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TOPOLOGIZATION OF HECKE PAIRS AND
HECKE C∗-ALGEBRAS

HELGE GLÖCKNER AND GEORGE A. WILLIS

Abstract. Let (G,S) be a Hecke pair, i.e., G is a group and
S an almost normal subgroup, meaning that every double
coset SgS is the union of finitely many left cosets of S. We
show that there exists a homomorphism φ from G to a totally

disconnected, locally compact group G̃ such that S̃ := φ(S)

is a compact, open subgroup of G̃, and such that the Hecke

algebras H(G,S) and H(G̃, S̃) are isomorphic. This “topolo-
gization” construction is then used to solve a problem in the
theory of Hecke C∗-algebras.

Introduction

A Hecke pair (G,S) consists of a group G and an almost normal
subgroup S of G, meaning that each double coset SgS of S in G is
a union of finitely many left cosets of S. For example, (G,S) is a
Hecke pair when S is a compact, open subgroup of the topological
group G. This example is effectively the general case because to
each Hecke pair (G,S) may be associated a topologised Hecke pair
(G̃, S̃) and a homomorphism φ : G → G̃, where G̃ is a topological
group and S̃ a compact, open subgroup, such that φ(G) is dense
in G̃ and φ(S) is dense in S̃. (The construction of G̃ is described in
Section 2 and is based on work of G. Schlichting, [16].) For many
purposes the topologised Hecke pair (G̃, S̃) can replace the original
one. Several advantages in making this replacement are here de-
scribed.
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The Hecke algebra associated with the Hecke pair (G,S) is the
free complex vector space H(G,S) over the set S\G/S of double
S-cosets equipped with a unital ∗-algebra structure which is defined
in Section 1. Such Hecke algebras have been studied in [3], [5], [6],
[7], [11], [13] and [17]. They generalise the Hecke algebras used in
the study of representations of finite groups. Unitary representa-
tions of G containing a topologically cyclic set of S-fixed vectors
correspond to representations of H(G,S).

The product and involution in H(G,S) are defined in terms of
S-coset representatives and abuse of notation is required for the
product to be manageable. However, H(G,S) is isomorphic to
H(G̃, S̃) and this Hecke algebra is isomorphic to the subalgebra
1S ∗ Cc(G̃) ∗ 1S of the algebra Cc(G̃) of continuous functions with
compact support in G̃ with convolution product. The Hecke alge-
bra product thus becomes familiar under this point of view. The
same approach is adopted in the thesis of K.Tzanev, [17], where also
completions ofH(G,S) under certain norms are identified with sub-
algebras of L1(G̃) and C∗(G̃).

The thesis of R. Hall, [7], investigates the question of when
H(G,S) has an enveloping C∗-algebra, see [15, Definition 10.1.10].
(*-algebras having an enveloping C∗-algebra are called G*-algebras
in [15].) It is shown that under a suitable positivity condition, there
is an enveloping C∗-algebra, called the Hecke C∗-algebra C∗(G,S),
and there is a category equivalence between the category of uni-
tary representations (π, V ) of G topologically generated by the sub-
space V S of S-fixed vectors on the one hand, and the category of
(non-degenerate) ∗-representations of C∗(G,S) on the other hand
(results motivated partly by studies in [1] and [2]). The topologised
Hecke pair (G̃, S̃) can be used to clarify some points, in particu-
lar [7, Lemma 3.24], in Hall’s argument establishing the category
equivalence. The present paper is based on the manuscript [6],
which makes more detailed comments on Hall’s thesis.

The topological group G̃ appearing in the topologised Hecke pair is
totally disconnected and locally compact. All such groups have a
base of neighbourhoods of the identity consisting of compact open
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(and therefore almost normal) subgroups. There is likely there-
fore to be a strong interaction between the study of general Hecke
algebras and the structure theory of totally disconnected, locally
compact groups as developed in [18] and [19]. One sign of this
potential interaction is the simple Hecke algebra proof given in
Section 7 of a new result in the structure theory of totally discon-
nected, locally compact groups.

1. Preliminaries

Throughout this article, (G,S) denotes a Hecke pair, as defined
in the Introduction.

1.1. Let C[G/S] denote the free complex vector space over the set
G/S. As a vector space, the Hecke algebra H := H(G,S) is the
vector subspace of C[G/S] generated by the characteristic functions

[SgS] := 1SgS/S
for g ∈ G, where SgS/S := {xS : x ∈ G, xS ⊆ SgS}. Thus
H = C[G/S]S is the subspace of S-fixed vectors of C[G/S] under
the natural representation

λ : G→ EndC(C[G/S])

of G on C[G/S] by left translation, given by g.f := λ(g).f =
f(g−1•) for g ∈ G, f ∈ C[G/S]. Note that g.[hS] = [ghS] for
all g, h ∈ G, where [xS] := 1{xS} for x ∈ G. The complex vector
space H becomes a unital ∗-algebra with identity element [S] if we
define multiplication of f, g ∈ H via

(f ∗ g)(x) :=
∑

γ∈G/S

f(γ) g(γ−1x)

for x ∈ G and an involution ∗ : H → H, f 7→ f∗ via

f∗(x) := f(x−1) for x ∈ G;

see [7], Section 2.2, cf. also [10]. Here f , g, f ∗ g and f∗ are
considered as S-biinvariant functions in C[G], and summation over
“γ ∈ G/S” is not meant literally but means that γ ranges through
a set of representatives for the left cosets of S in G. Similar
abuses of notation are used throughout the following. Note that
[SgS]∗ = [Sg−1S] for all g ∈ G.
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1.2. The complex vector space C[G/S] becomes a right H-module
via

(f ∗ h)(x) :=
∑

γ∈G/S

f(γ)h(γ−1x) (x ∈ G),

for f ∈ C[G/S], h ∈ H (with the abuse of notation just explained:
γ is supposed to range over a set of representatives for the left cosets
of S in G). The following formulas are useful: we have

[xS] ∗ [SyS] =
∑

γ∈SyS/S

[xγS]

and
[SxS] ∗ [SyS] =

∑
γ∈SxS/S

∑
η∈SyS/S

[γηS],

for all x, y ∈ G ([7], p. 15). The right action of H commutes with
the left action of G (described in 1.1), whence C[G/S] is a C[G]-
H-bimodule. In fact, Hop ∼= EndG(C[G/S]) is the full algebra
of G-module endomorphisms (via Hop 3 h 7→ (•) ∗ h)), cf. [10],
Proposition 3.9.

1.3. We need further notation. We define S-biinvariant functions

L : G→ N, R : G→ N, and Ξ: G→ Q
+

via

L(g) := #(SgS/S), R(g) := L(g−1) = #(S\SgS), and Ξ(g) :=
R(g)
L(g)

for g ∈ G. Then Ξ : G → (Q+, ·) is a homomorphism of groups
([7], Theorem 2.7). Given g ∈ G, let us write Sg := S ∩ gSg−1; this
is the stabilizer of [gS] in S under the left action of S on C[G/S].
Thus

S/Sg → SgS/S, xSg 7→ xgS

is a bijection. By the preceding, [S : Sg] = L(g) <∞.

1.4. In order to link unitary representations of G and ∗-representa-
tions of the Hecke algebra, it turns out to be useful to modify the
action of G on C[G/S] defined in 1.1. Using the homomorphism Ξ
from 1.3, we define

x � f := Ξ(x)−
1
2 · (x.f)

for x ∈ G, f ∈ C[G/S]. Clearly C[G/S] is a C[G]-H-bimodule also
with respect to the modified action �.
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Suppose that G is a totally disconnected, locally compact group
and S a compact, open subgroup of G. Clearly S is almost nor-
mal, whence (G,S) is a Hecke pair. We normalize Haar measure µ
on G via µ(S) = 1. Then the linear mapping H(G,S) → L1(G),
determined by [SgS] 7→ 1SgS = L(g) · 1S ∗ δg ∗ 1S for g ∈ G, is an
injective algebra homomorphism, which allows H(G,S) to be iden-
tified with the subalgebra of L1(G) spanned by the characteristic
functions of double cosets. Furthermore, it is easily verified that
Ξ(g) = ∆(g)−1 for g ∈ G, where ∆ is the modular function on G
(as defined in [8], Theorem 15.11). As we shall presently see, up
to isomorphism, every Hecke algebra can be obtained from a Hecke
pair of the special type just described.

2. The topologization construction

In this section, we adapt ideas by G. Schlichting (cf. [16]) to the
Hecke algebra setting. We show that every Hecke algebra H(G,S)
is isomorphic to the Hecke algebra H(G̃, S̃) of some suitable lo-
cally compact, totally disconnected group G̃ and compact, open
subgroup S̃ ≤ G̃.

2.1. Let (G,S) be an arbitrary Hecke pair. We consider G/S as
a discrete topological space and equip the group Sym(G/S) of all
permutations of G/S with the compact-open topology, which makes
it a topological group.1 Then

H := {π ∈ Sym(G/S) : π(SgS/S) = SgS/S for all g ∈ G }

is a totally disconnected, compact subgroup of Sym(G/S)c.o. in the
induced topology, since the mapping

H →
∏

X∈{SgS/S: g∈G}

Sym(X), π 7→ (π|X)

is an isomorphism of topological groups onto a product of finite
groups.

1By definition, a basis of identity neighbourhoods of Sym(G/S)c.o. is given
by finite intersections of stabilizers of points, i.e., {π ∈ Sym(G/S) : (∀c ∈
F ) π(c) = c}, where F ranges through the finite subsets of G/S.
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2.2. The left multiplication action of G on G/S gives rise to a
permutation representation

Ψ: G→ Sym(G/S), Ψ(g)(xS) := gxS.

Since S acts on G/S with finite orbits SgS/S, we have Ψ(S) ⊆ H.
Thus

S̃ := Ψ(S) ⊆ H
is a totally disconnected, compact group. We define

G̃ := 〈S̃ ∪Ψ(G)〉 ≤ Sym(G/S)

as an abstract group.

Next, we put a suitable topology on G̃.

Lemma 2.3. There exists a unique group topology on G̃ which
makes S̃c.o. a compact, open subgroup of G̃.2 Equipped with this
topology, G̃ is a totally disconnected, locally compact group which
contains im Ψ as a dense subgroup. The topology on G̃ ≤ Sym(G/S)
is finer than the compact open topology (or equal to it); therefore
the natural action

G̃×G/S → G/S, (g̃, xS) 7→ g̃(xS)

is continuous.

Proof. Let U1(S̃) be the filter of identity neighbourhoods of the
compact group S̃c.o.. We claim that U1(S̃) is the filter basis for the
filter of identity neighbourhoods of a group topology on G̃ (which
clearly is uniquely determined by this property). Since S̃ already
is a topological group, we only need to verify the following

Claim. For every g̃ ∈ G̃ and U ∈ U1(S̃), there exists V ∈ U1(S̃)
such that g̃V g̃−1 ⊆ U .

A simple inductive argument shows that the claim will hold pro-
vided that it holds for all elements g̃ in the symmetric generating
set S̃∪imΨ of G. For g̃ ∈ S̃, the assertion is obvious. Hence assume
that g̃ = Ψ(g) for some g ∈ G. Clearly, we only need to prove the
claim for neighbourhoods U in a subbasis (as we may form finite
intersections of the corresponding V ’s). As S̃ is equipped with the

2It is part of this requirement that G̃ induces the compact-open topology

on S̃.
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compact-open topology, we may therefore assume that U = S̃xS
is the stabilizer of some left coset xS in S̃. We define V as the
intersection of stabilizers

V := S̃g−1xS ∩ S̃g−1S

and readily observe that

(gvg−1).xS = g.(v.g−1xS) = g.(g−1xS) = xS

for all v ∈ V , i.e., gvg−1 stabilizes xS. It remains to show
that gvg−1 ∈ S̃: then gvg−1 ∈ S̃xS = U indeed for all v ∈ V

and thus gV g−1 ⊆ U , as required. Since Ψ(S) is dense in S̃ and V
is open, there exists a net (sα) in S such that vα := Ψ(sα)→ v and
vα ∈ V for all α. Thus sα ∈ Sg−1x ∩ Sg−1 . We remark first that

(1) (∀α) g̃vαg̃
−1 ∈ S̃

since g̃vαg̃
−1 = Ψ(gsαg−1), where sα ∈ Sg−1 = S ∩ g−1Sg and

therefore gsαg−1 ∈ gSg−1 ∩ S ≤ S. As Sym(G/S)c.o. is a topo-
logical group in which S̃ is closed (being compact), we deduce
from (1) that g̃vg̃−1 = lim g̃vαg̃

−1 ∈ S̃, where the limit is com-
puted in Sym(G/S)c.o.. Thus g̃vg̃−1 ∈ S̃ indeed. The remainder is
obvious. �

Theorem 2.4. Given a Hecke pair (G,S), define G̃ and S̃ as
before. Then the following holds (where the bar indicates closures
in G̃):

(a) The mapping

Γ: G/S → G̃/S̃, gS 7→ Ψ(g)S̃ = Ψ(gS)

is a bijection and therefore induces an isomorphism of
vector spaces

Θ: C[G̃/S̃]→ C[G/S], f 7→ f ◦ Γ.

Here

(2) (∀g̃ ∈ G̃) Θ( [g̃S̃ ] ) = [g̃(S)].
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(b) The mapping

S\G/S → S̃\G̃/S̃, SgS 7→ S̃Ψ(g)S̃ = Ψ(SgS)

is a bijection.
(c) The mapping Θ maps H(G̃, S̃) onto H(G,S) and induces

an isomorphism of ∗-algebras H(G̃, S̃)→ H(G,S).

Proof. (a) Since G̃ acts transitively on G/S, the mapping

(3) β : G̃/G̃S → G/S, g̃ G̃S 7→ g̃(S)

(where g̃ ∈ G̃) is a bijection. The stabilizer G̃S of S in G̃ is open,
since the topology on G̃ is finer than the compact-open topology.
Hence G̃S∩Ψ(G) is dense in G̃S . But G̃S∩Ψ(G) = Ψ(GS) = Ψ(S),
a dense subset of the closed subset S̃ of G̃. Stabilizers being closed,
we deduce that G̃S = S̃. Then clearly β ◦ Γ = id, whence Γ = β−1

is a bijection. Then clearly Θ is a bijection as well. Given g̃ ∈ G̃,
we compute for all x ∈ G

Θ([g̃S̃])(xS) = [g̃S̃](Ψ(x)S̃) = δ
g̃S̃,Ψ(x)S̃

= δg̃(S),Ψ(x)(S) = δg̃(S),xS = [g̃(S)](xS),

using that Γ is a bijection to obtain the third equality; here δ.,.
denotes Kronecker’s delta. Thus Θ([g̃S̃]) = [g̃(S)] indeed.

(b) Let g̃ ∈ G̃. By Part (a) of the theorem, g̃S̃ = Ψ(g)S̃ for
some g ∈ G, whence S̃g̃S̃ = S̃Ψ(g)S̃. Hence the specified
mapping is surjective. If S̃Ψ(g)S̃ = S̃Ψ(h)S̃ for certain g, h ∈ G,
then Ψ(g)S̃ ∩ S̃Ψ(h) 6= ∅; the latter set being open, the density
of Ψ(G) in G̃ implies the existence of elements k ∈ G, x̃, ỹ ∈ S̃
such that Ψ(k) = Ψ(g)x̃ = ỹΨ(h). By the preceding formula,
x̃, ỹ ∈ S̃ ∩ Ψ(G) = Ψ(S). Pick x, y ∈ S such that x̃ = Ψ(x) and
ỹ = Ψ(y). Then Ψ(gx) = Ψ(yh) and hence gxS = Ψ(gx)(S) =
Ψ(yh)(S) = yhS, which entails SgS = ShS.

(c) Let g ∈ G and T ⊆ G be a set of representatives for the left
cosets of S contained in SgS. Then

Ψ(SgS) =
⋃
γ∈T

Ψ(γ)Ψ(S) ⊆
⋃
γ∈T

Ψ(γ)S̃ =: C,
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where the second union is disjoint by Part (a). Note that C con-
tains Ψ(SgS) as a dense subset and is compact, hence closed. Thus
S̃Ψ(g)S̃ = C by Part (b). We deduce that, for every set T of
representatives for the left cosets of S in SgS, the set Ψ(T ) is a
set of representatives for the left cosets of S̃ contained in S̃Ψ(g)S̃;
the finite sets T and Ψ(T ) have the same cardinality. Note that
Θ([Ψ(g)S̃]) = [gS] for all g ∈ G. It therefore follows from the pre-
ceding observation that Θ([S̃Ψ(g)S̃] = [SgS] for all g ∈ G. Hence
Θ maps H(G̃, S̃) ⊆ C[G̃/S̃] onto H(G,S) ⊆ C[G/S] indeed. Given
g, h ∈ G, we have

[S̃Ψ(g)S̃] ∗ [S̃Ψ(h)S̃] =
∑

γ∈SgS/S

∑
η∈ShS/S

[Ψ(γ)Ψ(η)S̃]

in H(G̃, S̃), by the above observation. Thus

Θ([S̃Ψ(g)S̃] ∗ [S̃Ψ(h)S̃]) =
∑

γ∈SgS/S

∑
η∈ShS/S

[γηS] = [SgS] ∗ [ShS].

We have proved that Θ restricts to an isomorphism H(G̃, S̃) →
H(G,S) of complex algebras; clearly it respects the involutions. �

It is shown in [17, Théorème 1.17] that H(G̃, S̃) is isomorphic
to m ∗ Cc(G̃) ∗m, where m is the normalised Haar measure on S̃

and Cc(G̃) has the convolution product. It is shown in the same
theorem in [17] that cutting down L1(G̃) and both the full and the
reduced C∗-algebras of G̃ by m yields subalgebras isomorphic to
natural completions of H(G̃, S̃).

Extension of actions from G to G̃
A calculation similar to the preceding one shows that Θ(f)∗Θ(h) =
Θ(f∗h) for all f ∈ C[G̃/S̃] and h ∈ H(G̃, H̃). We now make C[G/S]
a left G̃-module via

(4) g̃.f := Θ(g̃.Θ−1(f))

for g̃ ∈ G̃, f ∈ C[G/S]. Note that for each f ∈ C[G/S], g̃ ∈ G̃, and
h ∈ H(G,S), we have

(g̃.f) ∗ h = Θ(Θ−1(g̃.f) ∗Θ−1(h))
= Θ((g̃.Θ−1(f)) ∗Θ−1(h)) = Θ(g̃.(Θ−1(f) ∗Θ−1(h)))
= Θ(g̃.(Θ−1(f ∗ h)) = g̃.(f ∗ h).
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We have shown:

Proposition 2.5. The action of G̃ defined in Equation (4) makes
C[G/S] a C[G̃]-H(G,S)-bimodule. The same conclusion holds for
the modified action defined via

(5) g̃ � f := Ξ̃(g̃)−
1
2 · (g̃.f)

for g̃ ∈ G̃, f ∈ C[G/S], where Ξ̃ is the homomorphism G̃→ Q
+ as

defined in Section 1. 2

The following information concerning the actions of G̃ on C[G/S]
is useful.

Lemma 2.6. Let g̃ ∈ G̃. Then

(6) (∀x ∈ G) g̃.[xS] = [g̃(xS)].

In particular, Ψ(g).f = g.f for all g ∈ G and f ∈ C[G/S], and
every f ∈ C[G/S] has open stabilizer in G̃ with respect to the action
defined in Equation (4). Furthermore, every f ∈ C[G/S] has open
stabilizer in G̃ under the action defined in Equation (5).

Proof. Let g̃ ∈ G̃. Then for all x ∈ G, we have Θ([Ψ(x)S̃]) =
[xS] by Equation (2) and thus Θ−1([xS]) = [Ψ(x)S̃]. Therefore
g̃.[xS] = Θ(g̃.Θ−1([xS])) = Θ([g̃Ψ(x)S̃]) = [g̃(xS)] indeed, using
Equation (2) once more. The topology on G̃ being finer than the
compact-open topology, every coset xS ∈ G/S has open
stabilizer in G̃. It now readily follows from Equation (6) that every
f ∈ C[G/S] has open stabilizer in G̃. The character Ξ̃−

1
2 being

locally constant, the final assertion easily follows. �

3. Hermitian representations of G and H(G,S)

Let (G,S) be a Hecke pair, and H := H(G,S) be the associated
Hecke algebra. In this section, we describe functors fromH-modules
to G-modules and vice versa, which take hermitian modules to her-
mitian modules. The eventual goal is to link unitary representations
of G and ∗-representations of H. However, this will only be pos-
sible under an additional hypothesis, a certain positivity condition
due to R. Hall [7], which we discuss in the following section. We
hope that additional transparency is gained by splitting up the gen-
eral case and the specific consequences of the positivity condition.
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The proofs in the slightly more general setting directly parallel
Hall’s (who assumes the positivity condition from the start).

3.1. Given a representation (π, V ) of G, the formula

(7) π̌(f).v :=
∑

γ∈G/S

f(γ) Ξ(γ)
1
2 π(γ).v

for f ∈ H and v ∈ V S defines a representation R(π, V ) := (π̌, V S)
of the Hecke algebra H on the subspace V S := {v ∈ V : π(s).v =
v for all s ∈ S } of S-fixed vectors of V (using the standard abuse
of notation: γ is intended to range over a set of representatives for
the left cosets of S in G). Given a left G-module homomorphism

Φ: V1 → V2, we define R(Φ) := Φ|V
S
2

V S1
: V S

1 → V S
2 .

3.2. Given a left H-module W , we let I(W ) denote the left G-
module

I(W ) := C[G/S]⊗HW,
where C[G/S] is considered as a C[G]-H-bimodule as in 1.4. Ex-
plicitly, the corresponding representation ρ̌ of G on I(W ) is given
by

(8) ρ̌(g).
n∑
i=1

fi ⊗ wi := Ξ(g)−
1
2 ·

n∑
i=1

(g.fi)⊗ wi.

If Ψ: W1 →W2 is a left H-module homomorphism, we define

I(Ψ) := id⊗Ψ: C[G/S]⊗HW1 → C[G/S]⊗HW2.

Recall from [7] that these definitions make sense; they define
functors R : GMod → HMod and I : HMod → GMod, re-
spectively, where GMod denotes the category of left G-modules,
and HMod the category of left H-modules (and module homomor-
phisms). We remark that if W is a left H-module, then R(I(W )) =
(C[G/S] ⊗H W )S = [S] ⊗ W (cf. [7, Lemma 3.6], noting that
Ξ|S = 1), which generates I(W ) = C[G/S]⊗HW as a G-module.

Definition 3.3. Let V be a complex vector space, equipped with
a hermitian form 〈•, •〉 : V × V → C (a “hermitian space”). Let G
be a group and A a ∗-algebra. A representation π : G → GL(V )
of G on V is called hermitian if

〈π(g).v, w〉 = 〈v, π(g−1).w〉
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for all g ∈ G and v, w ∈ V . A representation ρ : A → EndC(V ) is
hermitian if

〈ρ(a).v, w〉 = 〈v, ρ(a∗).w〉

for all a ∈ A and v, w ∈ V . In the following, we shall call a her-
mitian space (V, 〈•, •〉) a semi-inner product space if 〈•, •〉 is positive
semidefinite; we call it an inner product space or pre-Hilbert space
if the hermitian form is positive definite.3

Note that a representation of a group on a complex Hilbert
space is hermitian if and only if it is unitary; a representation of a
∗-algebra on a complex Hilbert space is hermitian if and only if it
is a ∗-representation.

Lemma 3.4. If π is a hermitian representation of G on a hermitian
space (V, 〈•, •〉), then the representation π̌ of H on (V S , 〈•, •〉|V S×V S )
is hermitian.

Proof. For every g ∈ G and v, w ∈ V S , we have

π̌([SgS]) =
∑

γ∈SgS/S

Ξ(γ)
1
2π(γ)|V S =

∑
s∈S/Sg

Ξ(sg)
1
2π(sg)|V S

with Sg as in 1.3. Hence, noting that Ξ(s) = 1 and π(s).w = w for
all s ∈ S,

〈π̌([SgS]).v, w〉 =
∑

s∈S/Sg

Ξ(s)
1
2 Ξ(g)

1
2 〈π(s)π(g).v, w〉

=
∑

s∈S/Sg

Ξ(g)
1
2 〈π(g).v, π(s−1).w〉

= Ξ(g)
1
2

∑
s∈S/Sg

〈π(g).v, w〉 = Ξ(g)
1
2L(g)〈π(g).v, w〉

= (R(g)L(g))
1
2 〈π(g).v, w〉 .

Similarly, 〈v, π̌([SgS]∗).w〉 = (R(g)L(g))
1
2 〈π(g).v, w〉; the claim fol-

lows. �

3Our terminology deviates from Hall’s here, who calls semi-inner product
spaces pre-Hilbert.
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Definition 3.5. [Canonical H-valued hermitian map] We define

〈〈•, •〉〉 : C[G/S]× C[G/S]→ H

via

〈〈 f, g 〉〉(x) :=
1

L(x)

∑
γ∈G/Sx

f(γ) g(γx) Ξ(γ) (x ∈ G).

Lemma 3.6. The canonical map 〈〈•, •〉〉 has the following properties:
P1 For all f, g ∈ C[G/S] and h ∈ H, we have 〈〈 f, g ∗ h 〉〉 =
〈〈 f, g 〉〉 ∗ h. Thus the sesquilinear map 〈〈•, •〉〉 is H-linear in
the second argument.

P2 〈〈•, •〉〉 is hermitian indeed, that is, 〈〈 g, f 〉〉 = 〈〈 f, g 〉〉∗ for all
f, g ∈ C[G/S].

P3 We have 〈〈f, g〉〉 = 〈〈Ξ(x)−
1
2 x.f, Ξ(x)−

1
2 x.g 〉〉, for all

f, g ∈ C[G/S] and x ∈ G.

Proof. This is Lemma 3.17 in [7]. For P1, see also [6], Lemma 3.6.
The lemma becomes much clearer when G is totally disconnected
and S is a compact open subgroup. In that case C[G/S] may be
identified with the subspace Cc(G) ∗ 1S of Cc(G) and 〈〈 f, g 〉〉 =
f∗ ∗ g. Properties P1-3 are then obvious. �

Proposition 3.7 (Canonical hermitian form on I(W )). Let ρ be
a hermitian representation of H on a hermitian space (W, 〈•, •〉).
Then there exists a unique hermitian form

〈•, •〉 : (C[G/S]⊗HW )2 → C

on I(W ) such that

(9) 〈f ⊗ v, g ⊗ w〉 = 〈v, ρ(〈〈f, g〉〉).w〉

for all f, g ∈ C[G/S], v, w ∈ W . This form makes I(W ) a hermit-
ian G-module.

Proof. Properties P1 and P2 ensure that a hermitian form 〈•, •〉
satisfying Equation (9) exists, making repeated use of the universal
property of tensor products of bimodules. Property P3 implies
that ρ̌ is a hermitian representation of G on the hermitian space
(C[G/S]⊗HW, 〈•, •〉). (See also [7], §3.4.1 for the case of semi-inner
product spaces). �



578 HELGE GLÖCKNER AND GEORGE A. WILLIS

Remark 3.8. If V is a hermitian G-module and W a hermitian
H-module, we shall always equip the subspace V S with the inher-
ited hermitian form (as described in Lemma 3.4) and C[G/S]⊗HW
with the canonical hermitian form, as described in Proposition 3.7.

Lemma 3.9. For every hermitian H-module W , the mapping

ξW : W → R(I(W )) = (C[S/G]⊗HW )S , w 7→ [S]⊗ w

is an isomorphism of H-modules and an isometry.

Proof. As Ξ|S ≡ 1, [7, Lemma 3.6] shows that ξW is an isomorphism
of vector spaces. It is easy to check that ξW is a homomorphism of
left H-modules. As 〈〈[S], [S]〉〉 = [S], the definition of the canonical
hermitian form on I(W ) yields 〈[S] ⊗ v, [S] ⊗ w〉 = 〈v, w〉 for all
v, w ∈W . Thus ξW is an isometry (cf. [7], proof of Lemma 3.24 for
the semi-inner product case). �

4. Hall’s positivity condition

In this section, we recall a certain positivity condition formulated
by R. Hall, which, as we shall explain in detail, ensures that the
canonical hermitian form on I(W ) is positive semidefinite whenever
(ρ,W ) is a ∗-representation of H(G,S) on a complex Hilbert space.

Definition 4.1. Let us say that a Hecke pair (G,S) satisfies the
positivity condition if 〈〈 f, f 〉〉 ∈ H+ for all f ∈ C[G/S], where H+

is the convex cone in H := H(G,S) generated by elements of the
form h∗ ∗ h, h ∈ H ([7, p. 31]).

Example 4.2. G := SL2(Qp), together with an Iwahori subgroup S,
satisfies the positivity condition ([7, Theorem 1.3]), whereas the
positivity condition fails for the Hecke pair (SLn(Qp),SLn(Zp))
(loc. cit., Proposition 3.19). Furthermore, the Hecke algebra
H(SLn(Qp),SLn(Zp)) does not have an enveloping C∗-algebra
(loc. cit., Proposition 2.21).

Proposition 4.3. Suppose that (G,S) is a Hecke pair satisfy-
ing the positivity condition. Then the canonical hermitian form
on C[G/S]⊗HW is positive semidefinite for every ∗-representation ρ
of H = H(G,S) on a complex Hilbert space W .
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Proof. Suppose that (ρ,W ) is ∗-representation of H on a complex
Hilbert space. Hall already observed that the positivity condition
implies that

〈f ⊗ w, f ⊗ w〉 = 〈w, ρ(〈〈 f, f 〉〉).w〉 ≥ 0

for all simple tensors f ⊗ w ∈ C[G/S] ⊗H W ([7], lines preceding
Definition 3.15). In order to deduce that

(10) 〈v, v〉 =
n∑

i,j=1

〈fi ⊗ wi, fj ⊗ wj〉 ≥ 0

holds for arbitrary tensors v =
∑n

i=1 fi ⊗ wi ∈ C[G/S] ⊗H W ,
we employ a lemma drawing on ideas from the theory of Hilbert
C∗-modules:

Lemma 4.4. Let ρ : A → B be a ∗-algebra homomorphism from
a unital ∗-algebra A to a unital C∗-algebra B, with dense image.
Let V be a right A-module, and consider B as a right A-module
via b.a := b ρ(a) for a ∈ A, b ∈ B. Suppose that K : V × V → B
is a hermitian mapping which is A-linear in the second argument
(thus K(y, x) = K(x, y)∗, K(x, y + y1) = K(x, y) + K(x, y1), and
K(x, y.a) = K(x, y).a for all x, y, y1 ∈ V , a ∈ A). If K(x, x) ∈ B+

for all x ∈ V , then

(K(xi, xj))i,j=1,...,n ∈Mn(B)+

for all finite sequences x1, . . . , xn ∈ V .

Proof. Let x1, . . . , xn ∈ V . Identifying Mn(B) with L(Bn), [12,
Lemma 4.1] shows that (K(xi, xj))ni,j=1 ∈Mn(B)+ if and only if

(11)
n∑

i,j=1

b∗iK(xi, xj)bj ∈ B+

for all b1, . . . , bn ∈ B. As we assume that im(ρ) is dense in B, due
to closedness of B+ in the C∗-algebra B clearly Equation (11) holds
for all b1, . . . , bn ∈ B if and only if it holds for all b1, . . . , bn ∈ im(ρ).
However, for all a1, . . . , an ∈ A we have

n∑
i,j=1

ρ(ai)∗K(xi, xj)ρ(aj) =
n∑

i,j=1

K(xi.ai, xj .aj) = K(s, s) ≥ 0

in B, where s :=
∑n

i=1 xi.ai. �
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Proof of Proposition 4.3, completed: Given a ∗-representation ρ
of H on a Hilbert space W , we let A be the closure of ρ(W ) in
(L(W ), ‖.‖). Then A is a C∗-algebra, ρ(W ) being a ∗-subalgebra
of L(W ). We define a hermitian mapping

K := ρ ◦ 〈〈•, •〉〉 : C[G/S]× C[G/S]→ A.

Note that K(f, g ∗ h) = ρ(〈〈f, g〉〉 ∗ h) = K(f, g)ρ(h) for all
f, g ∈ C[G/S] and h ∈ H. Thus K and ρ (co-restricted to A)
satisfy the hypothesis of Lemma 4.4. Given

v =
∑n

i=1 fi ⊗ wi ∈ C[G/S]⊗HW ,

the lemma yields (K(fi, fj)) ∈Mn(A)+ ⊆Mn(L(W ))+
∼= L(Wn)+.

Thus 〈v, v〉 =
∑n

i,j=1〈wi,K(fi, fj).wj〉 ≥ 0, as required. 2

Proposition 4.5. Suppose that (G,S) is a Hecke pair and ρ a
hermitian representation of the associated Hecke algebra H on a
pre-Hilbert space W such that the canonical hermitian form on
C[G/S] ⊗H W is positive semidefinite. Then ρ(f) is a bounded
operator for all f ∈ H, and

(12) ‖ρ([SgS])‖ ≤ (R(g)L(g))
1
2

for all g ∈ G.

Proof. The hermitian representation ρ ofH gives rise to a hermitian
representation ρ̌ of G on C[G/S] ⊗H W (see Equation (8)), which
in turn gives rise to a hermitian representation δ := ˇ̌ρ of H on the
subspace [S]⊗W (see Equation (7)). By Lemma 3.9, it suffices to
show the assertions for δ in place of ρ. Given γ ∈ G, the fact that
ρ̌ is hermitian implies that

〈ρ̌(γ).v, ρ̌(γ).v〉 = 〈v, ρ̌(γ−1)ρ̌(γ).v〉 = 〈v, v〉

for all v ∈ C[G/S] ⊗H W ; thus ρ̌(γ) is an isometry. Given x ∈ G,
we have

δ([SxS]) =
∑

γ∈SxS/S

Ξ(x)
1
2 ρ̌(γ)|[S]⊗W

and therefore ‖δ([SxS])‖ ≤ L(x) · Ξ(x)
1
2 = (R(x)L(x))

1
2 , mak-

ing use of the triangle inequality for the semi-inner product space
C[G/S]⊗HW . The assertions follow. �
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Suppose that A is a ∗-algebra such that

‖a‖C∗ := sup
ρ
‖ρ(a)‖ <∞ for all a ∈ A,

where ρ ranges through the ∗-homomorphisms from A to unital
C∗-algebras. (Such a ∗-algebra is called a G∗-algebra in [15].)
Then the completion of A with respect to the norm ‖a‖C∗ is a
C∗-algebra, denoted C∗(A), and this algebra together with the
natural ∗-homomorphism η : A → C∗(A) is called the envelop-
ing C∗-algebra of A, see [15, Definition 10.1.10]. The envelop-
ing C∗-algebra has the universal property that for every ∗-algebra
homomorphism ρ from A to a C∗-algebra B, there exists a unique
∗-algebra homomorphism ρ′ : C∗(A) → B such that ρ′ ◦ η = ρ,
[15, Theorem 10.1.11]. The Hecke C∗-algebra associated to a
Hecke pair (G,S) is defined as the universal enveloping C∗-algebra
C∗(G,S) := C∗(H(G,S)), whenever it exists.

We readily deduce from Proposition 4.3 and Proposition 4.5 (see
also [7, Corollary 1.2], where the category equivalence is invoked
for the proof):

Proposition 4.6. If a Hecke pair (G,S) satisfies the positivity
condition, then the Hecke C∗-algebra C∗(G,S) exists, and

‖f‖C∗ ≤
∑

γ∈S \G/S

(R(γ)L(γ))
1
2 |f(γ)| =

∑
γ∈G/S

Ξ(γ)
1
2 |f(γ)|

for all f ∈ H(G,S). 2

There is also a lower bound for the quasi-norm ‖.‖C∗ on the
Hecke algebra. Indeed:

Proposition 4.7. Let (G,S) be any Hecke pair. Then

‖f‖C∗ ≥ max


√ ∑
γ∈S \G/S

R(γ) |f(γ)|2,
√ ∑
γ∈S \G/S

L(γ) |f(γ)|2

 ,

for every f ∈ H(G,S). In particular, ‖f‖C∗ 6= 0 whenever
0 6= f ∈ H(G,S), and ‖[SgS]‖C∗ ≥ max{L(g)

1
2 , R(g)

1
2 }, for

every g ∈ G.
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Proof. The unitary representation λ of G on `2(G/S) given by
(g.f)(xS) := f(g−1xS) for g, x ∈ G, f ∈ `2(G/S) gives rise to
a ∗-representation λ̌ of H(G,S) on `2(G/S)S . For f ∈ H(G,S), we
compute in `2(G/S):

‖λ̌(f).[S]‖2 =
∑

γ,η∈G/S

Ξ(γ)
1
2 Ξ(η)

1
2 f(γ) f(η) 〈[γS], [ηS]〉

=
∑

γ∈G/S

Ξ(γ) |f(γ)|2 =
∑

γ∈S \G/S

Ξ(γ)L(γ) |f(γ)|2

=
∑

γ∈S \G/S

R(γ) |f(γ)|2,

using that

〈[γS], [ηS]〉 = δγS,ηS . Thus ‖f‖2C∗ ≥
∑

γ∈S \G/S R(γ) |f(γ)|2.
The assertion follows since ‖f‖C∗ = ‖f∗‖C∗ . �

5. Functors involving the positivity condition

Given a Hecke pair (G,S), we let U(G,S) be the category of
unitary representations (π, V ) of G on complex Hilbert spaces V
such that the Hilbert G-module V is generated topologically by its
subspace V S of S-fixed vectors, i.e., V = spanπ(G).V S . We take
intertwining partial isometries as the morphisms (see [4], Chapter 5,
§4.2). U(H) denotes the category of unital ∗-representations (ρ,W )
of H := H(G,S) on complex Hilbert spaces W , with intertwining
partial isometries as morphisms. In this section, we recall R. Hall’s
definition of functors R : U(G,S)→ U(H) and I : U(H)→ U(G,S),
assuming henceforth that (G,S) satisfies the positivity condition.
We also explain the effect of I on morphisms (Lemma 5.3), which
is not described in [7].

5.1. Given a unitary representation (π, V ) of G with V generated
topologically by its S-fixed vectors, we define R(π, V ) as R(π, V ) =
V S , equipped with the ∗-representation π̌ and the inner product in-
herited from V , see Equation (7). If φ : (π1, V1)→ (π2, V2) is a par-
tial isometry intertwining the representations, we set
R(φ) := φ|V

S
2

V S1
.
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5.2. Given a ∗-representation (ρ,W ) of H, let us define a
unitary representation I(ρ,W ) of G. First, we note that
‖ρ̌(g).v‖2 = 〈ρ̌(g).v, ρ̌(g).v〉 = 〈v, ρ̌(g−1)ρ̌(g).v〉 = 〈v, v〉 = ‖v‖2 for
all g ∈ G and all v in the semi-inner product space P := I(W ) =
C[G/S] ⊗H W . In other words, the hermitian representation ρ̌
(defined in Equation (8)) is a representation by isometries of P . In
particular, ‖ρ̌(g).v‖ = ‖v‖ = 0 for all v ∈ N := P⊥, the subspace
of zero-length vectors in P . Hence, if q : P → P/N denotes the
quotient map, there is a unique linear map A : P/N → P/N satis-
fying A ◦ q = q ◦ ρ̌(g), and A is a surjective isometry. Let HW be
the Hilbert space completion of P/N . Then A has a continuous ex-
tension A : HW → HW , which is an isometry with dense image and
thus a unitary operator. By abuse of notation, we write ρ̌(g) := A
also for this operator. It is readily verified that ρ̌ : G → U(HW ) is
a unitary representation of G. We set I(ρ,W ) := (ρ̌, HW ).

The definition of the induction functor I on morphisms requires
a little bit of work.

Lemma 5.3. Suppose that (ρ1,W1) and (ρ2,W2) are ∗-representa-
tions of H on Hilbert spaces, and assume that ψ : W1 → W2

is a partial isometry which intertwines the representations. Set
Pj := I(Wj) = C[G/S] ⊗H Wj for j = 1, 2, Nj := P⊥j , and let
qj : Pj → Pj/Nj be the quotient map. Then the left G-module
homomorphism ψ := I(ψ) = id⊗ ψ : P1 → P2 is a contraction and
therefore q2 ◦ ψ factors over q1 to a continuous linear map

(13) P1/N1 → P2/N2.

The continuous extension

I(ψ) := ψ : HW1 → HW2

of the mapping (13) is a partial isometry which intertwines the
unitary representations (ρ̌1,HW1) and (ρ̌2,HW2).

Proof. We have ψ ◦ ρ1(g) = ρ2(g) ◦ ψ for all g ∈ G and therefore
ρ1(g−1) ◦ ψ∗ = ψ∗ ◦ ρ2(g−1). Thus ψ∗ intertwines the representa-
tions ρ2 and ρ1, and thus Π := ψ∗ ◦ ψ : W1 → W1 is an orthogo-
nal projection and a self-intertwiner of ρ1. Note that ρ1(g) leaves
ker Π (the 0-eigenspace of Π) and im Π (the 1-eigenspace of Π)
invariant for each g ∈ G, since ρ1(g) commutes with Π.
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Abbreviate Π = I(Π) = id ⊗ Π. Given v =
∑n

i=1 fi ⊗ wi ∈
C[G/S]⊗HW1, we calculate

‖v‖2 =‖Π.v + (1−Π).v‖2

=‖Π.v‖2 + ‖(1−Π).v‖2 +
n∑

i,j=1

〈Π.wi, (1−Π).ρ1(〈〈 fi, fj〉〉).wj〉

+
n∑

i,j=1

〈(1−Π).wi,Π.ρ1(〈〈 fi, fj〉〉).wj〉

=‖Π.v‖2 + ‖(1−Π).v‖2;

so Π: P1 → P1 is a contraction. As

‖ψ.v‖2 =
∑
i,j

〈ψ.wi, ρ2(〈〈 fi, fj 〉〉).ψ.wj〉

= 〈ψ∗ψ.wi, ρ1(〈〈 fi, fj 〉〉).wj〉
= 〈(ψ∗ψ)2.wi, ρ1(〈〈 fi, fj 〉〉).wj〉
= ‖Π.v‖2 ≤ ‖v‖2,

the mapping ψ is a contraction as well. By the preceding, contin-
uous linear mappings ψ ∈ L(HW1 ,HW2) and Π ∈ L(HW1) can be
defined as described in the lemma. Now

〈ψ.(f ⊗ w1), g ⊗ w2〉 = 〈f ⊗ (ψ.w1), g ⊗ w2〉
= 〈ψ.w1, ρ2(〈〈 f, g 〉〉).w2〉
= 〈w1, ρ1(〈〈 f, g 〉〉).ψ∗.w2〉
= 〈f ⊗ w1, ψ∗.(g ⊗ w2)〉

holds for all f, g ∈ C[G/S], w1, w2 ∈ W1, which entails ψ
∗

= ψ∗.
But then ψ

∗
ψ = ψ∗ ψ and therefore

(ψ
∗
ψ)2 = (ψ∗ ψ)2 = ψ∗ ψ = ψ

∗
ψ,

using that all of these operators are continuous and coincide on
the dense subspace P1/N1 of HW1 . Thus ψ

∗
ψ is an orthogonal

projection, whence ψ is a partial isometry indeed. �

It is easily verified that R : U(G,S) → U(H) and I : U(H) →
U(G,S) are functors.
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6. Hall’s category equivalence

If (G,S) is a Hecke pair satisfying the positivity condition, then
the functors R and I give rise to a category equivalence between
the categories U(G,S) and U(H) (see [7]). In this section, we use
the topologization construction developed in Section 2 to justify
loc. cit., Lemma 3.24, which is used essentially in loc. cit. to estab-
lish the category equivalence:

[7, Lemma 3.24]: Let (G,S) be a Hecke pair satisfying the positiv-
ity condition, and (ρ,W ) be a ∗-representation of H(G,S). Then
W ∼= (HW )S as Hilbert spaces.

For convenience, let us fix some notation. Throughout the follow-
ing, (G,S) denotes a Hecke pair satisfying the positivity condi-
tion. If (ρ,W ) is a ∗-representation of H := H(G,S) on a Hilbert
space W , we abbreviate P := I(W ) = C[G/S]⊗HW , let N := P⊥

be the radical of the semi-inner product 〈•, •〉 on P , and PS ≤ P be
the subspace of S-fixed vectors. HW := P/N denotes the Hilbert
space completion of P/N , and π := ρ̌ the hermitian representa-
tion of G on P associated with ρ. The unitary representation
G→ U(HW ) induced by π will be denoted by π as well. Finally, we
let q : P → P/N be the canonical quotient map. The goal of this
section is to prove the following proposition, corresponding to [7,
Lemma 3.24]:

Proposition 6.1. (HW )S = q(PS) holds, and the mapping W →
R(I(W )) = (HW )S, w 7→ q([S]⊗w) is an isometric isomorphism.4

Proof. It is shown in [7], proof of Lemma 3.24 that W ∼= PS as
Hilbert spaces via w 7→ [S] ⊗ w (see also Lemma 3.9 above). We
complete the proof in two main steps:

Step 1. If v ∈ P , then q(v) ∈ (HW )S if and only if ρ̌(s).v ∈ v +N
for all s ∈ S, which is a weaker condition than being S-fixed. In a
first step, we show that if q(v) ∈ P/N is S-fixed for some v ∈ P ,
then the coset v +N always contains an S-fixed vector.

Step 2. In general, the pre-Hilbert space P/N is a proper subspace
of HW , so there might be S-fixed vectors v ∈ HW which are not
contained in P/N . We show that this is not the case, i.e., that

4And an isomorphism of H-modules.
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(HW )S ⊆ q(P ). It is here where the topologization construction
comes in.

Step 1 doesn’t pose major difficulties.

Lemma 6.2. Define PS := {v ∈ P : π(s).v = v for all s ∈ S },
and X := {v ∈ P : π(s).v ∈ v + N for all s ∈ S }. Then q(PS) =
q(X).

Proof. Let v ∈ X, say v =
∑n

i=1[xiS] ⊗ wi where x1, . . . , xn ∈ G
and w1, . . . , wn ∈W . The subgroup T :=

⋂n
i=1 Sxi has finite index

in S, and fixes v. Being a convex combination of elements in the
affine subspace v +N of P , the element

v′ :=
1

[S : T ]

∑
s∈S/T

π(s).v

is contained in v+N . Furthermore, v′ is S-invariant. Thus v′ ∈ PS
and q(v′) = q(v). �

Step 2 of the proof is more involved, and will be accomplished in
a series of steps.

6.3. First, we observe that W̃ := q(PS) is closed in HW . In fact,
PS ∼= W is already a Hilbert space and q|W̃

PS
is a surjective isome-

try; hence W̃ is a Hilbert space and therefore closed in HW , being
complete.

6.4. Next, we associate a totally disconnected, locally compact
group G̃ and open compact subgroup S̃ ≤ G̃ to the Hecke pair (G,S),
as described in Section 2. We make C[G/S] a C[G̃]-H(G,S)-bimodule
by means of the action (g̃, f) 7→ g̃ � f of G̃ described in Proposi-
tion 2.5. We obtain a representation π̃ of G̃ on P = C[G/S]⊗HW
via

π̃(g̃).(
n∑
i=1

fi ⊗ wi) :=
n∑
i=1

(g̃ � fi)⊗ wi

for g̃ ∈ G̃, f1, . . . , fn ∈ C[G/S], w1, . . . , wn ∈W .

Lemma 6.5. The representation π̃ of G̃ on P is hermitian with
respect to the positive semidefinite hermitian form 〈•, •〉.
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Proof. Let g̃ ∈ G̃ and v1, v2 ∈ P = C[G/S]⊗HW . Define Ψ: G→ G̃
as in Section 2 and let (gα)α∈A be a net in G such that Ψ(gα)→ g̃

in G̃. We readily deduce from Lemma 2.6 that there exists α0 ∈ A
such that π̃(g̃).v1 = π(gα).v1 and π̃(g̃−1).v2 = π(g−1

α ).v2 for all α ≥
α0. For any such α, we compute 〈π̃(g̃).v1, vn〉 = 〈π(gα).v1, v2〉 =
〈v1, π(g−1

α ).v2〉 = 〈v1, π̃(g̃).v2〉. We deduce that the representa-
tion π̃ is hermitian. �

6.6. The hermitian representation π̃ on the semi-inner product
space P induces a hermitian representation of the group G̃ on the
inner product space P/N , which via continuous extension of oper-
ators gives rise to a unitary representation G̃→ U(HW ), which we
also denote by π̃ (cf. 5.2).

6.7. If V is a complex Hilbert space, it is well-known that the weak
operator topology and strong operator topology coincide on U(V )
and make it a topological group. Furthermore, the action
U(V )×V → V , (A, v) 7→ A(v) is continuous ([14], Corollary A.I.4).

Lemma 6.8. The representation π̃ : G̃→ U(HW ) is continuous.

Proof. Since every f ∈ C[G/S] has open stabilizer in G̃ by
Lemma 2.6, clearly every v ∈ P = C[G/S] ⊗H W has open sta-
bilizer in G̃. This implies that the orbit map

(14) G̃→ HW , g̃ 7→ π̃(g̃).q(v)

is locally constant and therefore continuous. Now U(HW ) ⊆ L(HW )
being bounded, the strong operator topology coincides on this set
with the initial topology induced by the mappings U(HW )→ HW ,
A 7→ A.v, where v ranges through any dense vector subspace D
of HW . We choose D = P/N and deduce from the continuity of
the mappings (14) for all v ∈ P that π̃ : G̃→ U(HW ) is continuous
indeed. �

By 6.7 and Lemma 6.8, the action G̃ × HW → HW , (g̃, v) 7→
π̃(g̃).v of the locally compact group G̃ on the Hilbert space HW is
continuous (although point stabilizers might not be open here). We
introduced (G̃, S̃) with the aim of achieving such a situation, since
now the following standard fact applies (cf. [9], Proposition 1.11):
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Lemma 6.9. Let C be a compact group and C ×X → X, (c, x) 7→
c.x be a continuous action of C on a topological space X. Suppose
that x0 ∈ X is fixed by the C-action. Then, for every neighbour-
hood U of x0 in X, the C-invariant set V :=

⋂
c∈C c.U ⊆ U is a

neighbourhood of x0 in X. If X is a topological vector space, C
acts by linear maps, and U is a convex neighbourhood of x0 here,
then V is convex. 2

To complete the proof of Proposition 6.1, we have to show that
(HW )S = W̃ := q(PS).

Let v ∈ HW be an S-fixed vector. It easily follows from Lemma 2.6
that π̃(Ψ(g)) = π(g) for all g ∈ G. Thus v is Ψ(S)-fixed. The latter
set being a dense subgroup of S̃, we deduce from the continuity
of the action of G̃ on HW that v is S̃-fixed. Let U ⊆ HW be
any convex neighbourhood of v. By Lemma 6.9, U contains an S̃-
invariant convex neighbourhood V of v. Due to the density of P/N
in HW , there exists w ∈ V ∩ P/N . Then w has open stabilizer T̃
in S̃, as observed above. The convex combination

b :=
1

[S̃ : T̃ ]

∑
x∈S̃/T̃

π̃(x).w

is contained in V ∩ (P/N) and is S̃-fixed, hence also S-fixed.
Lemma 6.2 shows that b ∈ W̃ . We have proved that W̃ is dense
in (HW )S . The set W̃ ⊆ (HW )S being closed in HW (6.3), we
deduce that (HW )S = W̃ . �

We conclude this section with the formulation of Hall’s category
equivalence:

Theorem 6.10. Let (G,S) be a Hecke pair satisfying the positivity
condition. Then the functors I and R define an equivalence between
the categories U(G,S) and U(H). 2

Proof. See [7, Theorem 3.25] and its proof. Proposition 4.3,
Lemma 5.3, and Proposition 6.1 above provide additional
details. �

Of course, the categories of (non-degenerate) ∗-representations
of H and its universal enveloping C∗-algebra C∗(G,S) being equiv-
alent, Theorem 6.10 entails a category equivalence between U(G,S)
and the category of non-degenerate ∗-representations of the Hecke
C∗-algebra C∗(G,S).
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7. Submultiplicativity of the scale function

The scale function s : G → N on a totally disconnected, locally
compact group G (introduced first in [18]) can be defined via

(15) s(g) := min [U : U ∩ gUg−1]

for g ∈ G, where U runs through the compact, open subgroups of G.
A compact, open subgroup U is tidy for g if the minumum in (15) is
attained at U (see [19]). In this section, we use a simple Hecke alge-
bra argument to prove that the scale function is submultiplicative
on group elements possessing a joint tidy subgroup.

Lemma 7.1. Given a Hecke pair (G,S), let Λ : H(G,S) → C be
the unique linear map such that Λ([SgS]) = L(g) for all g ∈ G.
Then Λ is an algebra homomorphism.

Proof. (cf. [10], Corollary 4.5). The assertion follows from the ob-
servation that Λ maps

[SgS] ∗ [ShS] =
∑

γ∈SgS/S

∑
η∈ShS/S

[γηS] =
∑
γ,η

1
L(γη)

[SγηS]

to
∑

γ,η
1

L(γη)L(γη) = L(g)L(h) = Λ([SgS]) Λ([ShS]), for all
g, h ∈ G. �

We deduce:

Proposition 7.2. Let G be a totally disconnected, locally compact
group, and s : G → N be its scale function. If x, y ∈ G possess a
joint tidy subgroup, then s(xy) ≤ s(x)s(y).

Proof. Let S be a compact, open subgroup of G which is tidy for
both x and y. Then

L(x) = [SxS : S] = [S : S ∩ xSx−1] = s(x)

and similarly L(y) = s(y). As [SxS] ∗ [SyS] = [SxyS] + r, where
r is a sum of characteristic functions of double cosets and thus
Λ(r) ≥ 0, we obtain

s(x)s(y) = L(x)L(y) = Λ([SxS])Λ([SyS])
= Λ([SxS] ∗ [SyS]) = Λ([SxyS]) + Λ(r)
≥ Λ([SxyS]) = L(xy) = [S : S ∩ (xy)S(xy)−1]
≥ s(xy).
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