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FUNCTIONAL BALANCE, DISCRETE BALANCE,
AND BALANCE IN TOPOLOGICAL GROUPS

GERALD ITZKOWITZ∗

Abstract. We consider the question of determining parame-
ters for when topological group balance (the left and right uni-
formities on the group are equivalent) and functional balance
(the classes of left and right uniformly continuous bounded
real valued functions coincide) in topological groups are equiv-
alent. Our main result is that a topological group G is bal-
anced iff it is functionally balanced and discretely balanced.
A topological group is discretely balanced if every left uni-
formly discrete subset is right uniformly discrete. This par-
tially answers a question of T.S. Wu. The proof makes use of
a theorem derived from the well known theorem of Katetov
on extending real valued bounded uniformly continuous func-
tions from a subspace of a uniform space to the whole space
and a characterization of uniform separation pointed out by
the Author in a previous paper. It is still unknown if the
conditions that G is balanced and G is functionally balanced
are equivalent.
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1. Introduction

A natural question that arises in topological groups and in uni-
form spaces is the following: Does the class of uniformly continuous
functions on the space completely determine the uniformity on the
space? In topological groups the question of interest is whether it
is true that if the classes of left and right uniformly continuous real
valued bounded functions coincide (the group is functionally bal-
anced), does the left and right uniform structures on the group
coincide (the group is balanced)? This question has been sug-
gested by work of Graev [2 ] and Itzkowitz [4]. The earlier paper of
Graev characterized balanced groups as a subgroup of a product of
balanced metric groups. (See [3] and [7] for details). During
the period 1988 - 92, positive answers to this question were ob-
tained for locally compact groups, and almost metrizable groups by
various researchers each using different approaches ([8], [12], [13],
[15]). Since then, positive answers have been found for groups that
are quasi-k spaces [16], locally connected [11], and most recently
k-spaces [14]. The answer to this question in the general case is
still unknown. In this paper we show the following:

Theorem. A topological group G is balanced if and only if
every real valued left uniformly continuous function on G is right
uniformly continuous and every left uniformly discrete set is right
uniformly discrete.

It is well known that there are two natural uniformities on a T0

topological group that we now describe. These are the left unifor-
mity Ul and the right uniformity Ur. Let U be the neighborhood
system of the identity in G.

Definition. (a) Let LU = {(x, y) ∈ G × G|x−1y ∈ U ∈ U}.
Then the left uniformity Ul is generated by the collection of sets
{LU |U ∈ U} (that is, {LU |U ∈ U} is a neighborhood base at 4 the
diagonal of G× G).

(b) Let RU = {(x, y) ∈ G × G|yx−1 ∈ U ∈ U}. Then the right
uniformity Ur is generated by the collection of sets {RU |U ∈ U}.

Definition. A topological group G is balanced if given any U ∈ U
there is a V ∈ U such that V x ⊂ xU for all x ∈ G.
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Notes. (1) If G is balanced consider the entourage LU =
{(x, y) ∈ G × G|x−1y ∈ U ∈ U} of Ul. From the definition
there is V ∈ U such that V x ⊂ xU for all x ∈ G. Then RV =
{(x, y) ∈ G × G|y ∈ V x} ⊂ {(x, y) ∈ G × G|y ∈ xU} = LU . This
means that LU ∈ Ur since uniformities are closed under supersets,
so that Ul ⊂ Ur. Since G is balanced we can also write that for each
U ∈ U there is V ∈ U such that V x−1 ⊂ x−1U , for all x ∈ G. Thus
xV ⊂ Ux for all x ∈ G so that LV ⊂ RU and Ur ⊂ Ul. Therefore
Ul = Ur, so the two uniformities are identical.

(2) The condition V x ⊂ xU , for all x ∈ G, implies V ⊂ xUx−1,
for all x ∈ G, so that V ⊂ W =

⋂
x∈G xUx−1. This means

that W is a neighborhood of e. Furthermore, since yWy−1 =
y(

⋂
x∈G xUx−1)y−1 =

⋂
x∈G yxUx−1y−1 =

⋂
x∈G yxU(yx)−1 =⋂

z∈G zUz−1 = W , it follows that the collection of invariant neigh-
borhoods {W |W = xWx−1, for all x ∈ G} is a base for the neigh-
borhood system at the identity in a balanced group G. This is why
classically, balanced groups were called SIN groups (SIN = small
invariant neighborhoods).

Definition. Let f be a real valued function on a topological group
G.

(1) f is left uniformly continuous if for each ε > 0 there is a
neighborhood W of e such that |f(x)− f(y)| < ε whenever x−1y ∈
W ( or y ∈ xW ).

(2) f is right uniformly continuous if for each ε > 0 there is a
neighborhood W of e such that |f(x)− f(y)| < ε whenever yx−1 ∈
W ( or y ∈ Wx ).

Let (X,U) and (Y,V) be uniform spaces.

Definition. The function f : X −→ Y is uniformly continuous if
for each V ∈ V the set U = {(x, y)|(f(x), f(y)) ∈ V } is a member
of U .

Definition. A topological group G is functionally balanced if the
class of bounded left uniformly continuous real valued functions on
G coincides with the class of bounded right uniformly continuous
functions.

Note that it is not difficult to see that a group G is functionally
balanced if and only if every real valued left uniformly continuous
function is right uniformly continuous.
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For the sequel we establish the following conventions:
(1) In a uniform space the entourages of the diagonal 4 that

will be used are symmetric (that is, if U ∈ U then U = U−1, where
U−1 = {(y, x)|(x, y) ∈ U}).

(2) If G is a topological group, all the neighborhoods U of the
identity e that we use will be assumed symmetric (that is, U = U−1,
where U−1 = {x−1|x ∈ U}).

(3) All topological groups are T0 so they are Hausdorff and com-
pletely regular.

2. Functional separation in uniform spaces

Let (X,U) be a uniform space, let A ⊂ X , and let f be a real
valued function defined on the topological space induced on X by
the uniformity U .

Definition. The subsets A and B of X are uniformly separated
if there is U ∈ U such that U [A] ∩ U [B] = ∅. (Here we are
using the standard notation introduced in Kelley [10]: U [A] =
{y|y ∈ U [x], x ∈ A} and U [x] = {y|(x, y) ∈ U ∈ U}.)

It is easy to see that sets A and B in X are uniformly separated
if and only if there is a real valued uniformly continuous function
f : X −→ [0, 1] such that f(A) = 0 and f(B) = 1. It is also easy
to see that two sets A and B are uniformly separated in a uniform
subspace Y of X if and only if they are uniformly separated in X
(see [5]). Furthermore, if V ∈ U and A ⊂ X then A and (V [A])c

are uniformly separated.

Notation. (1) If A ⊂ X then Ac is the complement of A in X .
(2) If (X,U) is a uniform space, and A ⊂ X then UA is the

uniformity induced on A by U .
We now make use of the well-known theorem of Katetov [9].

Proofs of this theorem can be found in Gantner [1] and Itzkowitz
[5].

Theorem 2.1. Let (X,U) be a uniform space, and let (A,UA) be
a uniform subspace. Then every bounded uniformly continuous real
valued function f on A extends to a bounded uniformly continuous
real valued function on X without increase in norm.

As a corollary of Katetov’s theorem we have:
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Corollary 2.2. Let (X,U) be a uniform space, and let W ∈ U . Let
A ⊂ X, W [A] 6= X, and let f be a bounded uniformly continuous
real valued function defined on A. Then f has a uniformly contin-
uous extension f̄ on all of X such that f̄ (x) = 0 for x ∈ (W [A])c

and f̄ is of the same sup norm as f on A.

Proof. Define a function f∗ on A∪(W [A])c by the condition that f∗

on A coincides with f and on W [A]c it is identically zero. Then f∗

is clearly uniformly continuous and by Katetov’s theorem it admits
a uniformly continuous extension f̄ to all of X with the same sup
norm. �

3. Extension of uniformly continuous real valued
functions and balance on a topological group

Let (X,U) be a uniform space.

Definition. A ⊂ X is uniformly discrete if there is an entourage
U of 4 such that U [a] ∩ U [b] = ∅ if a, b ∈ A and a 6= b.

In the case of a topological group G which has both left and right
uniformities this concept admits the following two forms:

Definition. A set A ⊂ G is left uniformly discrete if there is a
neighborhood U of e satisfying aU ∩ bU = ∅, if a 6= b and a, b ∈ A.
In this case we say that A is left uniformly discrete with respect to
U and U is a left separating neighborhood of A. A is right uniformly
discrete if there is a neighborhood W of e satisfying Wa∩Wb = ∅,
if a 6= b and a, b ∈ A, and we say A is right uniformly discrete with
respect to W (also W is a right separating neighborhood of A).

Definition. G is discretely balanced if every left uniformly discrete
set is right uniformly discrete.

Note. If G is discretely balanced then every right uniformly dis-
crete set is left uniformly discrete. To see this, let A be right
uniformly discrete. Then there is a neighborhood W of the identity
e such that Wa ∩ Wb = ∅, if a 6= b and a, b ∈ A. Since inversion
in a topological group is a homeomorphism and W is symmetric,
a−1W ∩ b−1W = ∅, if a 6= b and a, b ∈ A. This means A−1 is left
uniformly discrete and therefore right uniformly discrete. This in
turn means that A is left uniformly discrete.
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3.1. General questions. The following are natural questions that
are suggested by previous research.

(1) If G is discretely balanced, is G balanced? (Proposed by
T.S. Wu.)

(2) If G is functionally balanced, is it balanced?
(3) Is there a specific class P of topological groups where one

can face this problem in order to resolve it for all topological
groups?

Seemingly, Graev’s theorem mentioned in the introduction (See
[3, 8.17] and [7] for details) may be helpful in this. (Suggested
by D. Dikranjan.)

Remark 3.2. A proof appears in [6] that if G is a T0 group in
which every left uniformly discrete set is strongly neutral then G
is balanced. The set A is strongly neutral if it is left uniformly
discrete with respect to a neighborhood V of e and if there is a
neighborhood U of e such that Ua ⊂ aV for all a ∈ A. The condi-
tion of strong neutrality is clearly a stronger condition than that of
discrete balance. The proof in [11, Theorem 2] suggested the result
mentioned in the beginning of this remark. Since the converse of
each of the statements (1) and (2) in 3.1 and the opening statement
of this note are easy to show, it follows that the statements “every
left uniformly discrete set in G is strongly neutral” and “G is bal-
anced” are equivalent. This condition involving strong neutrality
motivated the question of Wu.

The following result appeared in [11] and will be of use here.

Lemma 3.3. Let A be a left uniformly discrete set with respect
to the symmetric neighborhood U of e in G and suppose V is a
symmetric neighborhood of e satisfying V 2 ⊂ U .

(1) Then V is a separating neighborhood of A.
(2) For each x in G, xV can intersect at most one aV , where

a ∈ A.

It is easy to see that if f and g are bounded uniformly continu-
ous real valued functions on a uniform space (X,U) then f ∧ g is
uniformly continuous on (X,U). Thus in the case of a topological
group this observation implies that if f and g are left uniformly
continuous then f ∧ g is left uniformly continuous (and similarly
for right uniform continuity).
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Theorem 3.4. Let G be functionally balanced and discretely bal-
anced. Then G is balanced.

Proof. Let A be left uniformly discrete so that A is also right
uniformly discrete. Then there is a symmetric neighborhood U of
e that is both left and right separating on A. Let V and W be
symmetric neighborhoods of e such that W 3 ⊂ V and V 2 ⊂ U .
Without loss of generality we may suppose e ∈ A. Note that both
V and W are left and right separating neighborhoods of A, and for
x in G, xV can meet at most one aV , for a ∈ A and V x can meet
at most one V a for a ∈ A.

Since G is completely regular there is a left uniformly continuous
real valued function fe satisfying fe(e) = 1, fe(W c) = 0, and 0 ≤
fe ≤ 1 on G. For each a 6= e in A define fa(x) = fe(a−1x) so that
fa(a) = 1 , fa((aW )c) = 0, and 0 ≤ fa ≤ 1 on G. Note that each
fa is left uniformly continuous and so right uniformly continuous
on G.

Now define ga(x) = fe(xa−1). Then ga(a) = 1, ga((Wa)c) = 0,
and 0 ≤ ga ≤ 1 on G. Since fe is right uniformly continuous it
follows that each ga is right uniformly continuous on G and there-
fore left uniformly continous on G.

As noted previously, fa ∧ ga is both left and right uniformly
continuous on G, and suppt(fa ∧ ga) ⊂ aW ∩ Wa. Furthermore if
a 6= b then aW∩Wa is left and right uniformly separated from bW∩
Wb by W . To see this, note that (bW∩Wb)W ⊂ bW 2 ⊂ bW 3 ⊂ bV
and (aW ∩ Wa)W ⊂ aW 2 ⊂ aW 3 ⊂ aV . Since bV ∩ aV = ∅, left
uniform separation by W follows. Right separation by W follows
similarly by multiplying by W on the left.

Now define k(x) = Σa∈Afa ∧ ga(x). Note that k|aV = fa ∧ ga

for a ∈ A. This is because suppt(fa ∧ ga) ⊂ aW ∩ Wa for a ∈ A,
and fb(x) = 0 if x ∈ aV and b 6= a. Therefore k is left uniform
continuous on aV . Furthermore, k(x) = 0, if x ∈ aV \ (aW ∩Wa).
It is easy to check that suppt(k) ⊂

⋃
a∈A(aW ∩ Wa), k(x) = 0 if

x ∈
⋃

a∈A aV \ (
⋃

a∈A(aW ∩ Wa) =
⋃

a∈A(aV aW ∩ Wa), and
k is left uniformly continous on

⋃
a∈A aV . Next we note that

(
⋃

a∈A(aW ∩Wa))W ⊂ (
⋃

a∈A aW )W =
⋃

a∈A aW 2 ⊂
⋃

a∈A aV , so
that

⋃
a∈A(aW∩Wa) is left uniformly separated from (

⋃
a∈A aV )c =⋂

a∈A aV c. Therefore by Theorem 2.1, k|∪aV has a left (hence right)



576 GERALD ITZKOWITZ

uniformly continuous extension k̄ to all of G such that k̄ = 0 on⋃
a∈A(aW ∩Wa)c. But k already has this property so k = k̄, Thus

k is left uniformly continuous on G and therefore right uniformly
continuous on G.

Finally, since k is right uniformly continuous, there is a sym-
metric neighborhood W1 of e such that xy−1 ∈ W implies that
|k(x) − k(y)| < 1. Without loss of generality we may assume
W1 ⊂ W . Then if x ∈ W 1a , a ∈ A, it follows that k(x) > 0.
Since x ∈ W1a ⊂ Wa, we cannot have x ∈ bW where b 6= a (since
then k(x) = 0). Therefore x ∈ aW . This is true for each a ∈ A
(that is, W 1a ⊂ aW ). Therefore A is strongly neutral and by the
theorem mentioned in 3.2, G is balanced. �
Definition. The set A in G is symmetrically discrete if A is both
left and right uniformly discrete and there is a neighborhood U of
e such that Ua ∩ Ub = aU ∩ bU = ∅ for a, b ∈ A and a 6= b.

As a corollary to the method of proof we have:

Corollary 3.5. If G is functionally balanced and A is symmetri-
cally discrete then A is strongly neutral.

Theorem 3.4 implies the following characterization of balance,
which can be written in one of the following two forms:

Theorem 3.6(A). If G is a T0 topological group then the following
are equivalent:

(a) G is balanced.
(b) G is functionally balanced and discretely balanced.

Theorem 3.6(B). If G is a discretely balanced T0 group then G is
balanced iff G is functionally balanced.

Note 3.7. These results still do not answer the question posed
by Ta Sun Wu on whether balance and discretely balanced are
equivalent. Wu indicated to the author a proof that the following
is true. Every strongly discretely balanced T0 group G is balanced.
Here a group G is strongly discretely balanced if each left uniformly
discrete set A is strongly uniformly discrete. The set A is strongly
uniformly discrete if there is a neighborhood U of e such that for a 6=
b and a, b ∈ A , UaU ∩UbU = ∅. In view of the main results, Wu’s
question 3.1 (1) becomes: Does discrete balance imply functional
balance?
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