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LEANDRO F. AURICHI

ABSTRACT. We present some connections between selection
principles and the D-space problem. Our main result is that
every Menger space is a D-space. We also present a study of
the Rothberger property restricted to compact spaces.

1. INTRODUCTION

The definition of a D-space appeared in [7]. There, it was also
asked if it is true that every Lindel6f space is a D-space. Many
classes of spaces were proven to be included in the class of D-spaces
(see, e.g., [1], [6], [5], [9]), but the question about Lindel6f spaces is
still open. In [8], it was said that one of the main problems about
this question is the lack of covering properties that imply being a
D-space. In this work, we try to make a step in this direction,
proving that a selection principle for open covers implies the D
property. Such selection principles have been extensively studied,
see, e.g., [16], [4], thus these results can give some new light to this
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problem. Following this idea, we present some topological games
that are related to selection principles and give the relation between
them and D-spaces.

In [3], it was shown that, under MA, Lindel6f spaces that are a
union of fewer than continuum compact spaces are D-spaces. This
can be obtained by our main result simply by using the fact that
such spaces have the Menger property.

All the definitions about selection principles can be found in [16].

We finish this section defining D-space, fixing some notation,
and proving a simple result.

Definition 1.1. Let X be a topological space. We say that (V,),ex
is an open neighborhood assignment for X if each V, is an open
neighborhood of z. If Y C X, we denote by Vy the set Uer Vy.
We say that Y is a kernel for (V,)zex if V3 = X. Finally, we say
that X is a D-space if, for every open neighborhood assignment
(Vz)zex, there is a closed discrete kernel.

In [5], it was proven that every strong Y-space is a D-space. In
particular, this result implies that every Moore space is a D-space.
A Moore space is a regular developable space. We will present here
a direct proof which also shows that the regularity in this case is
not needed. Before this, we give some definitions.

Definition 1.2. Let X be a topological space, C a family of open
sets, and z € X. We use st(z,C) to denote the set (J{C € C :z €
C'}. We say that X is a developable space if there is a sequence of
open covers (Cp)new such that for each z € X, {st(z,C,) : n € w}
is a local base for it.

Proposition 1.3. Every developable space is a D-space.

Proof: Let X be a developable space and let (Cp,)new be a se-
quence of covers such that for each z € X, {st(z,C,) : n € w} is a
local base for it. Let (V,)zex be an open neighborhood assignment
for X. For each n € w, let X,, = {x € X : st(z,C,) C V,}. This
set can be empty, but note that X = (J,,,, Xn. For each n € w, we
will define D,, C X, satisfying the following:

(a) D,, is closed discrete;
(b) Vp, U Uk<n VDk D Xn.
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Well order X,, ~ |, <n VD, and define d¢ as the least element of
(X~ Ugen VDo) N VE, where Ee = {d, : n < {}. Define D, as
the set of such d¢’s. We will prove that D, is closed discrete. Let
y € X. Let C € C, such that y € C. Suppose there is a d¢ € C.
Pick the least one. Note that y € st(d¢,C). Thus, y € Vg, NC
and Vg, NC'N Dy, = {dg}.

Therefore, D = J,,c,, Dn is such that Vp = X and it is closed
discrete. O

2. THE PARTIAL OPEN NEIGHBORHOOD ASSIGNMENT GAME

Through this work we will deal with some games that are played
by two players. In general, one of the players is looking for a cover
of a space and the other one is not. For mnemonic reasons, we will
name these players C' and N, respectively.

The general idea for the first game is the following: player N
gives a partial open neighborhood assignment for the space that is
enough to cover it. Then player C' chooses a subset of the domain
of this partial open neighborhood assignment that will be a part
of the closed discrete kernel that C' is looking for. Then player N
chooses another partial open neighborhood assignment and player
C chooses another part for its closed discrete kernel.

Definition 2.1. Let X be a topological space. We call the follow-
ing game between players N and C' the partial open neighborhood
assignment game (PONAG). Player N defines a partial open neigh-
borhood assignment (V)zey, for X with Yy C X and such that
Vy, = X. After this, player C' chooses Dy C Yy, a closed discrete
subset of X. Then, at the n-th inning,

e N chooses (V;).ev,, a partial open neighborhood assign-
ment compatible with every (V;)zey, for k < n such that
— it covers X \ U, Vb, and
- Y,N Uk<n VDk = (D;
e (' chooses D,, C Y, a closed discrete subset of X.
We say that C' wins the game if | J, . Vb, = X.

new

One of the advantages of this game is that we do not have to
care about making the kernel closed discrete.

Proposition 2.2. Let (Dy,)new be as in a PONAG won by player
C. Then ., Dn is a closed discrete set.

new
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Proof: Let x € X, and let n € w be the first such that x €
Uaep, Va- Note that (J;cp, Va is an open set that separates x
from every point in | J,,, Dg. Since J,,, Di is closed discrete (it
is a finite union of closed discrete sets), x is not an accumulation
point of (J,¢,, Dr- O

It is easy to see that being a D-space is related to player N not
having a winning strategy.

Proposition 2.3. Let X be a topological space. If N has no win-
ning strateqy for the PONAG, then X is a D-space.

Proof: Suppose X is not a D-space. Let (V;)zex be an open
neighborhood assignment for X that witnesses it. Then, if N plays
at every inning n, (Vz)zea where A = X \ U,.,, Vp,, C cannot
win this game. O

It is easy to prove that for a o-compact space, player C' has a
winning strategy for the PONAG. There is a generalization for o-
compactness that we can prove which implies that player N has
no winning strategy for the PONAG. Before proving this, we give
some definitions.

Definition 2.4. We say that a space X is a Menger space if for
every sequence (Up)new of open covers there is (Up)ne, such that
each U, is a finite subset of U, and J,,c,, UU, = X.

Note that the Menger property implies the Lindel6f property:;
thus, we can assume that each cover in the definition of the Menger
property is countable. Also, it is easy to see that the previous
definition has an equivalent formulation if we also require each U,
to be closed under finite unions and each U, to be a unitary subset
of U,

The property of being a Menger space has an equivalent formu-
lation using a game.

Definition 2.5. Let X be a Lindelof space. We call the Menger
game the following game played between players N and C. At each
inning n € w, player N chooses a countable open cover U, that is
closed under finite unions. Then player C' chooses U, € U,. We
say that player C' wins the game if | J,,.,, Un = X.
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In [11], it was proven that a Lindelof space is a Menger space if
and only if player N has no winning strategy for the Menger game.
With this result, we can prove the following proposition.

Proposition 2.6. Let X be a Menger space. Then N has no win-
ning strategy for the PONAG.

Proof: Suppose that N has a winning strategy for the PONAG.
We will define a winning strategy for N for the Menger game. Since
X is Menger, this will give us a contradiction. At the first inning,
N chooses Uy = {V, : @ € Yp} where (Vy)zey, is the one chosen
by N at the first play in the winning strategy for the PONAG. If
(V)zew, is the finite subset of (V4)zey, played by C in the Menger
game, then consider C'in PONAG as playing the finite set Uy C Yj.
Then at the second inning, N chooses Uy = {Vy, UV, : z € Y1}
where Y] is the one that NV chooses in the winning strategy for the
PONAG after C chooses (Vy)zcr,. Note that proceeding this way,
N wins the game. U

Corollary 2.7. Every Menger space is a D-space.

But the PONAG does not give us an equivalence for being a
D-space. The space of the irrationals with the usual topology is a
D-space (see, e.g., [1]), and we can prove the following proposition.

Proposition 2.8. In the PONAG for w”, player N has a winning
strategy.

Proof: For each n € w, let A, = {y} € w”: j € w} and (Vyr)jew
be such that
o [+l ifm <
* yi(m) = { 0 otherwise
o Vpp={zcw”:z(n)<n+1+j}
Note that A, N Ay = 0 if n # k and yj € Vyr for any j,n € w.
Note also that (y?)jew is a converging sequence to the function
constantly equal to n + 1.

At the first inning, N chooses Vjcy, where Yy = Ap. Note that
player C' can choose only finitely many points of Y. Let Uy be the
y?’s chosen. Let k = max{j+1: y? € Up}. Then player N chooses
Y1 = Ag41. Note that Vy, = w* and Y3 N Vy, = 0. Again, player
C can choose only finitely many points in Y;. Let U; be the set
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of the y}”l’s chosen. Let &' = max{j +k+1: y}““ € Ur}. Then
player N chooses Yo = Ajr1q. Proceeding this way, player N wins
the game. O

3. THE STAR GAME

The next game is based on the proof in [1] that every space with
a point countable base is a D-space.

Definition 3.1. Let X be a topological space. We call the star
game the following game played between C' and N. At each inning
&, player C' chooses z¢ different from every x, chosen before. Then
player N chooses S¢ C X such that z¢ € S¢ and for every y € Sg,
N chooses an open set V,, such that y,z¢ € V. Also, if y € S, for
some 1 < &, then Vj, has to be the same one previously chosen. At
the beginning of every inning, the following tests are made in this
order:

(a) If there is an = € X such that z is an accumulation point
for {z, : 1 < ¢} and x is not an element of any S, with
n < &, then NV loses. We call this condition S.

(b) If {z), : n < £} is not a closed discrete set, then C' loses.

(c) If Un<£ Ve, = X, then C wins. Otherwise, the game con-
tinues.

Proposition 3.2. Let X be a topological space. If N has no win-
ning strategy for the star game, then X is a D-space.

Proof: Suppose that X is not a D-space. Let (V.),ex be an
open neighborhood assignment witnessing it. If IV plays at every
inning &, S¢ = {y : v¢ € V,}, then player N wins. O

For o-compact spaces, the situation is similar to the PONAG.

Proposition 3.3. If X is a o-compact space, then player C' has a
winning strateqy for the star game.

Proof: First, suppose X is compact. Player C plays as follows.
Define x( as any point of X. Next, define x,,11 as any point (if there
is any) not in {J,,., Vs,,- Note that if this procedure continues
until the w-th inning, then any accumulation point of {z, : n € w}
must be outside (J,,, Sn. Thus, unless player N loses because of
condition S, there is an n € w such that Vs,, covers X. Since

m*

m<n
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X is compact, we can find a finite subset F' of | J
m < n} such that Ve U Vi, .neny covers X.

menOm N Az,

For proving the o-compact case, just write X = (J, ., K, with
each K, compact and repeat the strategy above countably many
times. O

It is not difficult to see that a stronger version of the Menger
property implies that player N has no winning strategy for the star
game. Before proving this, let us give some definitions.

Definition 3.4. We say that a space X is a Rothberger space if for
every sequence (U, )new of open covers of X there is a cover (Up )new
for X such that each U,, € U,,.

Note that the Rothberger property implies Lindelofness. Thus,
we can assume again that all the covers are countable. Note also
that the Rothberger property implies the Menger property. Sim-
ilar to the Menger property, the Rothberger property also has a
characterization using a game.

Definition 3.5. Let X be a topological space. The point-open
game is the following game played between players N and C. At
each inning n € w, player C' chooses x,, € X and player N chooses
an open neighborhood V,, for x,,. Player C wins if |J .V, = X.

new

In [14], it was proven that being a Rothberger space is equiva-
lent to player N not having a winning strategy for the point-open
game. Therefore, if X is a Rothberger space, player N cannot have
a winning strategy for the star game, because, until the w-th in-
ning, this game is played like the point-open game, just with more
restrictions for player N.

Proposition 3.6. If X is a Rothberger space, then player N has
no winning strategy for the star game.

In [1], in the proof that every space with a point countable base
is a D-space, actually it was proven that a more general class of
spaces (a simple generalization of the concept of having an uniform
base) is D.

Definition 3.7. We say that a base B for a topological space X is
w-uniform if for every x € X and every B € B such that z € B,
the set {A € B:2x € Aand A ¢ B} is countable.
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Note that any point countable base is an w-uniform base. But
the converse is not true, even for Lindelof spaces: let D be a discrete
space of cardinality w; and add a point co such that a local base
for it is made up of sets of the form V' U{oo} with D~V countable.
The space D U{oo} is a Lindel6f space with an w-uniform base but
without a point countable base.

We will prove that having an w-uniform base is enough for a
space to have a winning strategy for player C' for the star game.
Before this, we need some more definitions.

Definition 3.8. Let X be a topological space. We say that an
inning « for the star game is a closed inning if

o D, ={x¢:& < a}is a closed discrete set in X;
o x¢ ¢V, forany n <& <o
® Vb, D Ugcq St (S¢ is the one in Definition 3.1).

We say that player C has a partial strategy for the star game if,
for every closed inning o and every z ¢ U5 <a Vae, there is a closed
inning 3 such that {z¢ : a0 <& < B} C X N Ueey, Vo, and 2o = 2.

The idea of the closed inning is to split a strategy into smaller
parts.

Proposition 3.9. Let X be a topological space. If player C has
a partial strategy for the star game, then player C' has a winning
strategy for the star game.

Proof: The strategy for player C will simply be a sequence of
partial strategies concatenated. At each inning «, player C does
the following:

e if C' is in the middle of a partial strategy, C continues it;

e otherwise, we assume that « is a closed inning. If UE <a Vo, =
X, the game is finished. Otherwise, player C' begins a new
partial strategy for an x ¢ U§<a Vae -

Let us prove that this is a winning strategy. For this, it is enough to
show that a limit of closed innings is also a closed inning. Let o be
a limit of closed innings and let & € {z¢ : £ < a}. We can suppose
that € S¢ for some £ < a (otherwise, player IV loses). Thus, there
is a B < a such that z € V;, (because of the partial strategies).
We may assume by induction that {z¢ : & < } is closed discrete.
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Since z,, ¢ Vi, for n > B, x cannot be an accumulation point of
{zg : £ < a}. O

Now we just have to prove that having an w-uniform base is
enough to have a partial strategy.

Proposition 3.10. If X has an w-uniform base, then player C' has
a partial strategy for the star game.

Proof: Let B be an w-uniform base for X. Since having an w-
uniform base is hereditary, we just have to prove that for any x
there is a closed inning that covers x. We may suppose that all V,,
belong to B. Let x € X. We will define a strategy for player C'
such that w will be a closed inning. For technical reasons, we will
enumerate the innings for this strategy using numbers of the form
p™ where p is a prime number and n > 0. Define z9 = x. After
player N plays, enumerate the set {U € B : Jy € Sy 29 € V}, and
UV, # 0} as (UF?)pen. Assume that for each k < n, with k = p™
for some prime p, player C' already chose xj and enumerated the
set {U € B:3ye Soar€Vyand UV, #0}as (UrF)pew. At
the n-th inning, with n = p™ for some prime p, player C does the
following. Let g be the m-th number of the form r® with r being a
prime number. If there is an = € | J,_,, Sk such that

(3.1) Ve {U :tcw}and z ¢ UmG,
k<n

then player C' chooses z,, as the z such that V,, = U;"* with ¢ being
the least one satisfying (3.1). Enumerate (U;™)te. as usual. If there
is no such z satisfying (3.1), proceed to the next inning without
choosing an = (actually, the definition of the game does not allow
this, but there is no problem if we just assume that player N will
do nothing if player C' does nothing).

Let us prove that this is a partial strategy. We begin proving
that (J,c., Sn C Upew Van- Let x € S, for some n € w. Assume
that n is the least one with this property. Then V, = U™ for
some k € w. Note that in our construction, at every inning of
the form pf, where p is a prime number and ¢ indicates how many
elements there are before n in our indexes, we pick the first U
that has some element not covered. Since there are only finitely
many elements before k, U, will be covered in some inning and,
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therefore, z. Now we have to prove that {z, : n € w} is closed
discrete in J,,c,, Sn- Let z € |J,,c,, Sn- Let n be the first one such
that x € V,,, . Since there are only finitely many xx’s with k& < n
and no z,, € V,, for m > n, we are done. O

Corollary 3.11. If X has an w-uniform base, then player C has
a winning strategy for the star game. Therefore, X is a D-space.

The relation between the star game and the D property is not
clear. We do not have any example of a D-space such that player
N has a winning strategy for the star game. Since it is not known
if a hereditarily Lindelof space must be a D-space, the following
question is particularly interesting.

Question 3.12. If X is a hereditarily Lindelof space, can player
N have a winning strategy for the star game?

4. SOME APPLICATIONS

It is easy to see that if X is a Menger space and P is a countably
closed forcing, then if P preserves the Lindelofness of X, it has
also to preserve its property of being Menger. We can prove an
analogous result for D-spaces such that N has no winning strategy
for the PONAG. Before proving this, we prove a lemma.

Lemma 4.1. Let X be a topological space and P be a countably
closed forcing. Let p € P and (Vy)gex be such that p |- Va)rex
is an open neighborhood assignment for X7 and p IF X is Lindeldf.
Let U C X be an open set. Then there are ¢ < p, a countable
AC X\U, and (Vy)pea such that IV, UU = X and V, =V,
for every x € A.”

Proof: Note that p IF X~ U is Lindelof. Thus, p IF “there is a
countable A such that V4 D X N\ U and ANU = 0." Let ¢ <p
be such that ¢’ decides A and let ¢ < ¢’ be such that ¢ decides

(Vm)reA- ]

Proposition 4.2. Let X be a topological space such that N has
no winning strategy for the PONAG. Let P be a countably closed
forcing such that P I+ X is Lindelof. Then PIF X is a D-space.

Proof: We will define a strategy for N and, for each possible
move of N, we will associate a p € P in the following way:
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e In the first inning, N chooses (V,.),ca, where A is the one
given by the lemma applied to 1 and the empty set. The
q given by the lemma is the element associated with this
play.

e Let (V,)zey be the move of N at the n-th inning. Let p
be the element associated with this play and D C Y be the
closed discrete set chosen by player C. At the (n + 1)-th
inning, player N chooses (V;)zc4 where A is the one given
by the lemma applied to p and U, where U is the union of
every Vp already played by player C'. The forcing condition
associated with this move is the ¢ < p given by the lemma.

Since N has no winning strategy, there is (D, )ne, where D,, is the
one chosen by C' at the n-th inning such that J,,c, Vp, = X. Note
that D = J,,c,, Dn is closed discrete. Let (pn)neco be the forcing
conditions associated with every move of N in this game. Note that
Pnt1 < pn- Let p < p, for every n. Note that p IF Vp = X and
V, =V, for every = € D. So p forces that X is a D-space. O

One of the difficulties in proving that a space X is a D-space
is determining where to look for the closed discrete kernel. For
a fixed open neighborhood assignment (V,,),cx, one can easily fix
a countable set to look at if X is Lindel6f. Namely, pick M a
countable elementary submodel such that (V,).ex € M. It is easy
to see that if (V;),ex has a closed discrete kernel, then it has one
as a subset of M N X. But if we assume that X is a Menger space,
we can do a little better.

Proposition 4.3. Let X be a Menger space and (V)zex be an open
neighborhood assignment for it. If Y C X is such that for every
finite F CY, VP UVy v, = X, then there is a closed discrete (in
X)D CY such that Vp = X.

Proof: Suppose not. Consider the following strategy for player
N for the Menger game. At each inning, player N defines U,, =
{Unen UnUVE : F CY N U, cp Unm is finite} where the Up,’s are
the plays of player C'. Since each U, is a finite union of V,’s with
x € Y and by our hypothesis over Y, U, is a cover for X. As in
the case of the PONAG, note that if (J, ¢, Un = X, then U, c,, Fn,
where each U,, = Vp,, is a closed discrete set. Since there is no
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closed discrete set inside Y that covers X, then player N wins the
game, contradicting the fact that X is a Menger space. O

Showing that a given space is a Menger space is often easier
than proving it is a D-space directly. One example is a Souslin
tree with the fine wedge topology or the coarse wedge topology [2].
Such spaces are easily shown to be Rothberger by a combinatorial
argument. Therefore, they are Menger spaces and D-spaces. This is
an easier proof than the one presented in [15], where the D property
is shown directly.

Also, proving that a space is a D-space by proving it is a Menger
space is a technique that applies to a wider class of spaces than the
class of metrizable spaces or o-compact spaces, as we can see in the
next example.

Example 4.4. Let X be a Menger space and x be any uncountable
cardinal. Define Y as the disjoint union of x many copies of X and
let Y be a one-point Lindelofication of Y. Note that Y is a Menger
space and it is neither metrizable nor o-compact.

5. COMPACT ROTHBERGER SPACES

The Rothberger property restricted to compact spaces has sev-
eral characterizations. Some of them are well known and others
were presented somewhere else. For the convenience of the reader,
we will present here a list of some of them, putting together new
and old ones. Before this, we need the following definitions.

Definition 5.1. Let X be a Lindeldf space. We call the open-open
game the following game played between players N and C. At each
inning n € w, player N chooses U,,, a countable open cover for X.
Then player C' chooses U, € U,. We say that player C' wins the
game if J, . U, = X.

new

In [14], it was proven that X is Rothberger if and only if player
N has no winning strategy for the open-open game.

In [17], a characterization for preservation of the Lindel6fness of
a space under countably closed forcing was proven. This character-
ization uses the concept of a covering tree and, using the characteri-
zation of being a Rothberger space by topological games, it is simple
to see that Rothberger spaces have the preservation property. It
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turns out that the same technique gives us a characterization in the
class of compact spaces and preservation under any forcing. This
result also can be proven using a combination of older results, but
this proof seems to have its own interest. The next definitions are
versions of concepts presented in [17].

Definition 5.2. Let X be a compact space. We call a covering
w-tree a family (Vs)sco<w where each V; is an open set of X and
for every s € w<¥, {V_.,, : n € w} is a cover for X. The order on
{Vs: s € w<¥} is the one induced by the usual one on w<¥.

Definition 5.3. Let X be a compact space and (V;)ge,<w be a
covering w-tree for X. We say that V; with t € w<¥ is a covering
element for (Vs)sew<w if Uyey Vo D X

There is a characterization using elementary submodels and a
special space defined using them [13].

Definition 5.4. Let (X, 7) be a topological space and M be an
elementary submodel such that (X,7) € M. We call X, the space
X N M with the topology generated by {UNM : U € TN M}.

Proposition 5.5. Let X be a compact Hausdorff space. The fol-
lowing are equivalent.

(a) X is scattered;

(b) X is Rothberger;

(c) the compactness of X is preserved by any forcing;

) the compactness of X is preserved by adjoining a Cohen

real;

(e) for every covering w-tree for X, the set of the covering ele-
ments is dense;

(f) for every covering w-tree for X, there is a covering element;

(g) there is a countable elementary submodel M such that Xy
is compact Hausdorff;

(h) X is compact Hausdorff for any elementary submodel M
such that X € M.

Proof: (c¢) = (d) is trivial.
For (d) = (c), let P be a forcing and let C' be a name for an

open cover for X such that P IF“C' has no finite subcover.” We
may assume as well that P forces that every element of C' is an
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open set of the ground model. We construct a tree ((ps, Vs))sew<w
such that, for every s,t € w<%,

(i) ps € P and ps < p; if s D t;

(ii) ps Ik Vs € C;

(iii) {V4~,, : m € w} is a cover for X.
Note that ((ps, Vs))sew<w is isomorphic to Cohen forcing. Let g be
a Cohen real in the extension after we force with such order. Note
that by genericity |J,- 4 Vs 1s an open cover for X. Since we have
(d), there is a finite subcover for it, although P forces that there is
not.

For (d) = (e), let (V5)sew<w be a covering w-tree for X. Suppose
that there is an s € w<¥ such that there is no ¢t D s such that V;
is a covering element. Let g be a Cohen real extending s. By (d)
there is a s C t C g such that V; is a covering element.

For (e) = (d), suppose that Cohen forcing destroys X. Proceed
as we did in the proof of (d) = (¢) and construct a covering w-tree.
Since we have (e), any generic cover has a finite subcover.

(e) = (f) is immediate.

For (f) = (e), let (Vs)sew<w be a covering w-tree and let t € w<v.
Note that {Vy : s € w<¥, s D t} is isomorphic to a covering w-tree
for X and, by (f), it has a covering element. Note that this covering
element is an extension of V;.

Note that a strategy for player N on the open-open game is
a covering w-tree and the converse is also true: any covering w-
tree is a strategy for the game. Also, note that such tree has a
covering element if and only if the strategy associated is not a
winning strategy. Thus, we have (b) < (f).

The equivalence among (a), (g), and (h) is done in [13].

It is well known that in the class of compact spaces the notions
of being Rothberger and being scattered are equivalent. For the
convenience of the reader, we present one proof of this result here.

(a) = (b): Suppose X is scattered. Let a be the height of X
(see [10, p. 350] for the definitions of height and X¢). We will
prove this by induction over a. Note that, since X is compact,
a = B+ 1 with X? finite. Let (Up)neo be open covers for X.
Let {zo,...,2,} = X?. Choose Uy € Uy for k = 0, ...,n such that
x), € Uy. Note that X \ <, Uk is a compact scattered space with
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height less than 8. Thus, by the induction hypothesis, there are

Uy € Uy with k > n such that Uy, Ux D X \ Ug<, Ux. Thus, X

is Rothberger.

(b) = (a): We only have to prove that any closed subspace of

X has an isolated point. Suppose not. Since any compact space
without isolated points has 2% as a closed subspace, and 2% is easily
seen not to be Rothberger, we have a contradiction. U

There is a direct proof of (a) < (¢) in [12].
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