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ON THE NON-NORMALITY OF X\ {p} FOR
NON-DISCRETE SPACES X

JUN TERASAWA

ABSTRACT. For a non-compact metrizable space X without
isolated points and a point p € X \ X, 8X \ {p} is shown to
be non-normal in the following cases: (1) dim X = 0; (2) p is
a remote point.

As is pointed out in [4, Question 13, p. 105], it is difficult to
determine whether Sw\ {p} is normal or not for a point p € fw\w =
w* (obviously, fw\{p} is normal for any p € w* iff w*\{p} is normal
for any p € w*). Under CH, it is known to be non-normal [9], [12],
but, without CH or under the negation of CH, we seem to know
only very little.

Here, deviating a bit from this central interest, we study X \
{p} for non-discrete spaces X in ZFC and show the following two
theorems. These extend S. Logunov’s recent results [5], [6], which
have an additional assumption that X is separable.

Theorem 1. If X is a non-compact, metrizable, strongly zero-
dimensional space without isolated points and p € X \ X is an
arbitrary point, then 8X \ {p} is not normal.

Theorem 2. If X is a non-compact metrizable space without iso-
lated points and p € X \ X is an arbitrary remote point, then
BX \ {p} is not normal.
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A point p € X \ X is called a remote point of X if it does not
belong to the closure of any nowhere dense subset of X. It is known
[2] that every non-compact metrizable space has at least 2¢ remote
points.

B. E. Sapirovskii [10, p. 1060] called a point z € X a butterfly
point (or b-point) of X if there are two closed sets of X such that
(a) each of them accumulates at x, and (b) they meet at exactly
the point z.

Obviously, if X is not compact and x € X \ X is a butterfly
point of X, then X \ {z} is not normal. Conversely, if Z is
normal and Z \ {z} is not normal, then z is a butterfly point of
Z. Therefore, the point p in each of our theorems is a butterfly
point of X . Actually, we will show that p is also a butterfly point
of X \ X. However, we do not know whether X \ (X U {p}) is
non-normal or not, even under the additional assumption that X
is locally compact.

1. PrROOF OF THEOREM 1

Throughout, we will use the symbol A* = [J{S : S € A} for
a family A of subsets of X. Also the closure operation Cl will be
always taken in X unless otherwise specified.

Let X be any non-compact, metrizable, strongly-zero-dimensional
space without isolated points. Then we note that X has a base
B ={B,C,...} consisting of nonempty clopen sets, each B being
associated with three sets B® € B, i = 1,2, 3, such that

(1) B> B®W and B® N BU) = {) for i # j;

(2) if B & C, then either B ¢ C® for some i or BN, C) = {;
(3) for each B,C, either BNC =0, BC C, or B D C;

(4) each B is contained in only finitely many members of B.

In fact, first take any disjoint open cover B; of diameter < 1.
Since X has no isolated points, each B € B is covered by infinitely
many disjoint open sets of diameter < 1/2. They form, with B
running over By, a cover By of X. The sets B() are taken arbitrarily
from the cover of B. And each B € B is covered by infinitely many
disjoint open sets of diameter < 1/3. Proceeding in this way, we
obtain a base B = | J,, B,, which satisfies the conditions (1) through

(4).
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Let us take and fix any point p € SX \ X. We will show that p
is a butterfly point of 5.X.

Now consider the collection U of all disjoint open covers ¢ C B
of X.

We may suppose that C1B Z p for any B € B, since B\ {B €
B:ClB > p} is also a base of X and satisfies (1) through (4).

The point p helps us introduce a linear order in U (see [5], [6]).
That is, two elements o and 7 are considered equivalent, written
o~r,ifpe ClloNT)*. And define

o <riff pe Cllo]| 1),

where we let |7 = {B € 0 : B C C for some C' € 7}. The fact
that this order is well-defined on equivalence classes follows from
the facts that each o € U is a disjoint open cover of X, and that
Clo*NCl(o \ §)* = 0 for any 6 C o. The linearity of the order
(that is, either o < 7 or o > 7 occurs for any o, 7) follows from
condition (3). The details are as follows.

Lemma 1. (i) o~TAT~T = o ~m,
(i) co<TAT~T = o <m,
(iii) c~vANo <7 = v <,
(iv) o<7AT<7m = o <m,
(V) o <TANT<0 = 0~T,
(vi)o€T = 7<o0.

Proof: (i). Since p € Cl(eN7)* and p € Cl(7Nm)*, it follows that
p € Cl((en7)*N(rN7)*). Note that (cN7)*N(rN7T)* = (cNTNT)*
because 7 is a disjoint cover. Now (¢ N7 N7)* C (o Nw)* implies
p € ClloNm)*.

(ii). Let 7 = {C € 7 : C contains some B € o |7}. Then (7/)* D
(o|7)* implies p € CI(7')*. This further implies p € C1((7/)* N (7N
m)*) = Cl(r'nrN7)* = Cl(r'Nm)* and p € Cl((o | 7)* N (7' Nm)*).
Since 7 is disjoint, it follows that (o|7)*N (7' Nm)* C {Be€o|T:
B is contained in some C' € 7/ N w}*. The latter set is included
in {B € o : Bis contained in some C € TN7}* C {B € o :
B is contained in some C € 7}* = (o | 7)*.

(iii). Since p € Cl(o Nv)*, it follows that p € Cl((c |7)* N (o N
v)*) = Cl((o | 7) Nw)*. It is obvious that (o |7) Nv C v|T.

(iv). Let 7/ = {C € 7 : C contains some B € o |7}. Then since
p € Cl(o|7)* and p € Cl(r|7)*, it follows that p € Cl((c|7)* N
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() n(r|m)*) = Cl((e|7)* N (7' N (r|m))*). Since 7 is disjoint,
the latter set is included in {B € o |7 : B is contained in some C €
7'N(r|m)}* € {B € o : B is contained in some C' € 7|7w}* C {B €
o : B is contained in some D € 7}* = (o |7)*.

(v). This is seen by noting (o |7)* N (7|o)* C (e NT)*.

(vi). Since p ¢ Cl(o | 7)*, it follows that p € Cl(c \ o | 7)*. Take
any neighborhood O of p and suppose that B € o \ o | 7 meets O.
The open set B N O meets some C' € 7. This means C' meets B.
Since the inclusion B C C' cannot happen, condition (3) implies
C C B and hence, C € 7| 0. Thus, p € Cl(7|0)*.

In the sequel, we will let symbols o, 7,... denote both covers
and their equivalence classes. There won’t be any confusion.

Note that smaller ¢’s are more important in the present argu-
ment. Obviously, if o refines 7, then ¢ < 7. Conversely, if o < T,
then there are p, ¢ € U such that p ~ o, T ~ ¢, p refines 7, and o
refines ¢.

For each o € U, take a closed subset

H, =(){Cl6*: 6 C o and p € C15*}

of X\ X. Note that H, is well-defined on the equivalence class of
o; more precisely,

Lemma 2. Ifo <7, then H, C H,.

Proof: Suppose 0 < 7, let z € H, and take any € C 7 such that
p € Cle*. Let 7/ be the set of C' € 7 which contains some B € o | T,
and J be the set of B € 0|7 which is contained in some C € eN7’.
Note that p € Cl((e N 7')* N (o |7)*). Since 7 is disjoint, it follows
that (eN7")*N (o |7)* C 6*, and hence, that p € Cl16*. This means
x € Cl§* because x € H,, and x € Cle* because ¢ D §*, and
finally x € H, because € C 7 is arbitrary. O

Lemma 3. Any neighborhood O of p in X contains some H,.

Proof: Since dim X = 0, we may suppose that the neighborhood
O is clopen. Then for any point x € X, choose a neighborhood
B(z) € B such that either B(xz) C O or B(z) N O = (), depending
on whether x belongs to O N X or not. By conditions (3) and (4),
the family {B(z) : + € X} contains a disjoint open cover. Let o
denote it. Then p € CI({B(z): x € O})* =Cl({B € 0 : B C O})*.
Let 6 = {B: B C O}. Obviously, H, C Clé* C O. O
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Lemma 4. For each equivalence class o and i = 1,2,3, there is a
point ro; € H, such that rq; € CI{B(’) :B et} forany T < o.

Proof: Tt suffices to see that the collection
0* 0 C o and p € Cl6*
{BY :Ber}* T<o

has the finite intersection property, that is, for each 6 C o satisfying
p e Clé* and 7,...,7, < 0,

n
SN ({BY :Ber}r £0.
j=1
Take any ¢ and 7,...,7,, and, for each j, let o; be the subfamily
of o consisting of sets each of which contains a member of 7;|o.
Since p € Cl(rj|0)*, it follows that p € Cl(o;)* and that p €
Cl(d* N ﬂj(gj)*) = C1(<5 N mj Uj)*.

Take any S € d N ﬂj oj. For each j, S contains a member of 7;,
and hence, by (3), is expressed as the union of some members of 7;.

If S € 7; for all j, then there is nothing more to do because
S0 ¢ 5’."ﬁﬂ?:1{B(i) : B € 7;}*. Otherwise, for each'j with S & 75,
since S c 8, 7;j contains a member which meets S, By (4), find
a maximal By € J{rj : S ¢ 7;} that meets S (“maximal” in the
sense of set-inclusion). Since By C S, it follows from condition (2)
that By C SO,

Next, if S or By € 7; for all 7, then there is nothing more to do.
Otherwise, find a maximal By € |J{7; : S,B1 ¢ 7;} which meets
Bgz). Since BoN By # 0, it follows from condition (3) that By C Bj.
Hence, by (2), By C Bgl).

Next consider Bs and proceed similarly. Then eventually this
process terminates because we are dealing with only finitely many
Tj ’s. ]

Now we are ready to complete the proof of Theorem 1.

For each i = 1,2, 3, let

K; = {TJ,Z‘ 1o GZ/{}.
Then, by our lemmas 3 and 4, p € Cl K;.

Take any 0. Then K; \ H, C {r;;: 7 > o} because r;; € H; C

H, for 7 < 0. Since r,; € Cl{B(i) : B € o} for o < 7, it follows
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that K; C H,UCI{B®Y : B € ¢}*. This implies C1 K;NC1 K; C H,
for i # j because CI{B® : B € ¢}* NCY{B® : B € o}* = ) for
i # j by (2). Thus, C1K; N ClK; = (), H, = {p} by Lemma 3,
and p is a butterfly point of both X and X \ X.

It might happen that, for some ¢, r5; = p for sufficiently small
o such that p is not an accumulation point of K;. But, by Lemma
4, there is at most one such 4, so it does not matter; in fact, this
is the reason why we have constructed three sequences {ry; : o},
i=1,2,3.

2. PROOF OF THEOREM 2

We prove Theorem 2 by modifiying the proof of the previous
section. But first we must clarify what the family B is in this case.

Let us begin with Arhangel’skii’s regular base for metrizable spa-
ces (see [3, 5.4.6]). A base G of a space X is called regular if, for any
point € X and any of its neighborhood U, there is a neighborhood
V C U of x such that only finitely many members of G meet both
V and X \U. If X is metrizable, then it has a regular base, defined
as the union of locally finite refinements of the open covers of X
consisting of all 1/(n + 1)-neighborhoods, n =0, 1,2, ..., of points.
Arhangel’skii shows that the converse to this is true, that is, every
Ti-space having a regular base is metrizable, but we do not need it
here.

The following seems well-known (see [3, Lemma 5.4.3]).

Proposition 1. A metrizable space X has a o-locally finite base
G = UG, called a regular base, such that every cover W C G has a
locally finite subcover.

Another of our devices is the following (see [6]). Here a family
A of subsets of a set E is said to densely cover E when Cly A* =
Clx E. Also note that we will call here the family A locally finite
if it is locally finite in the whole space X (that is, not just in the
union (J.A).

Proposition 2. For every locally finite family VW of nonempty open
sets, there is a locally finite family u(W) of disjoint nonempty open
sets such that
(a) for every W € W and U € p(W), either W NU = () or
W D U holds;
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(b) every W € W is densely covered by a subfamily of u(W).
Proof: For each finite subfamily ¢ C W, consider

K, = (Ne) Vo (Uovve)).

and let (W) be the family of all nonempty K. u(WV) consists of
disjoint sets, because, for W € ¢\ ¢, K, C W and K, N W = 0.
Also p(W) is locally finite, because an open set which meets K,
meets every W € .

To see that (V) densely covers each member of W, take any
U €W and z € U. Further, take any open neighborhood (in X)
O C U of the point #. We may suppose that {W € W: ONW # ()}
is a finite set. Let ¢ denote it. Obviously, ¢ > U. Note that
ONClx W =0 for every W ¢ o. If ON[ ¢ # 0, then ON K, # 0.
If ONN¢ = 0, then find a set ¢’ C ¢ such that U € ¢’ and
ONN¢ #0,and ONN NW =0 for any W € ¢ \ ¢'. Then
Ky CUand ONK,y # 0. O

Now we are ready to define the family B.

B is going to be a m-base of X and satisfy the conditions (1)
through (4), although now the following condition (1’) replaces (1):

(1) B > Clx BY and Clx B N Cly BY) = () for i # j.

First of all, fix a regular base G = UZO:O G, of X as in Proposition
1, and let By = p(Go).

Since X contains no isolated points, each B € B; contains three
nonempty open sets B(l), B’(Z), B®) such that B © Cly B® for each
i =1,2,3, and Cly B® N Cly BY) = @ for i # j. Let C; be the
family of all B®. Then C; is locally finite in X.

Now let By = pu(By UC1 UGyp). For each B € By, there obviously
are B € By such that the condition (1') is satisfied.

Next, each B € By contains three nonempty open sets BW B,
B®) guch that B > Cly B® for each i = 1,2,3, and Cly B® n
Clx BY) = @ for i # j. Let Cy be the family of all B®, and
B3 = /L(Bz UCyU gg)

Proceeding in this way, we obtain a family B = |J,, B,, which is
a m-base of X, and satisfies (1'), (2), (3) and (4).

Once we have taken a remote point p, the rest of the proof of
Theorem 2 is similar to that of Theorem 1. As before we remove
all B from B, if any, such that CI1 B > p.
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The collection U now consists of all locally finite disjoint families
o C B which cover X densely, i.e., Clx ¢ = X. The equivalence re-
lation and the order are defined in exactly the same way. Although
it is no longer true that Cl6* N Cl(c \ §)* = 0 for § C o, we have
instead that if U and V are open sets of X and p € Cl1U N ClV,
then p € CI(U NV) because p is a remote point. This is enough to
ensure the validity of the equivalence and the order relation.

Other modifications are equally minor. We mention only the
modified proof of Lemma 3.

Take open neighborhoods P, @ of the point p such that Clx Q C
P C Clx P C O. Then for any point x € X choose a neighbor-
hood G(x) € G such that either G(z) C P or G(z) NClx Q = 0,
depending on whether x belongs to Clx @ or not. We can assume
ClG(x) # p. The cover {G(x) : x € X} has a locally finite subcover
7 by Proposition 1. By conditions (3) and (4) and our construction,
a disjoint locally finite family o C B is found such that o refines =
and covers X densely (take o(G) C B, for each G € 7, which covers
G densely, and consider maximal members of the family (J{co(G) :
G}). Then p € Cl({G(z) : z € Clx Q})* C CI{B € 0 : B C P})*.
Let 6 = {B: B C P}. Obviously, H, C Clé* C O.

3. REMARKS

Remark 1. The referee pointed out the following to the author.

A. Blaszezyk and A. Szymanski [1] show that every near point
p of a non-compact metrizable space X without isolated points is
a butterfly point of 5X. Here p is called a near point of X if p
belongs to the closure of a closed discrete set C X.

According to the referee, suppose that p € C1 D for a closed dis-
crete subset D C X, and pick a discrete (in X) family {U(d) : d €
D} of closed neighborhoods U(d) of d. Then, for a neighborhood

base N at p,
H=()c|lJUv@
oeN deO

is a closed set of X and accumulates at p, and moreover HNCL D =
{r}.

A non-near point is called a far point. The referee’s point is
it would be interesting to know whether every far-but-not-remote
point is a butterfly point.
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Remark 2. Obviously, a minor modification of the foregoing es-
tablishes in ZFC that if p € C1D \ D for a countable discrete set
D C w*, then p is a butterfly point of w*. And the proof yields also
that w* \ {p} is not normal. This was probably what was meant by
“the best result so far” in [4, Question 13, p. 105].

Alan Dow told the author in a private communication that he
also knows of a ZFC point p with a similar property.

Remark 3. A really easy proof of the non-normality of fw \ {p}
under CH is actually given in [11, 3.30]; it shows, without recourse
to the P-points, that every p is a butterfly point of w*.

Remark 4. The readers should note that Logunov has published
two other papers in related topics (see [7], [8]).
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