
open family of X and F,, C U, for a € A. Thus, X is a hereditarily
metalindelof space. O

From the proof of Theorem 1 or Theorem 6 of [8], we have the
following corollary.

Corollary 1. If X is a k—space and has a o—HCP weak base, then
X is a metalindeldf space.
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