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FERNANDO OROZCO ZITLI

ABSTRACT. Let X be a metric continuum and C(X) the hy-
perspace of subcontinua of X. A topolological property P is
said to be a sequential decreasing Whitney property provided
that if p is a Whitney map for C(X), {t»}nz1 is a sequence
in the interval (¢, 1) such that ¢, — ¢ and each fiber u™*(t,)
has property P, then p~'(t) has property P. In this pa-
per we show that the following properties are sequential de-
creasing Whitney properties: atriodicity, containing no arc,
irreducibility, indecomposability, hereditary indecomposabil-
ity, and unicoherence.

1. INTRODUCTION

A continuum is a compact, connected metric space. Throughout
this paper X will denote a continuum with a metric d. A continuum
X is said to be:

(a) a triod if there is a subcontinuum N of X such that the
complement of N in X is the union of three nonempty mu-
tually separated sets,

(b) atriodic provided X does not contain triods,

(¢) a weak triod if there are subcontinua Xi, X, and X3 of X

3 3
such that X = U XZ', Xz §Z U Xj and ﬂ Xz 7& @,
=1 VE =1
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(d) #rreducible provided that there exist two points p and ¢ € X
such that no proper subcontinuum of X contains p and ¢,

(e) unicoherent if AN B is connected whenever A and B are
subcontinua of X such that AUB = X,

(f) indecomposable provided that X is not the union of two
proper subcontinua,

(g) hereditarily indecomposable provided that each of its non-
degenerate subcontinua is indecomposable.

Let C(X) be the hyperspace of all nonempty subcontinua of X,
with the Hausdorff metric H. A Whitney map for C(X) is a contin-
uous function p : C(X) — [0, 1] such that (i) u({z}) = 0 for each
x e X, (i) if A,B € C(X) and A C B # A, then u(A) < u(B),
and (iii) pu(X) = 1. A Whitney level for C(X) is a set of the form
p~1(t) where p is a Whitney map for C'(X) and 0 < ¢ < 1. Whitney
levels are always continua [1, p. 1032].

A topological property P is said to be:

- a sequential decreasing Whitney property, provided that if
p is a Whitney map for C(X), {t,}52, is a sequence in
the interval (¢,1) such that ¢, — ¢ and each Whitney level
p~1(t,) has property P, then p~!(t) has property P,

- a sequential strong Whitney-reversible property, provided
that whenever X is a continuum such that there is a Whit-
ney map u for C(X) and a sequence {t,}°°; in (0,1) such
that t, — 0 and pu~'(t,) has property P for each n, then
X has property P.

Many authors have studied sequential strong Whitney-reversible
properties; in Chapter VIII of [3], a detailed list of the known se-
quential strong Whitney-reversible properties is presented.

In [7], the author introduced the concept of sequential decreas-
ing Whitney properties and proved that the following properties
are of this type: the property of Kelley, local connectedness, and
continuum chainability.

In particular, the following properties are known to be sequential
strong Whitney-reversible properties:

(1) atriodicity (see [5, Theorem 14.49, p. 458)),

(2) containing no arc (see [5, Theorem 14.52, p. 460]),

(3) irreducibility (see [3, Theorem 49.3, p. 274]),

(4) indecomposability (see [5, Theorem 14.46 (1), p. 454]),
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(5) hereditary indecomposability (see [5, Theorem 14.54 (1),
p. 461]),
(6) unicoherence (see [5, Theorem 14.46 (2), p. 454]).

In this paper we prove that the properties described in (1)-(6),
are sequential decreasing Whitney properties.

2. PRELIMINARES

Suppose X is a continuum and p is a Whitney map for C'(X). For
t < u(A), let C(A,t) = (u| C(A))~L(t), and for t > u(A) let CY =
{Beptt): Ac B}. Let ty € [0,1) and A be a nondegenerate
subcontinuum of p~1(tg). For each t € [tg, u(c(A))), let X(A,t) =
{B € u~(t) : there exists B € C(A) such that o(B) = B}. Since
C(A,t) is a Whitney level for C'(A), C(A,t) is a subcontinuum of
p=(t). It known that C% is a continuum when A € C(X) (see
[9, Theorem 4.2]) and X (A,t) is a continuum (see [7, Lemma 7,
p. 300]). J. L. Kelley has shown (see [4, Lemma 1.1, p. 23]) that the
function o : C(C(X)) — C(X) defined by o(A) = |J{A: A € A} is
continuous and surjective. So, for each ¢ € [0, 1], the function oy, :
C(u=t(t)) — p([t,1] defined by oy,(A) = o(A) is continuous.
Forz € X and € > 0, let By(e,z) ={y € X : d(z,y) <e}. f X isa
continuum and B C X, let N(¢, B) = |J{Bua(e,z) : x € B}. We say
that a subset A of C(X) is an anti-chain if A, B € Aand A C B,
implies that A = B. An order arc in C(X) is an arc « in C(X)
such that if A, B € o, then A C B or B C A. By Theorem 1.8 of
[6], for each A, B € C(X) such that A C B and A # B, there is an
order arc joining A and B.

The following lemma is due to Kelley (see [5, Lemma 1.28, p.
76)).

Lemma 2.1. Let X be a continuum and p a Whitney map for
C(X). Then, for each € > 0, there exists 6 > 0 such that if K, L €
C(X) satisfy K C N(6,L) and |u(L) — u(K)| < 8, then H(K,L) <

€.

3. ATRIODICITY

Theorem 3.1. Let X be a continuum, p be a Whitney map for
C(X), tg €[0,1) and t € (to,1]. If A is a subcontinuum of u=*(to),

then |J CY is a subcontinuum of p=1(t).
AeA
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Proof: Let L = |J CY%. It is easy to prove that £ is closed in
AeA

p~1(t). In order to see that £ is connected, suppose the contrary.
Then there exist two nonempty disjoint closed subsets F; and F>
of £ such that £ = F; UF,. Foreachi =1,2,let W; ={A € A:
C% C F;}. Observe that Wy and W» are nonempty disjoint subsets
of Aand A = W;UW,. Now we show that they are closed. We only
prove that W is closed since the argument for W, is similar. In
order to do this, let {A,}52; be a sequence in W; converging to an
clement A of A. We need to prove that A € W. Since {CYy }92, is
a sequence of elements of C(u=1(t)) (see [9, Theorem 4.2]), taking
subsequences if necessary, we may assume that {Ciln oo, converges
to an element C of C(u~1(t)). Since C!y C Fi, for each n > 1, we
get C C Fi. Let E € C. Then there exists a sequence {E), }72 ; such
that imF,, = F and E,, € Cf% for each n > 1. Notice that A C E.
So E € C%. Thus, C C CY. Since CY is connected, we conclude
that Cf;l C F1. Hence, A € W;.

Therefore, A is not connected, a contradiction. This completes
the proof that £ is a subcontinuum of p=1(¢). O

Theorem 3.2. Let X be a continuum, let p be a Whitney map for
C(X), and let to € [0,1). If u=t(to) contains a triod, then there
exists s € (to,1) such that p='(t) contains a weak triod for each
te (t(), S].

Proof: Let M be a triod contained in p~'(tg). Then there is
a subcontinuum N of M such that M\N is the union of three
nonempty mutually separated sets Si, Sz, and S3. For each ¢ < 3,
let A; = NUS;. Each A; is a subcontinuum of pu~!(¢y). For
each 7 < 3, choose an element F; € S;. Choose € > 0 such that
Bu(e, ;)N |J Aj = 0 for each i < 3. Let 6 be as in Lemma 2.1

J#

for the number §. Choose s € (o, 1] such that s —ty < 0 and
t € (to,s]. Foreachi < 3,let 7; = |J C%. We will prove that

A€A;
3 3
T = U7, is a weak triod. Since |J CY C 7;, we see that
i=1 AeN i=1

3

(N 7; is nonempty. For each i < 3, 7; is a subcontinuum of p~1(¢)
i=1

by

Theorem 3.1). Hence, 7 is a subcontinuum of 1 ~1(¢). Now, we
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prove that 7; ¢ |J 7;. It is enough to show that C, N |J 7; = 0.
JFi JFi
Let E € Cp,. Since |u(E) — p(E;)| < 6, by the choice of 4, we
infer that H(E, E;) < §. If E € |J T;, then there exists A € |J A;
J7 J#i
such that £ € C%. Since |u(E) — u(A)| < 6, by the choice of
d, we conclude that H(A,E) < §. So A € By(e, B;) N J Aj, a

J#i
contradiction. Thus, E ¢ (J 7;. Hence, since C’?Ei C 7;, we obtain
J#i
that 7; ¢ |J 7, for each ¢ < 3. Therefore, 7 is a weak triod. O

J#i
Corollary 3.3. The property of being atriodic is a sequential de-
creasing Whitney property.

Proof: This corollary follows easily from Theorem 3.2 and the
fact each weak triod contains a triod (see [10, Theorem 3, p. 443]).
O

4. CONTAINING NO ARC

Theorem 4.1. The property of not containing arcs is a sequential
decreasing Whitney property.

Proof: Take a Whitney map p for C'(X), a number ¢ € [0,1) and
sequence {t,}>; in (¢,1] such that ¢, — ¢ and p~!(#,) contains
no arc for each n > 1. Suppose that p~!(t) contains an arc a.
Notice that p(o(a)) > t. We are going to prove that C'(o(«),t)
is arcwise connected. Since p(o(a)) > t, we have that C(o(«),t)
is nondegenerate. Now, let A, B € C(o(a),t) and A # B. Then
there exist Ay, By € « such that AN A; # 0 # BN By. We
need to show that there exists an arc in C(o(a),t) which joins
Aand B. If A = A; and B = B,, then there exists a subarc
ay of a which joins A and B. Thus, ap is an arc in C(o(«),t)
which joins A and B. Hence, we only need to prove that there
exists an arc in C(o(a),t) which joins A and A;; similarly, the
same happens with B and B;. By Theorem 14.8.1 [5, p. 405],
there exists an arc a; in C(A U Ajp,t) joining A and A;. Since
AUA; C o(a), ag is an arc in C(o(a),t). Hence, the element A
can be joined with A; in C(o (), t). Therefore, C(o(a),t) is arcwise
connected. Let n be a positive integer such that ¢, € (¢, u(o(a))).
Since C(o(a),t) is a Whitney level for C(o(c)), by Proposition 2
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[8, p. 151}, we obtain that C(o(a),ty) is arcwise connected. Thus,
we see that C(o(a),t,) is nondegenerate and p~!(t,) contains an
arc, a contradiction. This completes the proof of this theorem. [

5. IRREDUCIBILITY

Theorem 5.1. Irreducibility is a sequential decreasing Whitney
property.

Proof: Take a Whitney map p for C'(X), a number ¢t € [0,1)
and a sequence {t,}2°, in (¢,1] such that t, — t and p~!(t,) is
irreducible for each n > 1. We prove that u~!(¢) is irreducible.
Suppose the contrary. Since X is irreducible (see Theorem 49.3,
[3, p. 274]), there are p, ¢ € X such that X is irreducible between
pand q. Let A, B € u~'(t) be such that p € A and g € B. By the
irreducibility of X, we have that A # B. Let A € C(u~1(t)) be
such that A is irreducible between A and B (see Exercise 4.35 (b)
[6]). Since p~1(¢) is not irrreducible, we infer that A # = (t). Let
D € p~1(t)\ A and take € > 0 in such a way By (e, D)NA = (). Let
d be as in Lemma 2.1 for this e. By Corollary 5.5 of [6], there exists
E € C(X) such that D C E C N(6,D) and D # E. Choose a
positive integer m such that t,, € (¢, min{u (E),u (o (A)),t+3}).
We need to prove that the set X (A, t,,) is a proper subcontinuum
of =Y (t;,) and o(X (A, t,,)) is a proper subcontinuum of X which
contains p and q. Clearly, X(A,t,) is a subcontinuum of p~'(¢)
(see [7, Lemma 7, p. 300]). Using order arcs, it can be shown that
there exists F' € C(E) such that F € u=(t,,). If F € X(A, tn),
then there exists £ € C(A) such that o(£) = F. Given L € L,
L C o(L) =F C E C N(6,D). By the choice of §, we have
that H(L,D) < e. Thus, L C Bpg(e, D). So, since L C A, we
conclude that £ C By(e, D) N A. This contradicts the choice of e.
We have shown that F' ¢ X (A, t,,). Hence, X(A,t,,) is a proper
subcontinuum of 1 ~1(¢,,). Since u~1(t,,) is irreducible, by Theorem
14.73.2 of [5], we have 0(X (A, t,,)) is a proper subcontinuum of X.

On the other hand, since A, B € A, using order arcs in C(A), it
can be shown that there exist Hy, Ha € C(A) such that A € H;,
B € Ha, and u(o(H;)) = tn, for each i < 2. Let Fy = o(H)
and Fy = o(Hz2). Notice that Fy, F» € X(A,ty). Then A C
Fy C o(X(A,tp)) and B C Fy» C o(X(A,ty,)). Thus, p and ¢ €
o(X(A,tn)).
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Therefore, X is not irreducible between p and ¢. This contradic-
tion completes the proof that ~1(t) is irreducible. O

6. INDECOMPOSABILITY

Theorem 6.1. Indecomposability is a sequential decreasing Whit-
ney property.

Proof: Take a Whitney map p for C'(X), a number ¢ € [0,1)
and a sequence {t,}5° ; in (¢,1] such that ¢, — t. We are going to
prove that if ~!(¢) is decomposable, then there exists a positive
integer m such that p~!(t,,) is decomposable. Let A; and As be
proper subcontinua of p~!(t) such that pu='(t) = A; U Ay, Let
A € A1\ Az and Ay € A\ A;. Then there exists € > 0 such that
Bp(e, A1)N Ay = 0 = Bp(e, A2)NA;. Let 6 be as in Lemma 2.1 for
the number § and take m a positive integer such that t,, —t <.
For each i € {1,2}, let G; = (J C%". By Theorem 3.1, G; and

A€cA;
G are subcontinua of p~!(t,,). Given E € u~*(t,,), using an order
arc from a one point set to F, it is possible to find A € pu=1(t)
such that A C E. Since A € A; for some ¢ € {1,2}, then £ € G;
for some i € {1,2}. We have shown that u~'(t;,) = G; U Gy. Fix
an element E; € p~'(t;,) such that Ay C Ey. If By € Gs, then
there exists A € Ay such that A C E;. By the choice of §, we
have that H(A, Ey), H(Ay, E1) < 5. Thus, A € B(e, A1) N As.
This contradicts the choice of € and proves that E; ¢ Go. Thus,
G is a proper subcontinuum of p~1(t,,). Similarly, G; is a proper
suncontinuum of 1~ !(¢,,). Hence, u~!(#,,) is decomposable. O

The proof of the next result is similar to that of Theorem 6.1.

Theorem 6.2. Hereditary indecomposability is a sequential de-
creasing Whitney property.

7. UNICOHERENCE
Theorem 7.1. Unicoherence is a sequential decreasing Whitney
property.

Proof: Take a Whitney map p for C(X), a number ¢ € [0,1),
and a sequence {t,}°°; in (t, 1] such that ¢, — t and p~1(¢) is not
unicoherent. We will show that there exists a positive integer m
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such that p~'(t,,) is not unicoherent. Let A; and As be subcon-
tinua of u~!(t) such that p='(t) = A; U A3 and A; N Ay is not
connected. Let F; and Fy be disjoint nonempty compact sets of
p~1(t) such that A; N Ay = Fi U Fo. Let € > 0 be such that 4e <
H(Fy, Fy) for every Fy € F; and Fy € Fo. For each i € {1,2}, let
U = {F € p=1(t) : there exists F; € F; such that H(F, F;) < €}.
Let B; = A;\(Uy Uls). Since A; is connected and Uy NUy = 0, B; is
nonempty. Let €; > 0 be such that ¢; < e and H(Bj, Bg) > 4¢; for
every By € By and By € Bs. Let § > 0 be as in Lemma 2.1 for this
number €;. Let m be a positive integer such that t¢,,, —t < d. For each
i€ {1,2},let C; = |J C%. By Theorem 3.1, C; and Cy are sub-
A€A;
continua of = t(t,,). Clearly, u=1(t,;,) = C1UCs. Given F € C;NCo,
there exist A1 € Ay and As € As such that Ay C F and Ay C F.
By the choice of 0, H(A;, As) < H(A1, F) + H(A2, F) < 2¢. By
the choice of €1, one of the sets A; or As belongs to Uy U Us.
This proves that, for each £ € C1 N Co, there exists A € Uy Uy
such that A C E. For each i € {1,2}, let £; = Cl,-1¢;)(U4;) and
Gi={F € p=Y(t;n) : there exists A € £; such that A C F}. Thus,
C1NCy C G1 UGs. Next, we see that G; N G = (. Suppose that
there exists F' € G N Ga. Then there exist F; € £1 and Ey € Lo
such that Ej, F; C F. By the choice of §, H(E1, Ey) < 2¢;. By
the definition of U;, there exists G; € F; such that H(FE;, G;) < e.
Thus, H(G1,G2) < 4e. This contradicts the choice of € and proves
that Gy NGy = . Given F; € F;, there exists D; € u~!(t,) such
that F; € D;. Thus, D; € C;t NCaNG;. We have shown that G; and
Gy are disjoint subsets of u~!(¢,,) such that C; N Cs C G1 UGy and
CiNCNGy #0+#CiNCyN Gy It is easy to prove that G; and
Go are closed. This proves that C; N Cy is disconnected. Therefore,
p~ 1 (tm) is not unicoherent. O

The proof of the next result is similar to that of Theorem 7.1.

Theorem 7.2. Hereditary unicoherence is a sequential decreasing
Whitney property.

8. OTHER PROPERTIES

Lemma 8.1. Let X be a continuum, p a Whitney map for C(X),
and ty € [0,1). If ato,#|ag)}u(u*1([to,l))) is one-to-one, then for
each t € (tg, 1), a,;)}u(/fl(t)) is a Whitney level for C(u~t(to)).
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Proof: Let t € [tg,1) and let M = a&)}“(,u_l(t)). We will prove
that M has the following properties:
(1) M C CO o)\ ({i ()} U (B} B € i (to)),
(2) M is an anti-chain and
(3) M intersects every order arc a in C(u~!(tp)) such that a
joins a one-point set and p~1(tg).

We need to prove that u='(tg) ¢ M and M N{{E} : E €
b (t)} = 0. T 1= (o) € M, then oy (= (f0) = X € =1 (t),
a contradiction. Now, suppose that M N{{E}: E € u~1(ty)} # 0.
Let A€ MN{{E}:E € u'(to)}. Then p(c(A)) =tand A= {E}
for some E € p~!(tg), a contradiction. This completes the proof of
(1).

In order to see that M is an anti-chain, let A, B € M be such
that A C B. Since oy,,,(A) C 04y,,(B) and o4, 4(A), 04y,.(B) €
wt(t), we infer that oy, ,(A) = oy, ,(B). Since oy, , is one-to-one,
we have that A = B. This ends the proof of (2).

We consider an order arc ain C'(u~1(¢)) joining a one-point set,
{E}, for some E € u~'(tg) and u~!(tg). Using order arcs, it can
be shown that there exists A € « such that p(o(A)) = ¢t. Thus,
A € M, and part (3) is proved.

Therefore, by Theorem 1.2 of [2], we conclude that M is a Whit-
ney level for C'(u~1(tp)). O

Theorem 8.2. Let X be a continuum and p be a Whitney map
for C(X). Assume that oy, O';ﬁ (u=1([t,1))) is one-to-one for each
t € [0,1). Then, if P is a sequential strong Whitney-reversible
property, P is also a sequential decreasing Whitney property.

Proof: Take a Whitney map p for C(X), a number ty € [to, 1),
and a sequence {t,}°; in (to, 1] such that t, — to and pu=t(t,)
has P for each n > 1, where P is a sequential strong Whitney-
reversible property. We are going to prove that u~1(tg) has P. Since
ato’u\at_o}u(u_l([to, 1))) is one-to-one, by Lemma 8.1, for each t €
(to, 1), we infer that atz}u(u_l(t)) is a Whitney level for C(u(to)).
Now, since Jt07u|0;0’1u(u_1([t0,1))) is one-to-one, it follows that
0;071“(,&_1(75)) is homeomorphic to u~!(t) for every t € (tp,1). It
is easy to see that Ut_oylu(,ufl(tn)) —{{E}: Ecu(ty)}.

Therefore, since P is a sequential strong Whitney-reversible prop-
erty, u~!(tg) has P, and the theorem is proved. O
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A continuum X is said to have the covering property, written X €
CP, provided that no proper subcontinuum of ;! (t) covers X, for
any Whitney map p for C' (X) and any t € [0, 1]. Notice that if X €
CP and p is a Whitney map for C (X), then oy, is one-to-one. By
Theorem 8.2, we can conclude that any sequential strong Whitney-
reversible property is a sequential decreasing Whitney property in
continua having property CP.
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REFERENCES

[1] C. Eberhart and S. B. Nadler, Jr., The dimension of certain hyper-
spaces, Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys., 19 (1971),
1027-1034.

[2] A. Nlanes, The space of Whitney levels, Topology Appl., 40 (1991),
157-169.

[3] A. Ilanes and S. B. Nadler, Jr., Hyperspaces: Fundamentals and Recent
Advances, Monographs and Textbooks in Pure and Applied Mathematics,
216. N.Y.: Marcel Dekker, Inc., 1999.

[4] J. L. Kelley, Hyperspaces of a continuum, Trans. Amer. Math. Soc., 52
(1942), 22-36.

[5] S. B. Nadler, Jr., Hyperspaces of Sets, Monographs and Textbooks in Pure
and Applied Mathematics, 49. N.Y.—Basel: Marcel Dekker, Inc., 1978.

[6] S. B. Nadler, Jr., Continuum Theory, An Introduction, Monographs and
Textbooks in Pure and Applied Mathematics, 158. N.Y.: Marcel Dekker,
Inc., 1992.

[7] F. Orozco-Zitli, Sequential decreasing Whitney properties, in Continuum
Theory, Lecture Notes in Pure and Applied Mathematics, 230. N.Y.:
Dekker, 2002. pp. 297-306.

[8] A. Petrus, Whitney maps and Whitney properties of C(X), Topology
Proc., 1 (1976), 147-172.

[9] J. T. Rogers, Whitney continua in the hyperspace C(X), Pacific J. Math.,
58 (1975), 569-584.

[10] R. H. Sorgenfrey, Concentrating triodic continua, Amer. J. of Math., 66
(1944), 439-460.

UNIVERSIDAD AUTONOMA DEL ESTADO DE MEXICO; FACULTAD DE CIEN-
CIAS; DEPARTAMENTO DE MATEMATICAS; INSTITUTO LITERARIO No. 100,
CoL. CENTRO; C.P. 50000, ToLUCA, ESTADO DE MEXICO; MEXICO.

E-mail address: forozco@uaemex.mx





