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ER-GUANG YANG AND WEI-XUE SHI

ABSTRACT. We give characterizations of stratifiable spaces
and MCP spaces. Moreover, we study some generalized met-
ric spaces which can be defined or characterized by g-functions
and present several theorems concerning the metrization of
quasi-Nagata spaces.

1. INTRODUCTION

The notion of monotonically countably paracompact (MCP)
spaces was introduced by Chris Good, Robin Knight, and Ian Stares
[6] as a monotone version of countable paracompactness. Ying Ge
and Good [5] gave characterizations of stratifiable spaces and MCP
spaces from which one can see that stratifiable spaces have simi-
lar structures to MCP spaces. In this paper, we shall give other
characterizations of stratifiable spaces and MCP spaces.

As is known, in the field of generalized metric spaces, one impor-
tant task is to find conditions which imply metrizability for certain
classes of generalized metric spaces. In [19], Iwao Yoshioka showed
that a c-stratifiable quasi-Nagata quasi-y space is metrizable and,
n [16], A. M. Mohamad proved that a quasi-Nagata wf space X
with a quasi-G5(2) diagonal is metrizable. In this paper, we provide
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116 E.-G. YANG AND W.-X. SHI

several other theorems concerning the metrization of quasi-Nagata
spaces.

Throughout, a space means a topological space and all spaces in
this paper are assumed to be 77 unless stated otherwise.

Let X be a space. K(X) and C(X) denote the families of all
closed subsets and compact subsets of X, respectively. 7 is reserved
for the topology of a space X. The set of all positive integers is
denoted by N. (z,) denotes a sequence.

The following notation is due to Good, Knight, and Stares [6]:

Let (A;j)jen and (Bj);en be two sequence of subsets of a space X;
we write (A;) < (By) if A, C B,, for every n € N.

Definition 1 ([1]). A space X is called a stratifiable space if for
each F' € K(X) there exists a sequence {U(n, F') },en of open sets
satisfying

(1) F= mnEN U(”? F) = ﬂneN U(”? F)ﬂ

(2) for each n € N, U(n, F') C U(n, H) whenever F' C H.

Definition 2 ([6]). A space X is said to be monotonically countably
paracompact (MCP) if there is an operator U assigning to each
decreasing sequence (Fj);en of closed sets with empty intersection,
a sequence of open sets (U(n, (F})))nen such that

(1) F, C U(n, (F})) for each n € N;

(2) if (F}) = (Hj), then U(n, (F})) C U(n,(H;)) for all n € N;

(3) Npen U(n, (Fy)) = 0.

A g-function for a space X is a map g : N x X — 7 such that for
every x € X and n € N, x € g(n,z) and g(n+ 1,z) C g(n,x).
Consider the following conditions on g.

(kB) For every K € C(X), if KN g(n,xy,) # 0 for all
n € N, then (z,) has a cluster point.
(©) If {z,z,} C g(n,yn) for all n € N and (y,) has a
cluster point, then z is a cluster point of (zy,).
(0) If {z,xn} C g(n,yn) and y, € g(n,z) for all n €
N, then z is a cluster point of (z,,).
(wl) If {x,z,} C g(n,yn) and y, € g(n,z) for all n €
N, then (z,,) has a cluster point.
(ks) If y, € g(n,zy,) for all n € N and y,, — x, then

Ty — L.
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(wee) If y, € g(n,zy,) for all n € N and (y,) has a
cluster point, then (x,) has a cluster point.
(quasi-Nagata) If y, € g(n,z,) for all n € N and (y,,) converges,
then (z,,) has a cluster point.
(v) If y, € g(n,x) and x, € g(n,y,) for all n € N,
then z is a cluster point of (z).
(wy) If yn, € g(n,z) and z, € g(n,yy) for all n € N,
then (z,,) has a cluster point.
(quasi-y) 1If x, € g(n,y,) for all n € N and (y,,) converges,
then (x,) has a cluster point.
(q) If z, € g(n,z) for all n € N, then (z,) has a
cluster point.

A space X which has a g-function satisfying condition (kf3) is
called a kB space and the corresponding function is called a kG
function. The others are defined analogously.

First countable spaces can be characterized by g-functions satis-
fying the following condition:

If x,, € g(n,x) for all n € N, then z is a cluster point of (z,,).

ks spaces are called strongly quasi-Nagata spaces in [15] and a ks
space is equivalent to the condition [that:] there exists a g-function
g such that if y, € g(n,x,) for all n € N and y,, — =, then z is a
cluster point of the sequence (z,,).

It is known that the following implications hold.

[20]

MCP space wce space
Proposition 2.6 of
[54\ i thisppaper
) [20] (17
stratifiable space —> ks space ——— k(3 space

l (18]

quasi-Nagata space

2. CHARACTERIZATIONS OF STRATIFIABLE SPACES

Theorem 2.1. For a space X, the following are equivalent.

(a) X is stratifiable.
(b) For each F € K(X), there exists a sequence {U(n, F')}nen
of open sets such that
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(1) mneN Un, F)=F;

(2) for eachn € N, U(n,F) C U(n, H) whenever F C H;

(3) for every K € C(X) and F € K(X) with KN F = (),
there exists m € N such that K N U(m, F) = 0.

(c) For each F € K(X), there exists a sequence {U(n, F)}nen
of open sets such that
(1) FCcU(n,F) for alln € N;

(2) for eachn € N, U(n,F) C U(n, H) whenever F' C H;

(3) let {Fp}nen be a decreasing sequence of closed sets.
Then Npen U(n, Fr) = Nyen Fry and for every K €
C(X), if KNF, = 0 for some n € N, then KN
U(m, Fy,) =0 for some m € N.

(d) There exists an operator V assigning to each decreasing
sequence (Fj)jen of closed sets, a sequence of open sets
(V(n, (F})))nen such that
(1) for eachn € N, F,, C V(n, (F}));

(2) if (F}) = (Hj), then V(n,(Fj;)) C V(n,(H;)) for all
n € N;

(3) Nuen V (0, (F})) = Nhen Ly and for every K € C(X),
if KNFy, =0 for somen € N, then KNV (m, (F})) =0
for some m € N.

Proof: (a) = (b) Suppose that X is a stratifiable space. Then for
each F' € K(X), there exists a sequence {U(n, F') }nen of open sets
satisfying the conditions in Definition 1. Without loss of generality,
we may assume that U(n + 1,F) C U(n,F) for all n € N and
F € K(X). Obviously, conditions (1) and (2) are satisfied. Let K €
C(X)and F € K(X) with KNF = 0. From (,.yU(n, F) = F, it

follows that K N (,cyU(n, F) = 0. Since K € C(X), there exist
finitely many n;,7 = 1,2,--- ,k such that K N ﬂle U(n;, F) = 0.

Let m = max{n;,i =1,2,--- ;k}. Then K NU(m, F) = 0.

(b) = (c) Assume (b). We may assume that U(n + 1, F) C
U(n, F) for all n € N. Then, clearly, conditions (1) and (2) of (c)
are satisfied. Let {F), },en be a decreasing sequence of closed sets.
Then M, cn Frn C Npen U(n, Fr). We show that (), U(n, Fy) C
Mnen Fr also holds. Suppose that o ¢ (), Fn- Then there exists
m € N such that © ¢ Fy, = ();enU(J, Fm), and so there is n €
N such that x ¢ U(n, F,,). Setting N = max{m,n}, we have
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U(N,Fn) C U(N,Fy) C U(n,Fy). Thus, z ¢ U(N, Fy), which
implies that x ¢ (1, .y U(n, Fy,). Consequently, (,cn U(n, Fr) C

mnGN Fy.
Suppose now K € C(X) and K N F,, = 0 for some n € N.

Then there exists a k € N such that K NU(k, F,,) = 0. Let m =

max{k,n}. Then K NU(m, F) C KNU(k, F) C KNU(k, F,) =

(c) = (d) Assume (c). Let (F}) en be a decreasing sequence of
closed sets. For each n € N, put V(n, (F})) = U(n, Fy,). One easily
verifies that V' is an operator which satisfies all the items of (d).

(d) = (c) Suppose (d). Let V be the operator in (d). For
each x € X and n € N, put F/'(z) = {z} whenever j < n
and FT'(r) = 0, otherwise. Then for fixed » € X and n € N,
(FJ'(z))jen is a decreasing sequence of closed sets. For each closed
set F, put U(n, F) = U,ep V(n, (F}'(z))). Since {z} = Fj(z) C
V(n, (Fj'(x))), we have F' C U(n, F) for all n € N, and it is clear
that U(n,F) C U(n,H) whenever F' C H. Suppose now (F})jen
is a decreasing sequence of closed sets. Since F' C U(n,F) for
all n € N, we have (,cx Frn € (enU(n, F). For each n € N
and each x € [, since F]'(x) = 0 for all j > n and Fj'(z) =
{z} C F, C Fj whenever j < n, we have F['(z) C Fj for all
J € Nand so V(n, (F]'(z))) C V(n,(F;)) for all n € N. Therefore,
Un, Fn) = U,ep, V(n, (Fj'(z))) C V(n,(F})) for all n € N, which
shows that (), cxy U(n, ) C (Npen V(1, (F))) = Npen Fo-

Suppose now K € C(X) and K N F,, = 0 for some n € N.
Then there exists m € N such that K NV (m, (F;)) = 0. Thus,
KNU(m, Fp) C KNV(m, (F)) = 0.

(¢) = (b) Suppose (c). By letting F,, = F for all n € N, one
readily verifies that all the conditions in (b) are satisfied.

(b) = (a) Suppose (b). Then for eachn € N, U(n, F) C U(n, H)
whenever F' C H. From (3) of (b), it follows that for each F' €

K(X),if ¢ ¢ F, then there exists an m € N such that x ¢ U(m, F),

which implies that (), .y U(n,F) C F. Thus, N,.yU(n, F) = F
and X is stratifiable. O

From the above theorem, we see that stratifiable spaces have sim-
ilar structures to k-semi-stratifiable spaces. Since k-semi-stratifiable
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spaces can be characterized with g functions satisfying (ks) in the
introduction, it is natural to ask whether stratifiable spaces can
also be characterized with g functions satisfying similar conditions.
We have no idea, but we do have the following.

Proposition 2.2. Let X be a stratifiable space. Then the following
statements hold.

(a) There exists a g-function g for X such that if y, € g(n, zy)
for alln € N and x is a cluster point of (yy), then x is a
cluster point of ().

(b) There exists a g-function g for X such that if y, € g(n,x,)
for alln e N and y, — x, then z,, — x.

(¢) There exists a g-function g for X such that for each K €
C(X), if KNg(n,x,) # 0 for all n € N, then (z,,) has a

cluster point in K.

Proof: (a) Suppose that X is a stratifiable space. Then for
each F' € K(X), there exists a sequence {U(n,F)}nen of open
sets satisfying the conditions in Definition 1. We may assume that
Umn+1,F)cU(n,F)foralln € Nand F' € K(X). Foreachn € N
and x € X, put g(n,z) = U(n,{z}). Then g is a g-function for X.
Suppose now y, € g(n,z,) for all n € N and z is a cluster point of
(yn). If x is not a cluster point of (z,,), then there exists m € N
such that x ¢ {x,, : n > m} = F, and then there is k£ > m such that
x ¢ U(k,F). As z is a cluster point of (y,), there is | > k such that
y, ¢ Uk, F). Buty, € g(l,z,) =U(l,{x,}) CU(,F) CU(k,F), a

contradiction.

(b) Let g be the function in (a). Suppose that y, € g(n,x,) for
all n € N and y, — z. Let (x,,) be an arbitrary subsequence of

(xp). Since yn, € g(nk,xn,) C g(k,xy,,) and z is a cluster point of
(Yn,,), x is a cluster point of (x,, ). Therefore, x,, — x.

(c) Let g be the function in (a). Take K € C(X). Suppose
that K N g(n,z,) # 0 for all n € N. For each n € N, choose
yn € K Ng(n,z,). Then (y,) has a cluster point p in K, and p is
a cluster point of (z;,). O

Lemma 2.3 ([5]). X is an MCP space if and only if for each
F € K(X), there exists a sequence {U(n, F)}nen of open sets such
that
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(1) FCcU(n,F) for alln € N;

(2) for eachn € N, U(n,F) C U(n, H) whenever F C H;

(3) let {Fy}nen be a decreasing sequence of closed sets with
empty intersection. Then (), oy U(n, Fy) = 0.

By Lemma 2.3 and with the same method as in the proof of
Theorem 2.1, we can prove the following.

Proposition 2.4. For a space X, the following are equivalent.

(a) X is an MCP space.

(b) There exists an operator V' assigning to each decreasing se-
quence (Fj)jen of closed sets with empty intersection, a se-
quence of open sets (V(n, (F})))nen such that
(1) for eachn € N, F,, C V(n, (F}));

(2) if (F}) = (Hj), then V(n,(Fj;)) C V(n,(H;)) for all
n € N;

(3) for every K € C(X), there exists m € N such that
K NV(m,(F;))=0.

(c) For each F € K(X), there exists a sequence {U(n, F)}nen
of open sets such that
(1) FCcU(n,F) for alln € N;

(2) for eachmn € N, U(n,F) C U(n,H) whenever F C H;

(3) let {Fy}nen be a decreasing sequence of closed sets with
empty intersection. Then for every K € C(X), KN
U(m, Fy,) =0 for some m € N.

It was shown in [20] that an MCP space is a wce space. Actually,
we have the following stronger result.

Proposition 2.5. If X is an MCP space, then there exists a g-
function g for X such that if y, € g(n,x,) for alln € N and (yy,)
has a cluster point, then (x,) has a cluster point.

Proof: Suppose that U is the operator in Lemma 2.3 and that
Umn+1,F) Cc Un,F) for all n € N and F € K(X). For each
n € Nand z € X, put g(n,z) = U(n,{z}). Then g is a g-function
for X. Suppose now y, € g(n,xy,) for all n € N and (y,) has
a cluster point p. If (x,) has no cluster point, then, by putting
F, = {zym : m > n} for all n € N, we get a decreasing sequence
of closed sets {F),}nen and it is obvious that (), F = 0. From

Lemma 2.3, it follows that (,,cy U(n, F,) = 0. Then there is k € N
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such that p ¢ U(k, Fy). Since p is a cluster point of (y,), there

exists m > k such that y,, € X —U(k, Fy) C X —U(m, F}) C X —

U(m, Fy) C X-=U(m,{zm}) = X —g(m, ), a contradiction.
A space X is said to be weakly subsequential [9] if each sequence
of X with a cluster point has a subsequence with compact closure.

Proposition 2.6. A weakly subsequential space X is a wce space
if and only if it is a kB space.

Proof: Let g be a wee function and let K € C(X). Suppose
that K N g(n,z,) # 0 for all n € N. For each n € N, choose
yn € KNg(n,x,). Then (y,) has a cluster point and so (z,) has a
cluster point. This shows that X is a k(3 space.

Conversely, let g be a kf function. Suppose y, € g(n,z,) for
all n € N and (y,) has a cluster point. As X is a weakly subse-
quential space, there exists a subsequence (yn,) of (y,) such that
K = m is a compact set. But y,, € g(k,zy,) for all k € N, so
K Ng(k,zy,,) # 0 for all k € N. Therefore, (x,,) and hence, (x,)
has a cluster point. O

A space X is said to be subsequential [9] if each sequence of X
with a cluster point has a convergent subsequence.

Proposition 2.7. A subsequential space X is a wce space if and
only if it is a quasi-Nagata space.

Proof: Similar to the proof of Proposition 2.6. O

3. METRIZATION OF QUASI-NAGATA SPACES

A space X is called a strongly o space [20] (an « space, respec-
tively, [7]) if it has a g-function satisfying the following conditions:

(1) mnGN g(n,a:) = {JZ‘} (ﬂneN g(nvx) = {JI}, respectively )7

(2) if y € g(n, x), then g(n,y) C g(n, z).

Clearly, every strongly « space is Hausdorff.

Lemma 3.1. A strongly a q space X is first countable.

Proof: Let h be a strongly « function and let [ be a ¢ function.
For each x € X and n € N, put g(n,z) = h(n,z)Nl(n,z). We show
that g is a first countable function.

Suppose that x, € g(n,z) for all n € N. Then (z,,) has a cluster
point, say p, because [ is a ¢ function. If x # p, then there exists
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m € N such that p ¢ h(m,x). As p is a cluster point of (x,), there
is k > m such that xy ¢ h(m,z) D h(k,x), a contradiction. O

Proposition 3.2. A strongly o quasi-Nagata space X is a ks-space.

Proof: Let h be a strongly « function and let [ be a quasi-Nagata
function. For each z € X and n € N, put g(n,z) = h(n,z)NIl(n,z).
We show that ¢ is a ks-function.

Suppose that y, € g(n,x,) for all n € N and the sequence (y;)
converges to p. We show that p is a cluster point of (z,). Since I
is a quasi-Nagata function, the sequence (z,) has a cluster point,
say q. If p # g, then there exists m € N such that p ¢ h(m,q).
As y, — p, there is k > m such that y,, ¢ h(m,q) D h(m,q) for
all n > k. But ¢ is a cluster point of (z,,), so there is j > k such
that z; € h(m,q), and then y; € h(j,z;) C h(m,x;) C h(m,q), a
contradiction. Therefore, p = ¢ and p is a cluster point of (x,,). O

Proposition 3.3. A strongly a quasi-y space X is a 7y space.

Proof: Suppose that X is a strongly a quasi-y space. Yoshioka
[19] has shown that a strongly « w~y space is a 7y space, so it suffices
to show that X is a w~ space. Since a quasi-y space is a q space,
by Lemma 3.1, X is first countable, and thus, X is a wy space. 0

Yoshioka [20] proved that a strongly « w6 space is a 6 space.
Actually, we have the following stronger result.

Proposition 3.4. (a) An « 0 space X is a © space. (b) A strongly
o wl space X is a © space.

Proof: (a) Let h be an « function and let [ be a 6 function. For
each z € X and n € N, put g(n,z) = h(n,z) Nil(n,z). Suppose
that {p,x,} C g(n,y,) for all n € N and (y,) has a cluster point
g. We show that p is a cluster point of (z,,). Since ¢ is a cluster
point of (y,), there exists a subsequence (yn,) of (y,) such that
Yn,, € h(k,q) and thus, h(k,yn,) C h(k,q) for all k € N. Now, from
P € gk Yny) C h(k,yn,), it follows that p € oy h(k, ) = {q}-
Hence, p = ¢ and then p is a cluster point of (y,). Again, there
exists a subsequence (yp,;) of (yy) such that y,, € (i, ¢) for all i € N.
Since {p, xn,} C I(i,yn,) for all i« € N and [ is a 6 function, p is a
cluster point of (z,,) and hence of (zy,).

(b) Since a strongly « wf space is a 6 space [20] and a strongly
« space is an « space, by (a), one readily sees that (b) holds. [
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A space X is said to have a quasi-G5(2) diagonal (quasi-G; diag-
onal, respectively) [15] if there exists a sequence {Gy, }nen of open
families of X such that for any pairs of distinct points xz,y € X,
there exists m € N such that z € st?(z,G,,) € X — {y} (v €
st(z,Gm) C X — {y}, respectively).

It is clear that a space X which has a quasi-G}(2) diagonal is
Hausdorff and if X has a quasi-G(2) diagonal, then it has a quasi-

G diagonal.

Proposition 3.5. (a) A wy space X with a quasi-G3(2) diagonal
is a7y space. (b) A quasi-y space X with a quasi-G5(2) diagonal is
ay space.

Proof: (a) Let {Gy, }nen be a quasi-G(2) diagonal sequence and
let k be a wy function. For each x € X and n € N, put

t n)s n}
) = { G L

Let h(n,z) = (i, f(i,z) and let g(n,z) = h(n,z) N k(n,z). We
show that g is a v function. Suppose that x,, € g(n,y,) and y, €
g(n,p) for all n € N. Since k is a wy function, the sequence (x,)
has a cluster point, say q. For each n € ¢(p) = {i € N:p €
UG;}, we have yn, € g(m,p) C g(n,p) C f(n,p) = st(p,Gn) C UG,
whenever m > n, and then z,,, € g(m, ym) C g(n, ym) C f(n,Ym) =
5t(Ym, Gn). Consequently, z,, € st?(p,G,) whenever m > n. Since
q is a cluster point of (z,), ¢ € {xy, : m >n} C st?(p,G,) for all
n € c(p). Thus, g € (e st2(P;Gn) = {p}, which implies that
p = q and p is a cluster point of (x,).

(b) Suppose that X is a quasi-y space with a quasi-G(2) diago-
nal. Mohamad [15] proved that a g space with a quasi-G diagonal
is first countable and it is easy to show that a first countable quasi-
~ space is a w7y space. Since a quasi-y space is a ¢ space and X
has a quasi-G} diagonal, we conclude that X is a w~y space. Now,
by (a), X is a =y space. O

A space X is called a c-stratifiable [10] (c-semi-stratifiable [13],
respectively,) space if it has a g-function g such that for any K €
C(X), MNpen9(n, K) = K (N,en 9(n, K) = K, respectively), where
g(n,K) =U{g(n,z): z € K}.

Obviously, a c-stratifiable space is Hausdorff.
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Proposition 3.6. A c-stratifiable quasi-Nagata space X is a ks-
space.

Proof: Let h be a c-stratifiable function and let [ be a quasi-
Nagata function. For each z € X and n € N, put g(n,z) = h(n,z)N
l(n,z). We show that g is a ks-function.

Suppose that y, € g(n,x,) for all n € N and the sequence (y,)
converges to p. We show that p is a cluster point of (z,). Since I
is a quasi-Nagata function, every subsequence of (z,) has at least
a cluster point. Let g be a cluster point of (z,,) and suppose that
p # q. Then there exists a subsequence (z,,) of (x,) such that
Zn, € h(k,q) and z,, # p for all £ € N. We now show that ¢ is
a unique cluster point of (z,,). Let r be a cluster point of (x, )
with r # ¢. Since h is a c-stratifiable function, there is m € N such
that r ¢ h(m, q), but r is a cluster point of (x,, ), so thereis j > m
such that x,; ¢ h(m,q) D h(j,q). The contradiction shows that
r = ¢, and from the above process of the proof, we know that ¢ is a
unique cluster point of (x,, ). Since every subsequence of (z,,) has
a cluster point, ¢ is a cluster point of every subsequence of (z, ),
which implies that (z,,) converges to g.

Now, let K = {x,, : k € N} U{q}. Then K € C(X) and p ¢ K.
Since h is a c-stratifiable function, we have p ¢ [,y h(n, K) and

hence, there exists m € N such that p ¢ h(m, K). As (y,) converges
to p, which shows that p is a cluster point of (y,, ), there exists j >
m such that y,, ¢ h(m, K) D h(j, K) D h(j,K) D Upen h(J, Tny,)-
This implies that y,, ¢ h(j,zn,) for all k& € N. As a special case,
we have y,,. ¢ h(j, zn;), a contradiction. Thus, p = ¢ and then p is
a cluster point of (x,,). O

Proposition 3.7. (a) A Hausdorff c-semi-stratifiable 6 space X is
a O space [4]. (b) A c-stratifiable w0 space X is a © space.

Proof: (a) This has been proved in [4].

(b) Since c-stratifiable spaces are c-semi-stratifiable spaces and
Hausdorff, by (a), it suffices to show that a c-stratifiable w6 space
is a 0 space.

Let h be a c-stratifiable function and let [ be a wé function. For
each x € X and n € N, put g(n,z) = h(n,x) Ni(n,z). We show
that ¢ is a 6 function.
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Suppose that {p,z,} C g(n,y,) and y, € g(n,p) for all n € N.
Then (z,) has a cluster point ¢. Similar to Lemma 3.1, one can
verify that a c-stratifiable g space is first countable. Since a w6
space is a ¢ space, ¢ is a first countable function. Then there
is a subsequence (x,,) of (x,) such that z,, — ¢. Also, since
Yn,, € g(k,p) for all k € N, we have y,, — p. If p # g, then there is
a subsequence (yp, ) of (yp,) such that y,, — p and Yny, 7 q for
all i € N. ’ ’

Now, set K = {yn, : i € N} U{p}; then K is compact and

g ¢ K and hence, there exists m € N such that ¢ ¢ h(m, K).
Since ¢ is a cluster point of (zy, ), there is j > m such that Tny, ¢

h(m,K) D h(j, K), which implies that Ty, ¢ h(j,yn,,) for all
1 € N. As a special case, Tn, ¢ h(j, ynkj), which contradicts the
fact that Tny,, € g(nkj,ynkj) C h(j, ynkj). The contradiction shows
that p = ¢ and then p is a cluster point of (z,,). O

A space X is said to have property A’ (property A, respectively)
[11] if there is a sequence (V;,) of relations on X satisfying the
following.

(1) Foreachz € X and n e N, x € V41(z) C Vy(x) € 7.

(2) For each & € X, Moy V2(@) = {a} (Moey VE() = {o},
respectively).

It is easy to see that a space X having property A’ is Hausdorff,
and similar to the proof of Lemma 3.1, one can prove that a g space
with property A’ is first countable. W. F. Lindgren and P. Fletcher
[11] proved that a wy space which has property A’ is a ~-space.
Since a quasi-y space is a ¢ space and a first countable quasi-y
space is a w+y space, we have the following.

Proposition 3.8. A quasi-y space X that has property A’ is a
space.

Proposition 3.9. A quasi-Nagata space X that has property A’ is
a ks-space.

Proof: Let h be a quasi-Nagata function and let (V,,) be a se-
quence of relations satisfying the conditions of property A’. For
each x € X and n € N, put g(n,z) = h(n,z) N Vy(x). We show
that g is a ks-function.
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Suppose that y, € g(n,x,) for all n € N and the sequence (y;)
converges to p. Then (x,) has a cluster point ¢, and hence, there
exists a subsequence (zp,) of (x,) such that z,, € Vi(q) for all
k € N. From y,, € Vp, (2n,) C Vi(xy, ), it follows that y,, € V2(q)
for all k£ € N.

Suppose p # q. Then there exists m € N such that p ¢ V,2(q).
As y, — p, p is a cluster point of (y,,) and thus, there is j > m

such that y,, ¢ V2(q) D V7(g) D VZ(q). The contradiction shows
that p = ¢ and thus, p is a cluster point of (z,,). O

Proposition 3.10. (a) A 6 space X that has property A is a ©-
space. (b) A wé space X that has property A’ is a ©-space.

Proof: (a) Let h be a 6 function and let (V) be a sequence of
relations satisfying the conditions of property A. For each x € X
and n € N, put g(n,z) = h(n,z) N V,(x).

Suppose that {p,z,} C g(n,y,) for all n € N and ¢ is a cluster
point of (y,). Then there exists a subsequence (y,, ) of (y,) such
that y,, € Vi(q) for all & € N. From p € Vi(yn,), it follows that
P € Npen Vi2(q¢) = {q}. Hence, p = ¢ and then p is a cluster point
of (yn). Now, since h is a 6 function, p is a cluster point of (x,).
Thus, g is a © function.

(b) Since property A’ implies property A, by (a), it suffices to
show that a w6 space that has property A’ is a f-space.

Let h be a w# function and let (V) be a sequence of relations
satisfying the conditions of property A’. For each x € X and n € N,
put g(n,x) = h(n,z) NV, (z). We show that g is a # function.

Suppose that {p,z,} C g(n,y,) and y, € g(n,p) for all n € N.
Then z,, € V.2(p) for all n € N. Since h is a wf function, (x,)
has a cluster point g. If p # ¢, then there exists m € N such that
q ¢ V,2(p), and thus, there is k > m such that zy ¢ V,2(p) D V2(p),
a contradiction. Therefore, p is a cluster point of (z,) and g is a 6
function. O

Lemma 3.11 ([19]). For a Ty space X, the following are equivalent.
(a) X is metrizable;
(b) X is a ks~ space;
(c) X is a ks 6 space.
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Statement (c) of Theorem 3.12 and (b) of Theorem 3.13 have
been proved in [19] and [16], respectively. We restate them here for
completeness.

Theorem 3.12. (a) A strongly « quasi-Nagata quasi-y space X is
metrizable.

(b) A quasi-Nagata quasi-y space X with a quasi-G5(2) diagonal
is metrizable.

(c) A c-stratifiable quasi-Nagata quasi-y space X is metrizable
[18].

(d) A quasi-Nagata quasi-y space X that has property A’ is metriz-
able.

Proof: (a) follows from Proposition 3.2, Proposition 3.3, and
Lemma 3.11.

(b) follows from Theorem 4.10 in [15], Proposition 3.5, and Lemma
3.11.

(c) has been proved in [19].

(d) follows from Proposition 3.8, Proposition 3.9, and Lemma
3.11. O

Theorem 3.13. (a) A strongly o quasi-Nagata w6 space X is
metrizable.

(b) A quasi-Nagata w8 space X with a quasi-G5(2) diagonal is
metrizable [16].

(¢c) A c-stratifiable quasi-Nagata w8 space X is metrizable.

(d) A quasi-Nagata w8 space X that has property A’ is metriz-
able.

Proof: (a) follows from Proposition 3.2, Proposition 4.7 in [20]
(a strongly a w6 space X is a 6 space), and Lemma 3.11.

(b) has been proved in [16].

(c) follows from Proposition 3.6, Proposition 3.7, and Lemma
3.11.

(d) follows from Proposition 3.9, Proposition 3.10, and Lemma
3.11. ]
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