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ABSTRACT. This article is about the topological structure of
the products of solenoids. It provides a characterization of the
pairs of solenoids whose products are mutually aposyndetic.

The focus of this study is the topological structure of the prod-
ucts of solenoids. These products are fundamental spaces in the
classification of compact (abelian) topological groups and impor-
tant examples of homogeneous continua.

The concept of mutual aposyndesis was introduced by Charles
Hagopian in [3]. Mutual aposyndesis, together with local connect-
edness, aposyndesis, indecomposability, and semi-indecomposability,
belongs to the class of properties that differentiate spaces with re-
spect to their subcontinua with interiors and the way these subcon-
tinua separate points and sets. The structure of all solenoids with
respect to these properties is the same. All solenoids are indecom-
posable and have only arcs for proper subcontinua. The product
of two non-degenerate continua is aposyndetic, and the product of
three non-degenerate continua is mutually aposyndetic [3, Theorem
2]. The question whether the product of two solenoids is mutually
aposyndetic was partly answered in the affirmative by Alejandro
Ilanes in [4] for the product of p-adic and g-adic solenoids, where
p and g are relatively prime integers.
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In a recent study [6], the author has shown that a Kelley con-
tinuum has a unique, minimal decomposition, called the mutually
aposyndetic decomposition, such that the quotient space is a mutu-
ally aposyndetic continuum. Using this result, it has been proven
in [6] that a homogeneous continuum with dense arc components
is either mutually aposyndetic or semi-indecomposable. Since the
product of (two) solenoids has dense arc components and is ho-
mogeneous, it belongs to exactly one of the two extreme classes of
mutually aposyndetic or semi-indecomposable continua. Accord-
ing to Illanes’s result, there are pairs of solenoids having mutu-
ally aposyndetic products. Here we show there also exist pairs of
solenoids with semi-indecomposable products. Thus, even though
all solenoids have the same structure in the sense discussed above,
their products can manifest extremely opposite properties in that
sense. The main result of this paper is a characterization of the class
of pairs of solenoids having semi-indecomposable products. Using
this characterization, we can easily identify the pairs with mutu-
ally aposyndetic products and the ones with semi-indecomposable
products.

1. PRELIMINARIES

All spaces are assumed to be metric and maps, continuous. The
following concepts have been introduced in [7] and further studied
in [8], [9], [10]. If X is a space, a subcontinuum K is called a filament
continuum (in X) provided there exists a neighborhood N of K
such that the component of N containing K has empty interior. A
subcontinuum A of X is called ample if for every neighborhood U
of A there is a continuum B such that A C IntB C B C U.

A space X is said to be homogeneous if for every x,y € X there
is a homeomorphism h : X — X such that h(z) = y. In [7, Lemma
2.1 and Proposition 2.3], the following result was shown.

Theorem 1.1. A subcontinuum K of a homogeneous continuum is
ample if and only if K is non-filament.

A continuum X is said to be decomposable if it has proper sub-
continua Y and Z such that X = Y U Z. Continua that are not
decomposable are called indecomposable.
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The following concepts of mutual aposyndesis and semi-indecom-
posability' were introduced by Hagopian in [3]. A continuum X is
mutually aposyndetic at points x and y, provided there are disjoint
continua K and L in X containing x and y in their corresponding
interiors. It is mutually aposyndetic if it is mutually aposyndetic at
each pair of its distinct points. If X is not mutually aposyndetic
at any pair of its distinct point, then X is called semi-indecom-
posable. Note that mutual aposyndesis and semi-indecomposability
are properties opposite to each other, and a non-degenerate space
cannot be simultaneously mutually aposyndetic and semi-indecom-
posable.

In a homogeneous continuum X (or, more generally, in Kelley
spaces [6]), we can equivalently express mutual aposyndesis using
ample continua. Indeed, X is mutually aposyndetic at x and y
if and only if there are disjoint ample continua K and L in X
containing = and y, respectively. Also, X is semi-indecomposable
if and only if each two ample subcontinua of X have non-empty
intersection.

If, for positive integers n, X,, are spaces and g, : X,11 — X, are
maps, the symbol ({X,},{f.}) denotes the corresponding inverse
system. We let (X,{f.}) = {Xn},{fn}) provided that X, = X
for each n.

Two paths p1,p2 : [0,1] — X are called path-homotopic if there
is a homotopy H : [0,1] x [0,1] — X with H(¢,0) = pi(t), H(t,1) =
pa2(t), H(0,s) = p1(0) = p2(0), and H(1,s) = pl(l) = pa(1) for all
s, t € 0,1].

Throughout the paper, the symbol S denotes the unit circle in
the complex plane, and f,, : S' — S! denotes the function f,(z) =
z", for each positive integer n.

2. THE TORUS AND COVERING MAPS

In this section, we collect some old and new results about the
2-dimensional torus T? = S' x S!. Let m,m : T? — S! be the
projection maps onto the first and second coordinates, respectively.

1Originally, Hagopian used the name strictly non-mutually aposyndetic. We
use the name semi-indecomposable for brevity and also because the continua
in question manifest properties similar to the properties of indecomposable
continua.
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First, we review some results about simple closed curves in the torus
T2. A simple closed curve S C T? can have exactly two different
positions: (1) separating, meaning T? — S is disconnected, and (2)
non-separating, with connected T? — S [11, Theorem 13, Exercise
14, and Exercise 25]. More precisely, we have the following.

Theorem 2.1. Let S; and Sy be simple closed curves in a torus T2.
There exists a homeomorphism h : T? — T? such that h(S;) = Sa
if and only if S1 and Sy are either both separating or both non-
separating simple closed curves in T?.

These two classes can also be characterized as the classes of
(1) inessential and (2) essential simple closed curves in T?, that
is, curves having the embedding map into T? nulhomotopic and
non-nulhomotopic, respectively.

Proposition 2.2. If K and L are two disjoint continua in the torus
T2, then either T2 — K or T? — L contains a non-separating simple
closed curve.

Proof: Let K; be the union of K and all components of T? — K
except the one containing L and let L1 be the union of L and all
components of T? — L except the one containing K. The sets K
and L are disjoint continua in T? with connected complements. It
suffices to show the conclusion for K; and L;. Suppose T? — K;
contains only separating simple closed curves.

Case 1. There is a simple closed curve S C T? — K; that is
essential in T? — K.

By the assumption, T? — S has two components: simply con-
nected, C', and non-simply connected, Cs. In this case, C is not
contained in T? — Ky, so C; N K; # 0. Since S is the bound-
ary of C7 and S N K; = 0, we have K1 C C;. Consequently,
Cy C T? — K;. Since C5 contains non-separating simple closed
curves, so does T? — K1, a contradiction.

Case 2. All simple closed curves in T? — K; are inessential in
T? — K.

Then T? — K, is a simply connected, non-compact 2-manifold,
which is homeomorphic to R?. Consequently, there is a simple
closed curve Sp in T? — K such that L; is contained in the simply
connected component Cp 1 of T? — Sy. The other component, Cp o,



MUTUAL APOSYNDESIS AND PRODUCTS OF SOLENOIDS 343

of T? — Sy contains simple closed curves that are essential in T2,
and Cpo C T2 — L;. The conclusion follows. O

Proposition 2.3. If f = f, x f, : T2 — T? for some positive
integer n and S is a simple closed curve in T2, then f~(S) has at
least n components.

Proof: Let y = (y1,92) € S and h : S' — S be a home-
omorphism with h(1) = y. Let g, : [0,1] — S! be the loop
gr(t) = (cos2rmkt,sin2mkt) for each positive integer k, and note
that gj is the product of k maps ¢g; (in the sense of the prod-
uct of paths, as in the definition of the fundamental group). De-
fine ax, B : [0,1] — S' and 43 : [0,1] — T2 to be the loops
a =m10ohogy, B =maohogg, and Y (t) = (hogx)(t). Given an
r = (z1,72) € f1(y), we note x1 € f,;1(y1) and 22 € £, 1(y2). Let
G, B [0,1] — S! be the corresponding lifted paths of a;, and 3,
with respect to f, such that &,(0) = x; and Bn(O) = 29. In other
words, &, and Bn are the paths that begin at z; and z9, respec-
tively, and satisfy f,o&n = an and f,, 08, = Ba. Since f, : St — S!
is the n-fold covering f,(z) = 2", and «, and (3, are products of n
loops a1 and (31, respectively, their corresponding lifted paths &,
and 3, are loops. Note that the loop 4, : [0,1] — T2, defined by
An(t) = (@n(t), Bu(t)), is a path-lifting, with respect to the cover-
ing f = fn X fa, of the product v, of n maps ;. It also satisfies
An(0) = (1) = (z1,x2). Since f is a covering map, for sufficiently
large m, the set 4y, ([0, 1]) equals the component C of f~1(S) con-
taining (z1,x2). Clearly, 4, ([0, 1]) = 41, ([0, 1]) for an [ such that
In > m. Thus, C = 9,([0,1]) = 91,([0,1]) = 4,([0, 1]) because 4,
is a loop. We have ~,(t) = y for exactly n values of ¢ in [0,1), and
thus |C' N f~1(y)| < n. Since f is an n3-fold covering, it follows
|f~1(y)| = n%. Hence, there are at least n different components of

F718). 0

Proposition 2.4. If f = f, x f, : T2 — T? for some positive
integer n and S is a non-separating simple closed curve in T2, then
fY(T2 — S) has at least n components.

Proof: Since the position of S in T? is the same as the one of the
meridian {1} x S!, it follows that T? — S is homeomorphic to an
open annulus with another simple closed curve Sy being a strong
deformation retract of T? — S.
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Suppose p : [0,1] — f~1(T? — S) is a path with p(0) = a €
f71(So) and p(1) = b € f~1(Sp). Since Sy is a deformation retract
of T? — S, the path py = fop is path-homotopic in T? — S to a path

1:[0,1] — T2 — S with py([0,1]) C Sp. Let py : [0,1] — T? be
the path-lifting of p; with respect to f such that p;(0) = a. Since
p1 and po are path-homotopic and the maps p; and p are their
corresponding liftings that begin at the same point a, it follows
that p1(1) = p(1) = b. Note that p1([0,1]) € f~(Sp), and thus
a and b are in the same path component of f71(Sp). We have
shown that if f~1(T? — S) is path connected between two points in
F71(So), then f~1(Sp) is path connected between these two points.
Since the set f~1(T? — S) is locally connected and locally compact,
its path components and (connected) components are the same. By
Proposition 2.3, the set f~!(Sp) has at least n components. Hence,
f~H(T? — 9) has at least n components. O

Proposition 2.5. If f = f, X fu : T2 — T2 for some relatively
prime numbers m and n, and A = {(z,2) |z € St} is the diagonal
of T2, then f~Y(A) is connected.

Proof: For k = mn, let gi : [0,1] — S! be the loop gx(t) =
(cos 2mkt,sin 27kt), and let g1 4,dox : [0,1] — S! be the path-
liftings of g, with respect to f,, and f,, respectively, such that
91%(0) = g2,(0) = 1. Consider the path p; : [0,1] — A C T?,
defined by pi(t) = (gx(t), gk(t)), and the corresponding path lift-
ing pr : [0,1] — T2, with respect to f = fu X fn, such that
pr(0) = (1,1). Note that m o pg = Jiks T2 0Pk = §ok, and
pe(1) = (1, 1)

CrLAaM. If pr(s) = pi(t) for some s and t with 0 < s < ¢t < 1,
then s =0and t = 1.

Indeed, since §1 1 (s) = §1,£(t) and g1 x is a path-lifting of g; with
respect to fn,, the number kt — ks = mn(t — s) is a multiple of m.
Similarly, using the definition of go 1, we argue that mn(t —s) is a
multiple of n. The numbers m and n are relatively prime, and thus
mn(t — s) is a multiple of mn. Consequently, ¢ — s is a non-zero
integer. Hence, s =0 and ¢t = 1.

For every j € {0,1,...,k}, we have py(j/k) € f~1(1,1). Thus,
by the Claim, |pp([0,1]) N f~1(1,1)] > mn. Since f is an (mn)-
fold covering map, it follows f~1(1,1) C pr([0,1]). So px([0,1]) is
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a simple closed curve in f~!'(A), and it contains an entire fiber,
f71(1,1), of f. The map f|f~1(A) : f~}(A) — A is a covering
for the simple closed curve A. Hence, f~1(A) = p([0,1]), which
completes the proof. O

3. THE PRODUCTS OF SOLENOIDS

A solenoid is the inverse limit of simple closed curves with cover-
ing bonding maps different from homeomorphisms?. Each solenoid
can be represented as the limit of an inverse system (S!,{f. }),
where R = (r1,79,...) is a sequence of integers greater than 1. We
denote this inverse limit by Sgk. Each solenoid can also be repre-
sented as the inverse limit Sp, where P = (p1,p2,...) is a sequence
of primes (number 1 is not considered prime).

In the proof of the next theorem, which is the main result of the
paper, we will use the following known and easy to proof fact. If
P = (p1,p2,...) and Q = (q1,q2,...) are sequences of (not neces-
sarily prime) integers, then the product Sp x Sg is homeomorphic
to the limit of the inverse sequence (T?, {f,, X fg.})-

Theorem 3.1. If P = (p1,p2,...) and Q = (q1,q2,...) are se-
quences of primes and Sp, Sq are the corresponding solenoids, then
the product Sp x Sq is semi-indecomposable if and only if for every
number M there are i,5 > M such that p; = q;.

Proof: Let ¢, : Sp — S, ¥, : Sg — S! be the projection maps
onto the n-th coordinate of the corresponding inverse limit space.

Suppose there exists a number M such that p; # ¢; for all 4,7 >
M. Since disregarding finitely many initial spaces and mappings in
an inverse sequence leads to a homeomorphic inverse limit space,
we can modify sequences P and @ so that p; # ¢; for all 4, j. Let
Tn = D1 -DP2---Pp and s, = @1 - q2---qn. The product Sp x Sg
can be naturally represented as the limit of the inverse sequence
(T%,{fp, X fon}). Note that ¢, x 1, are the projections of this
inverse limit.

Let A be the diagonal of T? as in Proposition 2.5, A; = A, and
Api1 = (fp, X f3.)"H(Ay). Since 7, and s,, are relatively prime

20ther authors also admit homeomorphisms for bonding maps in this defi-
nition, which results with additionally including the simple closed curves in the
class of solenoids.
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for every n and A, = (f,, x fs,) ' (A), each set A, is connected
by Proposition 2.5. Consider the inverse limit K of the inverse
sequence ({An}, {(fp. X fqn)|Ant1}), which is naturally embedded
in Sp x Sg. Since A,,’s are connected, K is a continuum. By the
definition of K, it follows oy (1) x ;71 (1) = (p1 x 1)~ 1(1,1) C K.
The solenoids Sp and Sg have the local product structure of an arc
times the topological Cantor set, and the sets ¢; *(1) and ;' (1)
are Cantor set cross sections of such structures for Sp and Sp,
respectively. Each point in gol_l (1) can be slightly enlarged to an arc
in Sp so that the union of such arcs, a closed set C, has interior in
Sp. Similarly, the set ¢, (1) can be slightly enlarged to a closed set
D with non-empty interior in Sg. We note that Ko = KU (C x D)
is a continuum with interior in Sp x Sg. Moreover, such Ky can
be defined arbitrarily near, in the sense of the Hausdorff distance,
to K. Therefore, K is non-filament in Sp x Sg. Consequently, K
is an ample subcontinuum of Sp x Sg by Theorem 1.1.

Let z = (z1,292,...) be a fixed point in Sp with z; # 1. For
every x = (z1,22,...) € Sp and y = (y1,%2,...) € Sg, define
h(x,y) = (zx,y), where zx = (z121,2222,...). Note that h :
Sp x Sg — Sp x Sg is a homeomorphism and (¢1 x ¢1)(h(K)) N
(p1 X V1) (K) = (p1 x 1)(M(K)) NA = (. Thus, K and h(K)
are disjoint ample subcontinua of Sp x Sg. Hence, Sp x Sg is not
semi-indecomposable.

Suppose for every M there are integers ¢, 7 > M such that p; =
qj- We inductively choose two subsequences k,, and [,, of positive
integers as follows. Let k4 = 1 and [y = 1. If ky, [, are already
defined for some positive odd integer n, we choose integers k1
and l,41 greater than k, + 1 and [, + 1, respectively, such that
Pkypi1 = Q.- Further, define kyy0 = k1 +1 and lyypo = Iy + 1.
Next, we define two sequences a,, and b,, of positive integers letting

ko—1 kn41—1 lo—1 ln+1—1
ar=[[pjs an= ] pjy and bs=J]a bu= [] @
J=1 J=kn Jj=1 J=ln

Observe that a, = b, = pi, = ¢, for every even number n. We
also have a1 -ag---ap = p1 - p2---Dk,—1 and by - ba- by, = q1 -
g2+ qp,—1 for every n. Let A = (aj,a2,...) and B = (b1, ba,...).
The expressions (z1,x2,...) — (T, Ty, ...) and (z1,22,...) —
(x1,,x1,, . .. ) establish homeomorphisms between solenoids Sp and
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S and between Sg and Sp, respectively. Therefore, it suffices to
show that S4 x Sp is semi-indecomposable.

We view the space S4 x Sp as the limit of the inverse sequence
(T, {fa, X f5,}). Let o, : Sa — S! and B, : Sp — S! be the
projections of S4 and Sp, respectively, onto the n-th coordinate.
Then 4, = ay X B : Sa x Sg — T? are the projections of S4 x Sp.

Suppose K and L are disjoint subcontinua of S4 x Sp with non-
empty interiors. Define K, = ~,(K) and L, = ~v,(L). For suf-
ficiently large number T, if n > T, we have K, N L, = (), and
there are points z,, € K,, and y, € L,, such that 7, *(z,) C K and
Y (yn) C L. Let n be such a number that, additionally, is even,
and xz, and y, be such points. Since K, and L,, are disjoint sub-
continua of T2, by Proposition 2.2, there is a non-separating simple
closed curve S contained either in T? — K,, or in T? — L,,. Assume
S C T? — K,, (the proof in the other case is similar). Since a,, = by,
by Proposition 2.4, it follows (fa,, X fb,,) 1 (Kn) = (fay, X fan) L (Kr)
has at least a,, components. In particular, (f,, X fy, )~ (K,) is not
connected. Since v, !(z,) C K and the bonding maps are surjec-
tive, we have (fa, X fb,) H(zn) C Yns1(K) = K,11. The bonding
map f,, X fp, is a covering, and thus, (f,, X f5,) ' (z,) intersects
different components of (f,, X fp, ) "1 (K,). Hence, the image, K1,
of the continuum K is not connected, an impossibility. U

4. APPLICATIONS

In this section, using some known results, we show consequences
that follow from Theorem 3.1. First, we recall the following result,
which has been recently proven by the author in [6, Corollary 4.4].

Theorem 4.1. If X is a homogeneous continuum with dense arc
components, then X is either mutually aposyndetic or semi-inde-
composable.

Since solenoids and their products have dense arc components
and are homogeneous, by Theorem 3.1 and Theorem 4.1, we have
the following characterization of mutually aposyndetic products of
solenoids.

Corollary 4.2. If P = (p1,p2,...) and Q = (q1,q2,...) are se-
quences of primes, and Sp and Sq are the corresponding solenoids,
the three following conditions are equivalent.



348 J. R. PRAJS

(a) Sp x Sg 1is mutually aposyndetic,
(b) Sp x Sg is not semi-indecomposable, and
(c) there exists a number M such that p; # q; for all i,5 > M.

Remark 4.3. From the view point of mutual aposyndesis, the
product of two solenoids is the only non-trivial case. Indeed, each
solenoid is indecomposable, and thus semi-indecomposable, and the
product of more than two solenoids is mutually aposyndetic by [3,
Theorem 2|. Thus, Corollary 4.2 yields a complete characterization
of all mutually aposyndetic products of solenoids.

Let N be the set of positive integers and P be the class of
sequences P = (pi1,p2,...) of primes. If P = (pi,po,...) and
Q = (q1,92,...) are in P, we write P =< @ provided there are
a set Nj of almost all positive integers and a one-to-one function
a : Ny — N such that g, () = pn for each n € N;. Clearly, < is a
quasi-order in P. The next theorem can be derived from [2, The-
orem 6 and Theorem 8]. Note that the results of [2] are expressed
in different terms.

Theorem 4.4 (Cook). Let Sp and Sg be solenoids with P,Q € P.
There exists a continuous surjection f : Sp — Sg if and only if
Q=X P.

Expressing solenoids as inverse limits Sp, where P € P, can
also be used to topologically classify solenoids. We formulate two
more known results in this direction to develop a better view of the
significance of the relation < on P for the class of solenoids. Indeed,
two solenoids Sp and Sg, where P, () € P, are homeomorphic if
and only if for almost all entries of P their order can be rearranged
to agree with almost all entries of @) [5] (see also [1] for a more
elementary proof). Using the relation <, the above condition on P
and @ can be expressed by P < Q) and @) < P.

Theorem 4.5 (McCord). Let Sp and Sq be solenoids with P, Q) €
P. Then Sp and Sg are homeomorphic if and only if P < @ and
Q=P

Two spaces X and Y are called continuously equivalent provided
there exist continuous surjections f: X — Y and g: Y — X. The
next corollary, originally observed in [2, Theorem 9], follows from
Theorem 4.4 and Theorem 4.5.
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Corollary 4.6 (Cook). Two solenoids are homeomorphic if and
only if they are continuously equivalent.

Note that the negation of condition (c) in Corollary 4.2 is equiv-
alent to the condition that there is a sequence R = (r1,72,...) € P
such that R < P and R =< ). The next corollary, which ends the
paper, follows from Corollary 4.2 and Theorem 4.4.

Corollary 4.7. If Sp and Sq are solenoids, then their product
SpxSq is semi-indecomposable if and only if there exists a solenoid
Sr such that both Sp and Sq admit continuous surjections onto Sg.
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