Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT (©) by Topology Proceedings. All rights reserved.



TOPOLOGY |
PROCEEDINGS{

Volume 30, No.2, 2006
Pages 577-584

ABOUT LINDELOF DK-LIKE SPACES AND
RELATED CONCLUSIONS

LIANG-XUE PENG*

ABSTRACT. We denote by K a class of spaces which are hered-
itary with respect to closed subspaces. Let 1 and W be the
classes of all one point spaces and all countable spaces, re-
spectively. We denote by DK the class of all spaces which
are discrete unions of spaces from K. In 1975, R. Telgarsky
raised the following problem: Is every regular Lindel6f DK
like space a K-like space? The positive answer to the prob-
lem was given by R. Telgarsky and Y. Yajima in 1983, in-
dependently. In this paper, we discuss the non-regular case
of Telgarsky’s problem. We get the following result: There
exists a non-regular Lindeldf space X (under CH) which is a
D1-like space, but X is not a 1-like space. To obtain this
result, the concept of weak K-like spaces is introduced. By
proving the equivalence of weak K-likeness and K-likeness,
we also get the following results: If (X,7) is a W-like space,
then (X, 7,,) is a W-like space; If (X, 7)) is a Hausdroff 1-like
space, then b(X,T) is a 1-like space.

INTRODUCTION

The concept of the topological games G(K, X) was introduced
and studied by R. Telgarsky in 1975(cf.[1]). Recall from [1] that a
space X is said to be K-like if player one has a winning strategy
in G(K, X). In [1], R. Telgarsky raised the following problem: Is
every regular Lindel6f DK-like space a K-like space? The positive
answer to this problem was given by R. Telgédrsky [2] and Y. Yajima
[3]. Some other results on K-like spaces may be found in [4]. One
part of this paper is to discuss the non-regular case of the above
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problem. We point out that (under CH) there exists a non-regular
Lindel6f space X which is D1-like, but not 1-like. So the answer
to non-regular case of the Telgarsky’s problem is negative. To get
the above conclusion, the concept of weak K-like spaces is intro-
duced. It is proved that weak K-like spaces and K-like spaces are
equivalent.

If (X,7) is a topological space, and B is a base of 7, then
we let 7, denote the topology generated by a base B, =
{U\NC :U e T,CC X,|C|] <w}, and b(X,7) denote the Gs—
topology on X (cf. [5]). We also denote b(X,7T) by (X,7;). So
every open set of (X,7p) is unions of Gs— set of (X,7). As an
application of weak K-like spaces, we also obtain the following re-
sults: If (X, 7) is a W-like space, then (X, 7,) is a W-like space;
If (X, T) is a Hausdroff 1-like space, then (X, T) is a 1-like space.

The set of all natural numbers is denoted by N, and natural
numbers are denoted by n,m, 1, j, k etc. wis N U{0}. Throughout
this paper, except where specifically noted, all spaces are assumed
to be T1. 2% denotes the collection of all closed subspaces of a
space X . In notation and terminology we will follow [6].

1. NON-REGULAR LINDELOF DK-LIKE SPACES

In order to solve the non-regular case of Telgarsky’s problem,
next we will introduce the concept of weak K-like spaces. For a
class K and a topological space (X, 7), let B be a base of 7. We
denote by B(z) ={B:x € B, B € B}.

Let WG(K, X) be the following positional game with perfect
information. There are two players, player one and player two.
They choose alternatively consecutive terms of a sequence (E,, :
n € w) of subsets of X, so that each player knows K, Fy, E1, ..., E,
when it is choosing E,,11.

A sequence (FE, : n € w) of subsets of X is a play of WG (K, X),
if Eg = X and if for each n € w:

(1) E,41 is the choice of player one;

(2) FEap4o is the choice of player two;

(3) E2nt1 € K;

(4) E, 2%,

(5) Eont1 C Eaps

(6) For each x € Fy,41, player two chooses an open set U(z) €

B(x), and Fapi9 = Eo, \ U{U(x) : € Fopi1};
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If "{E3, : n € w} = 0, then the player one wins the play
(Ep:n €w).

A finite sequence (E,, : m < n) of subsets of X is admissible se-
quence for WG (K, X) if the sequence (Ey, En, . .., E,,0,0,...,0,...)
is a play of WG(K, X). A function s is a strategy for player
one in WG(K, X) if the domain consists of admissible sequences
(Ey, ..., E,) with n even, such that s(Ey, ..., E,) = E,11 € 2°NK
and (Ey, ..., E,, Fpi1) is admissible.

A strategy s is said to be winning for player one, if player one
wins each play of WG(K, X) by s. WI(K, X) denotes the set of
all winning strategies of player one in WG(K, X). If there is a base
B of X, such that WI(K, X) # (), then X is called a weak K-like
space. We may say that X is a weak K-like space for base B.

If B =17, then X is said to be a K-like space(cf. [1]). The
definitions of K-like spaces and weak K-like spaces are very sim-
ilar. In the following we will discuss the relation between the two
concepts.

Theorem 1. A space X is a K-like space if and only if X is a
weak K-like space.

Proof. 1t is obvious that every K-like space is a weak K-like space.
Next we will show that every weak K-like space is a K-like
space.

Let B be a base of X such that WI(K, X) # . We let s €
WI(K, X). Next we will define t € I(K, X). Let Eyg = Ay = X,
By = s(Ey) € K. Let t(Ay) = A; = E;. For any Ay € 2% and
Ay N Ay = 0, (Ag, A1, A) is an admissible sequence of G(K, X).
For any = € FE4, player two chooses an element U(z) € B(x), such
that U(z) N Ay = 0. Let Es = X \ U{U(x) : x € E1}. Thus
(Eo, E1, E9) is an admissible sequence of WG (K, X)), and Ay C FEj.
X is a weak K-like space, we may easily see that there is some
a1 € N, such that (Eo, E1,..., Ea,,) is an admissible sequence of
WG(K, X), satisfying Ay C Eap, Eapn—1)4+1N A2 = 0 for all n < ay,
and E2a1+1 = S(E(), .. -7E2a1) NAg # .

For some n € N, we have that (Ag, Ay,..., Agy,) is an admis-
sible sequence of G(K, X), and there is an admissible sequence
(E(), N E2a17 ceey E2a(n,1)a E2a(n,1)+1) of WG(K, X), such that
for any k& < a(_1), Eoky1 = s(Eo, ..., o). For any m < n,
B _iyt1 N Aoy # 0, Ayin-1yr1 = t(Ao,- - Agno1)) =
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Esag_1y+1 N Agm-1). For any 2 < m < n, and am—2 < d <
am—1(a0 = 0)7A2(m—1) C Eaq, E2(d—1)+1 n A2(m—1) = (. Thus
Agp1 = Ega(n71)+1 N Asg,_o € K. For any z € Ega(n71)+1, player
two chooses an element U(z) € B(z), such that U(xz) N Ag, = 0.
Let E2a(n,1)+2 = E2a(n,1) \U{U(ZE) S E2a(n,1)+1}' Thus Ay, C
Esag,_1y+2-

Since s € WI(K, X), there exists some a,, € N,a, > agp,—1),
such that Eq,+1 N A2n # 0. (Eo, .-, E2agy_yys -5 B2a,41) I8 an
admissible sequence of WG (K, X), and FEo; D Ay, Eoy1 N Ay =
0 for a1 <l < ap. Thus we let Aoy = t(Ao,...,A2,) =
Esq,+1NA2, € K.

In this way, we may get a play (A4, : n € N) of G(K, X),
and a play (Ey, E1,...,Ea,,,...) of WG(K, X), such that Ag,11 =
t(A(), .. .,Agn) = Fog,+1 N Ao,. Foranyl € N, if a,_1 < < ay,
then Ay, C FEy and Eyq_1)41 N Az, = 0. For each n € w,
Faq,+1NAg, # 0. Since se WI(K, X), we have N{Fa,,:mew} = 0.
Thus N{Es,, :n € N} = 0. So N{As, : n € N} = (. Thus
t € I(K, X ). We have proved that X is a K-like space. O

In the following we will discuss the W-likeness of (X, 7,), if
(X,T) is a W-like space.
Theorem 2. If (X,7) is a W -like space, then (X,7,) is a W -like
space.

Proof. Tt is enough to prove that (X, 7,) is a weak W-like space for
the base B, ={U\C :U € 7,C C X, |C| < w} by Theorem 1. Let
s € I(W,X), Ey =X. We will define t € WI(W, X). Let Ay =
X,E; = s(Ep) € W. We may assume E; = {z} : k € N}. Let
Ay = t(Ag) = Eq. For each k € N, player two chooses an element
U\ C} from By, such that z, € U\ C}. Let Ay = X \U{U!\C} :
z; € A1} By = X \U{U} : k € N}. Thus Ey C Ay C Ep, and
|A2 \ Ea| < w. (Ey, E1, E2) is an admissible sequence of G(K, X),
(Ap, A1, As) is an admissible sequence of WG(W, X).

For some n € N, we have an admissible sequence (A4g, 41, . .., Aa,)
of WG(K, X), satisfying that Fa, C A, C Eium—p) and
|A2m \ E2m| <w,m<n. If m<n, then Fomy1 = S(E(), ey Egm),
Agmi1 = (Azm\Eom)UE2ms1 = {27 1k € N} t(Ao, ..., Agp) =
Aoma1.  For each k£ € N, player two chooses a member
Uzt ot from By, such that a3 € UZ™H\ OF™ L Let
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Agpio = Bop (X \U{UZ"TNCT T 22 € Agpin}), Bomgn =
B N(X\U{UZ™! 1 k € N}). Now we define t(Ag, A1, ..., Aop) =
Agpi1 = Eopp1U(Agp \ Eoy) = {:nz"*'1 : k € N}. Player two chooses
a member U2\ CZ" from B, such that x3" ! € Uzt C2"
Let A2n+2 = Egnm(X\U{Ulgn—i_l\Czn—i—l : :L'zn—i—l € A2n+1}), Fopto =
Eo N (X \ WU 1 k € N}).

Thus Fonio C A2n+2 C FEs,, and |A2n+2 \ E2n+2| < w. In this
way, we have a play (A, : n € w) of WG(W, X), and a play (E,:
new) of G(K, X), such that Ay, o C Fay,, and N{Fy,:new}=0.
From the proof we know that N{As, : n € w} C N{E2,—2:n € N}.
Thus N{ Az, : n €w} =0. Then t € WI(W, X). Thus (X,7,) is a
weak W-like space. So X is a W-like space by Theorem 1. O

Problem ([1]): Is every regular Lindel6f DK-like space a K-like
space?

The positive answer to the above problem appeared in [2] and
[3]. Next we will discuss non-regular case of this problem. The
following Explanation shows that the answer to the non-regular
case of the Telgdrsky’s problem is negative.

Explanation. In [4], it was noted that there is a Tychonoff space
X which is a W-like space but it is not a 1-like space (under
CH). We denote this space (X!, 71). We know that (X!, 71!) is a
W-like space by Theorem 2. Since any countable set of (X!, 7.})
is a discrete closed set, we know that (X!, 7.}) is a Lindelof D1~
like space. Let f : (X', 7}) — (X', T1), such that f(x) = z for
any x € X. We may easily see that f is a continuous map. The
continuous image of a 1-like space is also a 1-like space (cf. [1]).
Thus (X!, 77) is a 1-like space, if (X1, 7)) is a 1-like space. We
have known that (X!, 771) is not a 1-like space. So (X!, 7.}) is not
a 1-like space. A regular Lindel6f D1-like space is a 1-like space
(cf.[2-3]), so (X!, T1) is a non-regular space. Thus (X!, 7}) is a
non-regular Lindel6f D1-like space, but it is not a 1-like space.

2. SOME APPLICATIONS OF WEAK K—LIKE SPACES

If the intersection of countable open sets of a space X is also an
open set of X, then the space X is called a P—space (cf.[5]).
It is obvious that b(X, 7) is a P-space for any space (X, 7).
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Theorem 3. If (X,7) is a Hausdroff 1-like space, then (X, Ty) is
a 1-like space.

Proof. We firstly prove that (X, 7p) is a W-like space, if (X,7)
is a 1-like space. We let 35 be the base of (X, 7), that is, every
member of (5 is a Gs—set of (X, 7).

Let s € I(1,X), By = Ao = X. Next we will define ¢t €
WI(W,X). Ey =s(Ep) € 1. We define Ay = E; = t(Ap). For any
By € Bs, if S(E(]) C By, then X \ By = Ay = U{E(Q,ll) RS N},
where F(2,1;) € 2X for any Iy € N. So (Eo, E1, E(2,11)) is an
admissible sequence of G(1,X), and (Ag, A1, A2) is an admissi-
ble sequence of WG(1, X). Let FE(3,11) = s(Ey, E1, E(2,11)) € 1.
We let A3 = U{E(3,l1) : 1 € N}, thus A3 € W. We define
t(A(],Al,AQ) = A3z, Dy = {E(2,l1) € N} Let B(3,l1) be
any set of (5 such that E(3,1;) C B(3,l1) for any I € N. Let
Ay = Ay \U{B(3, ll) 1l e N}, SO (A(), Aq, Ag, Ag, A4) is an admis-
sible sequence of WG(W, X).

For some n € N,n > 2, we have (Ao, . .., Az,) which is an admis-
sible sequence of WG(W, X ), and satisfies the following conditions:
For any 2 < m < n,

Do, = {E(Qk‘,lllglk) ke Nk>m,ly,... Il € N}, where
(Eo, ..., E(2k,l1ly. . .l)) is an admissible sequence of G(1, X ), and
E(Qk‘ + 1,11ls.. lk) = S(E(), R E(2k‘, lils .. lk)) C Aoy, Aoy C
UDom, Aome1 = U{E(2k‘ + 1,041, lk) : E(Qk‘ + 1,04, lk) =
S(E(), Eq, ..., E(2k‘, Ll .. lk)), E(2k‘, li.. lk) € ng}

For any x € Agy,y1, there is a E(2k,lly...ly) € Doy, such
that E(2k + 1,11ly...lx) = {x}. Let B, be any set of (s, such
that z € B,. We let B(Qk‘ + 1,0l .. lk) = B,, and let A2m+2 =
Agp, \ U{B(Qk‘ +1,h1;.. lk) E(2k‘, lily .. lk) € ng}

For m =n — 1, we have
Ay, = A2(m—1) \ U{B(Qk‘ +1,0... lk) E(2k‘, li.. lk) € D2(n—1)}'

For any E(2k,l1...lx) € Dam_1),

E(Qk‘, lily. .. lk)\B(Qk‘—l—l, li.. lk) :U{E(Qk‘—l—Q, li... lk+1) ] EN}.

For any lp11 € N,

E(Qk‘ + 3,[1...lk+1) = 8(E0,...,E(2k‘ + 2,[1...lk+1)). If
E(2k + 3,1l1...lg+1) ¢ Agp, then we let B(2k + 3,11 ...lx4+1) be
any set of 35 such that E(2k+3,11...lk+1) C B(2k+3,11...lk41),
and B(2k + 3,11 ... lky1) N Aoy = 0. Thus E(2k + 2,11 ... lg11) \
B(Qk‘ + 3,0 .. .lk+1) = U{E(Qk‘ +4,1.. .lk+1lk+2) : lk+2 € N}
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If S(E(), ey E(Qk‘ +4,1.. .lk+2)) = E(Qk‘ +5,0.. .lk+2) ¢ Aoy,
then we repeat what have done in the previous paragraph with
E(2k+3,11...lk+1). So we can get a family

Dgn:{E(2k‘,l1...lk)Zk‘EN,k‘Z’I’L,ll,...,lkEN,
S(E(],...,E(Qk‘,ll...lk)) :E(2k‘—|—1,l1lk) - Agn}

Since s € I(1, X), we may know that As, C UDy,,.

Let Aoy = U{E(2k‘ + 1,l1lk) : E(Qk‘ + 1,l1lk) =
S(E(), ey E(2k‘, li.. lk)) and E(2k‘, li.. lk) € Dgn} So |An+1| <
w. We define t(Ay, ..., A2,) = Agpy1. For any x € Agyiq, there
is some E(2k,ly...l;) € Doy, such that E(2k + 1,11...1lx) = {x}.
Let B, be any element of (5, such that z € B,, we let B, =
B(Qk‘ +1,0.. lk) We let Aspio = Aoy \ U{B(Qk‘ +1,0.. lk) :
E(2k‘, li.. lk) € Dgn}

In this way we get a play (Ag, . .., Aoy, Aopt1,...) f WG(W, X),
and satisfies that Aoy =
t(A(), .. .,Agn) = U{E(2k‘ + 1,0 .. lk) : E(Qk‘ + 1,0 .. lk) S Dgn},
where

Do, = {E(2k‘,l1lk> ke N, k>n,lq,..., Ik € N} and

E(Qk‘ +1,14.. lk) :S(E(], R E(2k‘, li.. lk)) CAgp, Aoy CUDg,.

In the following we will show that N{As, : n € N} = 0.

Suppose there is a point x € X, such that z € N{Ay, :n € N}.
Thus = € Ag. So there is some [; € N, such that = € E(2,[;). Let
ap = 1. For any n € N, there is some a, € N, such
that =z € E(2an, lily. .. lan), E(2an, l1ls .. -lan) € Do,. So
E(2an + 1,1s.. -lan) = S(E(), ey E(2an, l1ls .. -lan)) - A2n+1.
E(2an + 1,04,.. .lan) - B(2an + 1,04s.. .lan), and © € Agpya.
Thus z € E(2an,lil2...1la,) \ B(2an + 1,12 .. . 1a,) = U{E(2a, +
2,041y .. g,+1) ¢ la,+1 € N}. So there exists l,,+1 € N, such
that = € E(2an + 2,145 . -lan—l—l)- If E(2an + 3,15 . -lan—l—l) =
S(E(], ceey E(2an + 2,01ls. .. lan+1)) C Aopyo, then we let Iy, 41 =
lan+1, Gnt1 = ap+1. Thus z € E(2an+1, lils . .. lan+1) € Dg(n+1). If
E(2an +3,lils. .. lan—l—l) ¢ Aspio, then B(2an + 3,4y, .. lan+1) N
Agpio = 0. Thus there exists I, 12 € N, such that = €
E(2a, + 4,14l .. 14, +1la,+2). The next step is to see whether
E(2an + 4,lil2 .. la,+2) € Damy1)- Repeat what we have done
with E(2ay, + 2,l1ls.. . la,+1). Since s € [(W, X), we may know
that there exists some l,,+1and apy; > a, + 1, such that x €
E(2an +1,041;.. -lan+1)7 E(2an +1,041;.. -lan+1) € D2(n+1)'
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In this way, we get a play (Eo,...,EQanlls...1,,),
E2an, + 1,ll2...14,),...) of G(1,X), satisfying that
E(2an + 17l1l2---lan) = 8(E0,...,E(2an, lllg...lan)) and
x € {E(2an,lila...1l,,) : n € N}. This contradicts with s €
I(1, X).

Thus t € WI(W,X). So (X,7,) is a W-like space. Hence
(X, Tp) is a Lindelof space. Since (X, 7) is a Lindelof T5 space, we
may easily prove that (X, 7;) is a regular space. Thus (X, 7p) is
a regular Lindelof D1-like space. So (X, 7p) is a 1-like space (cf.
[2-3]). O

Next we will explain that b(X, 7) may not be a W-like space, if
(X,7T) is a W-like space (under CH).

In [4], it was pointed out that there is a Tychonoff space X which
is a W-like space but it is not a 1-like space (under CH). We
denote this space (X!, 71). Suppose (X', 7;!) is a W-like space,
thus (X!, 7;') is a regular, Lindeldf D1-like space. So (X', T!) is
a 1-like space (cf. [2-3]). Let f: (X', T}) — (X', 7T"), such that
f(x) = z for any z € X. Thus f is continuous. So we have that
(X1, 71) is a 1-like space. A contradiction. Thus (X!, 7;}) is not
a W-like space.
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