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Abstract. For a non-compact n-manifold M let H(M)
be the group of homeomorphisms of M endowed with the
Whitney topology and Hc(M) the subgroup of H(M) consist-
ing of homeomorphisms with compact support. It is shown
that the group Hc(M) is locally contractible and the identity
component H0(M) of H(M) is an open normal subgroup in
Hc(M). This induces the topological factorization Hc(M) ≈
H0(M) × Mc(M) for the mapping class group Mc(M) =
Hc(M)/H0(M) with the discrete topology. Furthermore, for
any non-compact surface M , the pair (H(M),Hc(M)) is lo-
cally homeomorphic to (�ωl2,�ωl2) at the identity idM of M .
Thus the group Hc(M) is an (l2 × R∞)-manifold. We also
study topological properties of the group D(M) of diffeomor-
phisms of a non-compact smooth n-manifold M endowed with
the Whitney C∞-topology and the subgroup Dc(M) of D(M)
consisting of all diffeomorphisms with compact support. It is
shown that the pair (D(M),Dc(M)) is locally homeomorphic
to (�ωl2,�ωl2) at the identity idM of M . Hence the group
Dc(M) is a topological (l2×R∞)-manifold in any dimension n.
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surface, (l2 × R∞)-manifold, Fréchet space, LF-space, topological group, box
product, small box product.

This work is supported by Grant-in-Aid for Scientific Research (No.17540061,
No.19540078).

c⃝2010 Topology Proceedings.

61



62 T. BANAKH, K. MINE, K. SAKAI, AND T. YAGASAKI

1. Introduction

In this paper we study topological properties of groups of home-
omorphisms and diffeomorphisms of non-compact manifolds en-
dowed with the Whitney topology and recognize their local topo-
logical type.

For a σ-compact n-manifoldM possibly with boundary letH(M)
denote the group of homeomorphisms of M endowed with the
Whitney topology and Hc(M) the subgroup of H(M) consisting
of homeomorphisms with compact support. In this topology, each
f ∈ H(M) has the fundamental neighborhood system

U(f) =
{
g ∈ H(M) : (f, g) ≺ U

}
(U ∈ cov(M)),

where cov(M) is the set of open covers of M and the notation
(f, g) ≺ U means that f and g are U-near (i.e., every point x ∈M
admits a set U ∈ U with f(x), g(x) ∈ U) (Proposition 3.1). The
support of h ∈ H(M) is defined by

supp(h) = cl
{
x ∈M : h(x) ̸= x

}
.

The group H(M) is a topological group and the identity component
H0(M) of H(M) lies in the subgroup Hc(M) (Proposition 3.3 (1)).

In case M is a compact n-manifold, the Whitney topology on
the group H(M) coincides with the compact-open topology. Hence,
H(M) is completely metrizable and locally contractible ([10], [11]).
WhenM is a compact surface (or a finite graph), the groupH(M) is
an l2-manifold (the case of finite graphs is the result of [2]; the case
of compact surfaces is a combination of the results of [23], [14] and
[30]). For n ≥ 3, it is still an open problem if the homeomorphism
groupH(M) of a compact n-manifoldM is an l2-manifold [3], which
is called the Homeomorphism Group Problem [33].

In this paper we are concerned with the case that M is a non-
compact σ-compact n-manifold. In this case the Whitney topology
on H(M) is still very important in Geometric Topology, but it has
rather bad local properties. Our observations in this paper mean
that the subgroup Hc(M) of H(M) is quite nice from the topolog-
ical viewpoint. First we recall basic facts on the local topological
models of the groups H(M) and Hc(M).
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A Fréchet space is a completely metrizable locally convex topo-
logical linear space and an LF-space is the direct (or inductive) limit
of increasing sequence of Fréchet spaces in the category of locally
convex topological linear spaces. A topological characterization of
LF-spaces is given in [7]. The simplest non-trivial example of an
LF-space is R∞, the direct limit of the tower

R1 ⊂ R2 ⊂ R3 ⊂ · · · ,

where each space Rn is identified with the hyperplane Rn × {0} ⊂
Rn+1. In [24] P. Mankiewicz studied LF-spaces and proved that an
infinite-dimensional separable LF-space is homeomorphic to (≈)
either R∞, l2 or l2 × R∞. The space l2 × R∞ is homeomorphic to
the countable small box power �ωl2 of the Hilbert space l2, which is
a subspace of the box power �ωl2. One should notice that the box
power �ωl2 is neither locally connected, nor sequential, nor normal
(see [17], [34]).

In the papers [4] and [5] we have already shown that

(H(R),Hc(R)) ≈ (H([0,∞)),Hc([0,∞))) ≈ (�ωl2,�ωl2).

Moreover, it is proved in [5] that if M is a non-compact separa-
ble graph then Hc(M) is an (l2 × R∞)-manifold. Thus, as a non-
compact version of the Homeomorphism Group Problem, we can
expect the following:

Conjecture. For any non-compact σ-compact n-manifold M pos-
sibly with boundary, the pair (H(M),Hc(M)) is locally homeomor-
phic to (�ωl2,�ωl2) at the identity idM of M . In particular, the
group Hc(M) is an (l2 × R∞)-manifold. 1

Here, we say that a pair (X ′, X) of topological spaces X ⊂ X ′

is locally homeomorphic to a pair (Y ′, Y ) if each point x ∈ X has
an open neighborhood U ⊂ X ′ such that the pair (U,U ∩ X) is
homeomorphic to the pair (V, V ∩ Y ) for some open set V ⊂ Y ′.

In this paper we first show that the group Hc(M) is locally con-
tractible in any dimension n.

Proposition 1. For any σ-compact n-manifold M possibly with
boundary, the group Hc(M) is locally contractible.

1Because of the non-paracompactness of �ωl2, we avoid to call “�ωl2-
manifold” or “(�ωl2,�ωl2)-manifold pair”.
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Thus the identity componentH0(M) is an open normal subgroup
of Hc(M) and it induces the topological factorization

Hc(M) ≈ H0(M)×Mc(M),

where Mc(M) = Hc(M)/H0(M) is the mapping class group of M
with the discrete topology.

As mentioned above, the conjecture above has been proved in
the case n = 1, see [5]. Here we solve the conjecture affirmatively
in the case n = 2.

Theorem 2. Suppose M is a non-compact σ-compact 2-manifold
possibly with boundary. Then the pair (H(M),Hc(M)) is locally
homeomorphic to (�ωl2,�ωl2) at the identity idM of M . In partic-
ular, the group Hc(M) is an (l2 × R∞)-manifold.

Any σ-compact 2-manifold M possibly with boundary admits a
PL-structure [26]. When M is equipped with a PL-structure, the
symbol HPL(M) denotes the subgroup of H(M) consisting of PL-
homeomorphisms with respect to this PL-structure. A subspace A
of a space X is said to be homotopy dense (abbrev. HD) if there
exists a homotopy ϕt : X → X such that ϕ0 = idX and ϕt(X) ⊂ A
(t ∈ (0, 1]).

Proposition 3. Suppose M is a non-compact σ-compact PL
2-manifold possibly with boundary. Then the subgroup HPL

c (M)
is homotopy dense in Hc(M).

We also study the local topological type of groups of diffeo-
morphisms of non-compact smooth manifolds endowed with the
Whitney C∞-topology. For a smooth n-manifold M , let D(M)
denote the group of all diffeomorphisms of M endowed with the
Whitney C∞-topology. Let D0(M) denote the identity component
of the diffeomorphism groupD(M) andDc(M) denote the subgroup
of D(M) consisting of all diffeomorphisms of M with compact sup-
port.

Theorem 4. For a non-compact σ-compact smooth n-manifold M
without boundary, the pair (D(M),Dc(M)) is locally homeomorphic
to (�ωl2,�ωl2) at the identity idM of M . In particular, the group
Dc(M) is a topological (l2 × R∞)-manifold.
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This implies that the identity component D0(M) is an open nor-
mal subgroup of Dc(M) and it induces the topological factorization

Dc(M) ≈ D0(M)×M∞
c (M), M∞

c (M) = Dc(M)/D0(M).

In [8] we have shown that (D(R),Dc(R)) ≈ (�ωl2,�ωl2). In the
succeeding papers (cf.[6]), we determine the global topological types
of the groups Hc(M) for non-compact surfaces M and the groups
Dc(M) for some kind of non-compact smooth n-manifolds M .

This paper is organized as follows: Section 2 contains the basic
facts on the box products and the small box products, and Sec-
tion 3 contains generalities on homeomorphism groups with the
Whitney topology. In Section 4 we introduce some fundamental
notations on transformation groups and in Section 5 we formulate
the notion of strong topology on transformation groups and study
some basic properties. In Section 6 we apply these results to groups
of homeomorphisms and diffeomorphisms of noncompact manifolds
and prove Theorems 2 and 4 together with Propositions 1 and 3.

2. Box and small box products

In this section we recall some basic properties on box products
and small box products. Let ω and N denote the sets of non-
negative integers and positive integers, respectively.

Definition 2.1. (1) The box product �n∈ωXn of a sequence of
topological spaces (Xn)n∈ω is the countable product

∏
n∈ωXn en-

dowed with the box topology generated by the base consisting of
boxes

∏
n∈ω Un, where Un is an open subset of Xn.

(2) The small box product �n∈ωXn of a sequence of pointed
spaces (Xn, ∗n)n∈ω is the subspace of �n∈ωXn defined by

�n∈ωXn =
{
(xn)n∈ω ∈ �n∈ωXn : ∃m ∈ ω ∀n ≥ m, xn = ∗n

}
.

(3) The pair (�n∈ωXn,�n∈ωXn) is denoted by the symbol
(�,�)n∈ωXn.

The small box product �n∈ωXn has a canonical distinguished
point (∗n)n∈ω. For a sequence of subsets An ⊂ Xn (n ∈ ω), let

�n∈ωAn = �n∈ωXn ∩�n∈ωAn,

where it is not assumed that ∗n ∈ An. If ∗n ̸∈ An for infinitely
many n ∈ ω then �n∈ωAn = ∅. Identifying

∏
i≤nXi with the
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closed subspace
{
(xi)i∈ω ∈ �i∈ωXi : xi = ∗i (i > n)

}
, we can

regard �n∈ωXn =
∪

n∈ω
∏

i≤nXi. When Xn = X for all n ∈ ω, we
write �ωX and �ωX instead of �n∈ωXn and �n∈ωXn, which are
called the box power and the small box power of X, respectively.
Then we can regard �ωX =

∪
n∈ωX

n, where X ⊂ X2 ⊂ X3 ⊂ · · · .

Proposition 2.2. If each finite product
∏

i≤nXi is paracompact,
then the small box product �i∈ωXi is also paracompact.

Proof. By the characterization of paracompactness (Theorem 5.1.11
in [12]), it suffices to show that every open cover U of �i∈ωXi has
a σ-locally finite open refinement. For each n ∈ N, we shall con-
struct a locally finite open collection Vn in �i∈ωXi which covers∏

i≤nXi and refines U . Each x ∈
∏

i≤nXi has a basic open neigh-
borhood �i∈ωU

x
i which is contained some member of U . Then

{
∏

i≤n U
x
i : x ∈

∏
i≤nXi} is an open cover of

∏
i≤nXi, which

has a locally finite open refinement Un. For each U ∈ Un, choose
x ∈

∏
i≤nXi so that U ⊂

∏
i≤n U

x
i and define VU = U × �i>nU

x
i .

Then Vn = {VU : U ∈ Un} (n ∈ ω) satisfy the required condi-
tions. Consequently,

∪
n∈N Vn is a σ-locally finite open refinement

of U . �

A sequence of maps ϕn : (Xn, ∗n) → (Yn, ∗n) (n ∈ ω) induces a
continuous map

�n∈ωϕ
n : �n∈ωXn → �n∈ωYn, (�n∈ωϕ

n)((xn)n∈ω) = (ϕn(xn))n∈ω.

Lemma 2.3. For a compact space K and a sequence of maps
ϕn : (Xn ×K, {∗n} ×K) → (Yn, ∗n) (n ∈ ω), the map

Φ :
(
�n∈ω Xn

)
×K → �n∈ωYn, Φ

(
(xn)n∈ω, y) = (ϕn(xn, y))n∈ω.

is continuous.

Proof. The proof is straightforward. Take any point ((xn)n∈ω, y)
of �n∈ωXn × K and any open neighborhood V of Φ((xn)n∈ω, y)
in �n∈ωYn. We may assume that V is of the form V = �n∈ωVn,
where Vn is an open neighborhood of ϕn(xn, y) in Xn. There exists
m ∈ ω such that xn = ∗n for n > m. For n = 0, 1, · · · ,m, choose
open neighborhoods Un of xn in Xn and Wn of y in K such that
ϕn(Un ×Wn) ⊂ Vn. For n > m, since ϕn({∗n} ×K) = {∗n} ⊂ Vn
andK is compact, there exists an open neighborhood Un of xn = ∗n
in Xn such that ϕn(Un × K) ⊂ Vn. Then U = �n∈ωUn and
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W =
∩m

n=0Wn are open neighborhoods of (xn)n in �n∈ωXn and
y in K, respectively. Now, it is easy to see that Φ(U ×W ) ⊂ V .
This completes the proof. �

For example, a sequence of homotopies ϕnt : (Xn, ∗n) → (Yn, ∗n)
(n ∈ ω) induces a homotopy

�n∈ωϕ
n
t : �n∈ωXn → �n∈ωYn.

This simple observation leads to some useful consequences.

Definition 2.4. A subspace A of a space X is called homotopy
dense (abbrev. HD) in X rel. a subset A0 of A if there exists a
homotopy ϕt : X → X (t ∈ [0, 1]) such that ϕ0 = idX , ϕt|A0 = id
and ϕt(X) ⊂ A (t ∈ (0, 1]).

Proposition 2.5. Let (Xn, An, ∗n)n∈ω be a sequence of pointed pair
of spaces. If each An is HD in Xn rel. the point ∗n, then �n∈ωAn

is HD in �n∈ωXn.

Remark 2.6. (1) Suppose X is a metrizable space, A0 ⊂ A ⊂ X
and A0 is a closed subset of X. If A is HD in X, then A is HD in
X rel. A0.

(2) Suppose G is a topological group and H is a subgroup of G.
If H is HD in G, then H is HD in G rel. the identity element e of
G.

Definition 2.7. (1) A subspace A of a spaceX is called contractible
in X (rel. a point a ∈ A) if there exists a homotopy ϕt : A → X
(t ∈ [0, 1]) such that ϕ0 = idA and ϕ1(A) is a singleton (ϕt(a) = a
for every t ∈ [0, 1], whence ϕ1(A) = {a}).

(2) A space X is called (strongly) locally contractible at x ∈ X if
every neighborhood U of x contains a neighborhood V of x which
is contractible in U (rel. x).

(3) A pointed space (X, ∗) is said to be (i) locally contractible
if X is locally contractible at any point of X and strongly locally
contractible at the point ∗, and (ii) contractible if X is contractible
in X rel. ∗.

Proposition 2.8. If pointed spaces (Xn, ∗n) (n ∈ ω) are (locally)
contractible, then the small box product �n∈ωXn is also (locally)
contractible as a pointed space.
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Remark 2.9. A space X is called semi-locally contractible at a
point x ∈ X if x has a neighborhood V in X which contracts in
X. It is easy to see that if a topological group G is semi-locally
contractible at the identity element e ∈ G then G is strongly lo-
cally contractible at every x ∈ G, hence the pointed space (G, e)
is locally contractible. Indeed, if h : V0 × [0, 1] → G is a con-
traction of a neighborhood V0 of e ∈ G, then we can define a
contraction h′ : V0 × [0, 1] → G by h′(x, t) = h(e, t)−1h(x, t). Since
h′({e} × [0, 1]) = {e}, every neighborhood U of e contains a neigh-
borhood V of e such that h′(V × [0, 1]) ⊂ U . Then the restriction
h′|V×[0,1] is a contraction of V in U fixing the identity element e.
Since the topological group G is homogeneous, it follows that G is
strongly locally contractible at every x ∈ G.

Finally we discuss the box products of topological groups. As
usual, we regard a topological group as a pointed space by dis-
tinguishing the identity element. For topological groups (Gn)n∈ω,
the box product �n∈ωGn is a topological group under the coordi-
natewise multiplication, and the small box product �n∈ωGn is a
topological subgroup of �n∈ωGn.

SupposeG is a topological group with the identity element e ∈ G.
Any sequence (Gn)n∈ω of subgroups of G induces the natural mul-
tiplication map

p : �n∈ωGn → G, p(x0, . . . , xk, e, e, . . . ) = x0 · x1 · · ·xk.

Lemma 2.10. The map p is continuous.

Proof. Fix any point x = (x0, . . . , xk) ∈ �n∈ωGn and take any
neighborhood V of its image p(x) = x0 · · ·xk in G. Replacing x
by a longer sequence if necessary, we can assume that xk = e.
By the continuity of the group multiplication, find a sequence of
neighborhoods Un of xn in G, n ≤ k, such that

U0 · U1 · · ·Uk−1 · Uk · Uk ⊂ V.

Now, inductively construct a decreasing sequence (Un)n>k of
open neighborhoods of e in G such that Un · Un ⊂ Un−1 for all
n > k. Such a choice guarantees that

U0 · · ·Uk−1 · Uk · Uk+1 · · ·Un ⊂ U0 · · ·Uk−1 · Uk · Uk ⊂ V (n > k).
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Then the set U = �n∈ωUn ∩�n∈ωGn is an open neighborhood of x
in �n∈ωGn and

p(U) ⊂
∪
n>k

(U0 · · ·Un) ⊂ V,

which proves the continuity of p at x. �

Let p : X → Y be a continuous map. A local section of p at
y ∈ Y is a map s : V → X defined on a neighborhood V of y in Y
such that ps = id. When V = Y , the map s is called a section of p.

Lemma 2.11. Suppose (Gn)n∈ω is a sequence of subgroups of G
such that Gn ⊂ Gn+1 for each n ∈ ω and G =

∪
n∈ω Gn. If the

multiplication map p : �n∈ωGn → G has a local section at e, then
the following hold:

(1) The map p has a local section at any point of G and a local
section s at e with s(e) = (e, e, · · · ).

(2) If each Gn is locally contractible, then so is G.
(3) Suppose G is paracompact and H is a subgroup of G. If

Hn = H ∩ Gn is HD in Gn for each n ∈ ω, then H is HD
in G.

Proof. (1) The verification is simple, so it is omitted.
(2) By Remark 2.9 and Proposition 2.8, the small box product

�n∈ωGn is locally contractible. Since the map p has a local section
at any point, the group G is also locally contractible.

(3) Since G is paracompact, it suffices to show that each g ∈ G
has an open neighborhood U in G with a homotopy ϕt : U → G
such that ϕ0 = id and ϕt(U) ⊂ H (t ∈ (0, 1]). By (1) the map p
admits a local section s : U → �n∈ωGn at the point g. By Re-
mark 2.6 (2) and Proposition 2.5, the small box product �n∈ωHn is
HD in �n∈ωGn by an absorbing homotopy ψt. Then the homotopy
ϕt is defined by ϕt = pψts. �

3. Basic properties of homeomorphism groups with the
Whitney topology

In this section, we list some basic properties of the Whitney
topology on homeomorphism groups. For any topological spaceM ,
let H(M) denote the group of homeomorphisms ofM endowed with
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the Whitney topology. This topology is generated by the subsets

U(h) =
{
g ∈ H(M) : (h, g) ≺ U

}
, (h ∈ H(M), U ∈ cov(M)),

and each h ∈ H(M) has the neighborhood basis U(h) (U ∈ cov(M)).
On the space C(X,Y ) of all continuous functions from X to Y , the
Whitney topology is usually defined as the graph topology or the
WO0-topology, that is, it is generaled by

ΓU = {f ∈ C(X,Y ) : Γf ⊂ U},
where U runs through all open sets in X ×Y and Γf = {(x, f(x)) :
x ∈ C} is the graph of f ∈ C(X,Y ) (e.g., see [20, §41]). The graph
topology or the WO0-topology on H(M) is the subspace topology
inherited from the space C(M,M) with this topology. In the space
C(X,Y ), the graph topology is not generaled by the sets

U(f) = {g ∈ C(X,Y ) : (f, g) ≺ U} (f ∈ C(X,Y ), U ∈ cov(Y )).

For completeness, we give a proof of the following:

Proposition 3.1. For any topological spaceM , U(h) (U ∈ cov(M))
is a neighborhood basis of h ∈ H(M) in the graph topology.

Proof. Fix h ∈ H(M). (1) Let W ⊂ M2 be an open set such
that Γh ⊂ W . Each x ∈ M has an open neighborhood Ux in
M such that Ux × h(Ux) ⊂ W . Since h is a homeomorphism,
U = {h(Ux) : x ∈ M} ∈ cov(M). To see U(h) ⊂ ΓW , take any
homeomorphism g ∈ U(h). For every point z ∈ M , there exists
y ∈ M such that {h(z), g(z)} ⊂ h(Uy). Since h is a bijection, we
have z ∈ Uy, hence (z, g(z)) ∈ Uy × h(Uy) ⊂ W . This means that
Γg ⊂W and hence U(h) ⊂ ΓW .

(2) Take any cover U ∈ cov(M). For each x ∈M , choose Ux ∈ U
with h(x) ∈ Ux. Then

W =
∪
x∈M

h−1(Ux)× Ux ⊂M ×M

is an open neighborhood of Γh in M ×M . To see ΓW ⊂ U(h), take
any g ∈ ΓW . Since Γg ⊂ W , for any y ∈ M we can find x ∈ M
such that (y, g(y)) ∈ h−1(Ux) × Ux and hence {h(y), g(y)} ⊂ Ux.
This means that g ∈ U(h). �

For subspaces K ⊂ L ⊂ M , let EK(L,M) denote the space
of embeddings f : L → M with f |K = idK endowed with the
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compact-open topology. In comparison with the Whitney topology
(whenM is Hausdorff), each f ∈ EK(L,M) admits the fundamental
neighborhood system:

U(f, C) = {g ∈ EK(L,M) : (f |C , g|C) ≺ U}
(C is a compact subset of L, U ∈ cov(M)).

The group H(M) acts on E(L,M) by the left composition. When
M is paracompact, every open cover ofM admits a star-refinement.
This remark leads to the following basic fact.

Proposition 3.2. If M is paracompact,2 then (i) H(M) is a topo-
logical group and (ii) the natural action of H(M) on E(L,M) is
continuous.

Proof. For the sake of completeness we include the proof.
(i) It follows from the definition of the Whitney topology on

H(M) that the inversion f 7→ f−1 is continuous. So, it remains
to check that the composition is continuous with respect to the
Whitney topology. Given f, g ∈ H(M) and U ∈ cov(M), we should
find V,W ∈ cov(M) such that f ′g′ ∈ U(fg) for every f ′ ∈ V(f) and
g′ ∈ W(g), that is, (f, f ′) ≺ V and (g, g′) ≺ W imply (fg, f ′g′) ≺ U .
By the paracompactness of M , there is a cover V ∈ cov(M) with
St(V) ≺ U . Let W = f−1(V) = {f−1(V ) : V ∈ V} and assume
(f, f ′) ≺ V and (g, g′) ≺ W. Since (fg, fg′) ≺ f(W) = V and
(fg′, f ′g′) ≺ V, it follows that (fg, f ′g′) ≺ St(V) ≺ U .

The assertion (ii) can be seen by the same argument. �
The next proposition is the main result in this section. For a

subset L ⊂M , let H(M,L) = {h ∈ H(M) : h|L = id}.

Proposition 3.3. If M is paracompact then (1) H0(M) ⊂ Hc(M)
and (2) every compact subspace K ⊂ Hc(M) is contained in
H(M,M \K) for some compact subset K ⊂M .

Proof. (1) It suffices to show that each f ∈ H(M) \ Hc(M) can
be separated from idM by a clopen subset U of H(M). For this
purpose, we compare the spaceH(M) with the additive group �ωR.
The latter space contains the clopen subgroup

c0 =
{
(an)n∈ω ∈ �ωR : lim

n→∞
an = 0

}
.

2It is proved in [13] that H(X) is a topological group if X is metrizable.
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For any f ∈ H(M) \ Hc(M), we can find a countable discrete
subset X = {xn}n∈ω of M such that f(X) ∩ X = ∅. Indeed, the
set F = supp(f) is non-compact and closed in M , whence F is
paracompact. Since the compactness coincides with the pseudo-
compactness in the class of paracompact spaces (see [12, 3.10.21,
5.1.20]), F is not pseudocompact and hence admits a continu-
ous unbounded function which extends to a continuous function
ξ : M → [0,+∞) by the normality of M . Since ξ|F is unbounded,
we can choose a countable subset X = {xn}n∈ω in F so that for
each n ∈ ω, f(xn) ̸= xn, ξ(xn) > n and

ξ(xn) > max
{
ξ(xi), ξ(f(xi)), ξ(f

−1(xi)) : i < n
}
.

Then f(X) ∩X = ∅ and limn→∞ ξ(xn) = ∞.
By the normality ofM , there exists a Urysohn map λ :M → [0, 1]

with λ(X) = 0 and λ(f(X)) = 1. Since h(X) is discrete for
each h ∈ H(M), we have the map φ : H(M) → �ωR defined
by φ(h) =

(
λ(h(xn))

)
n∈ω. Since φ(idM ) = (0, 0, . . . ) and φ(f) =

(1, 1, . . . ), it follows that U ≡ φ−1(c0) is a clopen neighborhood of
idM with f ̸∈ U .

(2) Given a compact subset K ⊂ Hc(M) we shall show that
supp(K) = clM

(∪
h∈K supp(h)

)
is compact. Assume conversely

that the set supp(K) is not compact. The same argument as in
(i) yields a continuous function ξ : M → [0,∞) whose restriction
ξ| supp(K) is unbounded. By induction we can choose sequences of
points xn ∈ supp(K) and of homeomorphisms hn ∈ K (n ∈ ω) such
that hn(xn) ̸= xn, ξ(xn) > n and

ξ(xn) > max ξ
(∪

i<n supp(hi)
)
.

It is seen that xn ∈ supp(hn) \
∪

i<n supp(hi) and so xn ̸= xm if
n ̸= m.

By the compactness of K, the sequence (hi)i∈N has a cluster point
h∞ ∈ K ⊂ Hc(M). Note that U0 = M \ {xn}n∈ω is open in M .
For each n ∈ ω, take a small open neighborhood Un of xn in M
such that hn(xn) ̸∈ Un and Un ∩ Um = ∅ if n ̸= m. Then we have
U = {Un}n∈ω ∈ cov(M). The neighborhood U(h∞) of h∞ contains
only finitely many hn because h∞(xn) = xn ∈ Un for sufficiently
large n ∈ ω, but hn(xn) ̸∈ Un for each n ∈ ω. This contradicts the
choice of h∞ as a cluster point of (hn)n∈ω. �
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Considering Conjecture in Introduction, we are concerned with
the paracompactness of the space Hc(M).

Proposition 3.4. For a locally compact separable metrizable space
M , the space Hc(M) is (strongly) paracompact.

Proof. We can write M =
∪

n∈NMn, where each Mn is compact
and Mn ⊂ intMMn+1. Then Hc(M) =

∪
n∈NH(M,M \ intMn).

For each n ∈ N, H(M,M \ intMn) ≈ H(Mn,bdMMn) is separable
metrizable, hence Lindelöf. Therefore, Hc(M) is Lindelöf by Theo-
rem 3.8.5 in [12], so it is (strongly) paracompact by Theorem 5.1.2
(Corollary 5.3.11) in [12]. �

This proposition has a further refinement. Following E. Michael
[25] (see also [16]) we define a regular topological space X to be
an ℵ0-space if X possesses a countable family N of subsets of X
such that for each open subset U of X and a compact subset K in
U there is a finite subfamily F of N with K ⊂

∪
F ⊂ U . Such a

family N is called a k-network for X. It is clear that each ℵ0-space
has countable network weight (cf. [12, p.127]) and hence is Lindelöf
[12, Theorem 3.8.12].

Proposition 3.5. For a locally compact separable metrizable space
M , the space Hc(M) is an ℵ0-space.

Proof. In the proof of Proposition 3.4, each H(M,M \ intMn) is
separable metrizable and hence its topology has countable base Bn.
We claim that the union B =

∪
n∈N Bn is a countable k-network

for Hc(M). Indeed, given an open set U ⊂ Hc(M) and a compact
subset K ⊂ U , we can apply Proposition 3.3 (2) in order to find
n ∈ N such that K ⊂ H(M,M \ intMn). The compactness of K
allows us to find a finite subfamily F of the base Bn such that
K ⊂

∪
F ⊂ U . �

4. Transformation groups

4.1. Generalities on transformation groups.
Throughout the article, a transformation group G on a space M

means a topological group G acting on M continuously and effec-
tively. Each g ∈ G induces a homeomorphism of M , which is also
denoted by the same symbol g. This determines the canonical in-
jection G ↪→ H(M). Let G0 denote the connected component of the



74 T. BANAKH, K. MINE, K. SAKAI, AND T. YAGASAKI

identity element e in G and let Gc = {g ∈ G : supp(g) is compact}.
For any subsetsK,N ofM , we obtain the following subgroups of G:

GK = {g ∈ G : g|K = idK}, G(N) = GM\N ,

GK(N) = GK ∩G(N), GK,c = GK ∩Gc.

Proposition 4.1. Suppose the natural injection G → H(M) is
continuous.

(1) If M is paracompact, then G0 ⊂ Gc and every compact
subspace K ⊂ Gc is contained in G(K) for some compact
subset K ⊂M .

(2) If M is locally compact and σ-compact and G(K) is second
countable for every compact subset K ⊂ M , then Gc is an
ℵ0-space (hence (strongly) paracompact).

Proof. The statement (1) follows immediately from Proposition 3.3,
while (2) can be deduced from (1) by analogy of the proof of Propo-
sition 3.5. �

For any subgroup H of G, there is a natural projection
π : G → G/H. The coset space G/H = {gH : g ∈ G} is endowed
with the quotient topology. The left coset π(g) = gH ∈ G/H is also
denoted by g. The symbols H0 and (G/H)0 denote the connected
components of e in H and e in G/H respectively.

For each subset L ⊂ M , let EG(L,M) be the set of embeddings
g|L : L → M induced by g ∈ G. The inclusion map iL : L ⊂ M is
regarded as the distinguished point of this set. The group G acts
transitively on the set EG(L,M) by g · h = gh. More generally, for
subsets K ⊂ L ⊂ N of M , we have the subset

EG
K(L,N) = {g|L ∈ E(L,M) : g ∈ GK(N)}

= GK(N) · iL ⊂ EG(L,M).

The subgroup GK(N) acts on this subset transitively and the sub-
group GL(N) is the stabilizer of iL under this action. Since for each
g, g′ ∈ GK(N),

g|L = g′|L ⇐⇒ g−1g′ ∈ GL(N) ⇐⇒ gGL(N) = g′GL(N),
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the restriction map r : GK(N) → EG
K(L,N), r(g) = g|L, has the

following factorization:

GK(N)

π

wwooooooooooo
r

%%LLLLLLLLLL

GK(N)/GL(N)
ϕ

bij.
// EG

K(L,N),

where ϕ(g) = g|L = g · iL. The map ϕ is a GK(N)-equivariant
bijection. For K ⊂ L2 ⊂ L1 ⊂ N , we obtain the restriction map
EG
K(L1, N) → EG

K(L2, N). Hereafter, in case K = ∅, the symbol K
is omitted from the notations.
Here we include general remarks on topologies on the set EG

K(L,N).

Definition 4.2. A topology τ on the set EG
K(L,N) is said to be

admissible if the action of GK(N) on (EG
K(L,N), τ) is continuous.

The space (EG
K(L,N), τ) is also denoted by EG

K(L,N)τ .

Let τ̂ = τ̂GK (L,N) denote the quotient topology on EG
K(L,N) in-

duced by the map r. For simplicity, the space (EG
K(L,N), τ̂) is

denoted by ÊG
K(L,N).

Remark 4.3. (i) The quotient topology τ̂ is the strongest admis-
sible topology on EG

K(L,N).

(ii) The restriction map ÊG
K1

(L1, N1) → ÊG
K2

(L2, N2) is continu-
ous for triples (N1, L1,K1) and (N2, L2,K2) such that N1 ⊂ N2,
L1 ⊃ L2 and K1 ⊃ K2.

Remark 4.4. If the set EG
K(L,N) is equipped with an admissible

topology τ , then the following hold:

(i) The maps r and ϕ are continuous. The map ϕ is a homeo-
morphism if and only if τ = τ̂ .

(ii) The map r : GK(N) → EG
K(L,N)τ has a local section at iL

if and only if τ = τ̂ and the map

π : GK(N) → GK(N)/GL(N)

has a local section. In this case, the map r is a principal
GL(N)-bundle.
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4.2. Local section property.
Throughout this subsection, we assume that G is a transforma-

tion group on a space M . Suppose K ⊂ L ⊂ N are subsets of M .

Definition 4.5. We say that the triple (N,L,K) has the local
section property for G (abbrev. LSPG) if the restriction map
r : GK(N) → (EG

K(L,M), τ) has a local section s at the inclu-
sion iL : L ⊂ M with respect to some admissible topology τ . (In
this definition, one should not confuse EG

K(L,M) with EG
K(L,N).)

Remark 4.6. (0) The above map s is also a local section of
the restriction map GK → EG

K(L,M)τ . Thus τ = τ̂GK (L,M) by
Remark 4.4 (ii).

(i) We can modify the local section s so that s(iL) = idM .

(ii) A triple (N,L,K) has LSPG if and only if for some admissible
topology τ

(a) EG
K(L,N) is open in EG

K(L,M)τ and
(b) the map r : GK(N) → EG

K(L,N)τ has a local section at iL.

(iii) Suppose (N1, L,K1) and (N2, L,K2) are triples of subsets of
M such that N1 ⊂ N2 and K1 ⊂ K2. If (N1, L,K1) has LSPG, then
so does (N2, L,K2). Indeed, the map r1 : GK1(N1) → EG

K1
(L,M)τ

has a local section s : U → GK1(N1) at the inclusion iL : L ⊂ M .
For each f ∈ U∩EG

K2
(L,M)τ , since s(f)|L = f andK2 ⊂ L, we have

s(f)|K2 = f |K2 = id, hence the restriction of s is a local section for
r2 : GK2(N2) → EG

K2
(L,M)τ .

Definition 4.7. Suppose τ is an admissible topology on EG
K(N,M).

We say that the triple (N,L,K) has the weak local section prop-
erty for G with respect to τ (abbrev. WLSPG,τ ) if there exists an

open neighborhood V of iN in (EG
K(N,M), τ) and a continuous map

s : V → GK(N) such that s(f)|L = f |L for each f ∈ V.
Remark 4.8. (i) We can modify the map s so that s(iN ) = idM .

(ii) When the topology τ is understood from the context, we
omit the symbol τ from the notations.

4.3. Exhausting sequences.
This subsection includes a remark on exhausting sequences of

spaces and their associated towers in transformation groups. Sup-
pose M is a locally compact σ-compact space and G is a transfor-
mation group on M . Recall that a subset A of M is regular closed
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if A = clM (intMA) and that a sequence F = (Fi)i∈N of subsets of
M is discrete if each point x ∈M has a neighborhood which meets
at most one Fi.

By the assumption, there exists a sequence (Mi)i∈N of compact
regular closed sets in M such that Mi ⊂ intMMi+1 and
M =

∪
i∈NMi (=

∪
i∈N intMMi). It induces the tower (G(Mi))i∈N

of closed subgroups of Gc and the multiplication map

p : �i∈NG(Mi) → Gc, p(h1, . . . , hn) = h1 · · ·hn.

For each i ∈ N, let Ki = M \ intMMi and Li = Mi \ intMMi−1,
where M0 = ∅. Then the sequences (L2i−1)i∈N and (L2i)i∈N are
discrete in M . There exists a sequence (Ni)i∈N of compact subsets
of M such that Li ⊂ intMNi and Ni ∩ Nj = ∅ if |i − j| ≥ 2
(hence Ni ⊂ intMMi+1 \ Mi−2 and subsequences (N2i−1)i∈N and
(N2i)i∈N are discrete in M). Note that G(Mi) = GKi and Li is
regular closed since Li = clM ((intMMi) \Mi−1)). We call each of
the sequences (Mi)i∈N, (Mi, Li, Ni)i∈N and (Mi,Ki, Li, Ni)i∈N an
exhausting sequence for M .

The next lemma directly follows from Lemma 2.11.

Lemma 4.9. Suppose (Mi)i∈N is an exhausting sequence for M
and the map p : �i∈NG(Mi) → Gc has a local section at the identity
element e. Then the following hold:

(1) The map p has a local section at any point of Gc.
(2) If each G(Mi) is locally contractible, then so is Gc.
(3) If Gc is paracompact, H is a subgroup of G and each H(Mi)

is HD in G(Mi), then Hc is HD in Gc.

5. Transformation groups with strong topology

In Section 6, we shall study the topological properties of the
homeomorphism group H(M) and the diffeomorphism group D(M)
of a noncompact manifold M endowed with the Whitney topology.
These groups acts naturally on the manifold M and admit infi-
nite products of elements with discrete supports. This geometric
property distinguishes these groups from other abstract topologi-
cal groups and connects them to the box topology. To clarify this
situation, we introduce the notion of transformation groups with
strong topology and study its basic properties. In particular, we ob-
tain some conditions under which transformation groups are locally
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homeomorphic to some box/small box products (Propositions 5.5
and 5.11). In Section 6, these fundamental results are applied to
yield main results of this article. Our axiomatic approach is also
intended for further applications to the study of other subgroups
of H(M) and D(M).

5.1. Transformation groups with strong topology.
Throughout this subsection, let G be a transformation group on

a space M . For each discrete sequence L = (Li)i∈N of subsets of
M , we have

(i) the group homomorphism λL : �i∈NG(Li) → H(M) de-
fined by

λL((gi)i∈N)|Lj = gj |Lj (j ∈ N) and

λL((gi)i∈N)|M\
∪

i∈N Li
= id.

(ii) the function rL : G→ �i∈NEG(Li,M) defined by

rL(g) = (g|Li)i∈N.

Note that λ−1
L (Hc(M)) = �i∈NG(Li) if each Li is compact.

Definition 5.1. We say that the transformation group G on M
has a strong topology if it satisfies the following conditions:

(1) The natural injectionG→ H(M) is continuous with respect
to the Whitney topology on H(M).

(2) For any discrete sequence L = (Li)i∈N in M , (i) imλL ⊂ G
and (ii) the map λL : �i∈NG(Li) → G

(∪
i∈N Li

)
is an open

embedding.

Definition 5.2. Let F be a collection of subsets of M . We say
that the transformation group G on M has a strong topology with
respect to F if G has a strong topology and satisfies the following
additional condition:

(∗) For any discrete sequence L = (Li)i∈N in M with Li ∈ F ,

the function rL : G→ �i∈NÊG(Li,M) is continuous.

5.2. Transformation groups locally homeomorphic to box
products.

Assumption 5.3. Throughout this subsection, we assume thatM
is a locally compact σ-compact space and G is a transformation
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group on M with a strong topology with respect to a collection F
of subsets of M .

For notational simplicity, for pairs of spaces and maps between
them, we use the following terminology and notations: For pairs of
spaces (X,A) and (Y,B), we set (X,A)× (Y,B) = (X ×Y,A×B).
We say that

(i) (X,A) and (Y,B) are locally homeomorphic and write
(X,A) ≈ℓ (Y,B) if for each point a ∈ A there exists an
open neighborhood U of a in X and an open subset V
of Y which admit a homeomorphism of pairs of spaces
(U,U ∩A) ≈ (V, V ∩B).

(ii) a map p : (X,A) → (Y,B) of pairs of spaces has a local sec-
tion at a point b ∈ B, if there exists an open neighborhood
V of b in Y and a map s : (V, V ∩B) → (X,A) of pairs such
that ps = idV .

Suppose L = (Li)i∈N, N = (Ni)i∈N and K = (Ki)i∈N are discrete
sequences of compact subsets ofM such that Li ⊂ Ni for each i ∈ N
and M = L ∪K, where L =

∪
i∈N Li and K =

∪
i∈NKi. Since G

has a strong topology, the discrete sequences N and K induce the
open embeddings

λN : �i∈NG(Ni) → G(N) and λK : �i∈NG(Ki) → G(K),

where N =
∪

i∈NNi. Then we obtain the map

ρ : (�,�)i∈NG(Ni)× (�,�)i∈NGL(Ki) → (G,Gc),

defined by ρ((gi)i∈N, (hi)i∈N) = λN ((gi)i∈N)λK((hi)i∈N).

Lemma 5.4. If (Ni, Li) has LSPG and Li ∈ F for each i ∈ N,
then

(1) (G,Gc) ≈ℓ (�,�)i∈NÊG(Li,M)× (�,�)i∈NGL(Ki),
(2) the map ρ has a local section at idM .

Proof. We are concerned with the following maps:

rL s λN
V −→ �i∈NVi −→ �i∈NG(Ni) −→ G(N),

ϕ s× id θ
V −→ �i∈NVi ×GL −→ �i∈NG(Ni)×GL −→ G,

η = λN s rL, θ(s× id)ϕ = idV , ψ = θ(s× id).
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These are defined as follows: Since G has a strong topology with
respect to F and Li ∈ F (i ∈ N), we obtain the map

rL : G→ �i∈NÊG(Li,M), rL(g) = (g|Li)i∈N.

By the assumption, for each i ∈ N, there exists an open neighbor-

hood Vi of the inclusion iLi : Li ⊂ M in ÊG(Li,M) and a map
si : Vi → G(Ni) such that si(f)|Li = f |Li for each f ∈ Vi and
si(iLi) = idM . The maps si (i ∈ N) determine the map

s : �i∈NVi → �i∈NG(Ni), s((fi)i∈N) = (si(fi))i∈N.

The preimage V = r−1
L (�i∈NVi) is an open neighborhood of idM

in G. Let η = λN s rL : V → G(N). For every g ∈ V, since
η(g)|Li = g|Li for each i ∈ N, we have η(g)−1g ∈ GL. The maps ϕ
and θ are defined by

ϕ(g) = (rL(g), η(g)
−1g) and θ((gi)i∈N, h) = λN ((gi)i∈N)h.

Then θ(s×id)ϕ = idV because θ(s×id)ϕ(g) = λN srL(g)η(g)
−1g = g

for each g ∈ V. Since M = L ∪K, we have GL ⊂ G(K). It follows
from the definition of λK that

(�,�)i∈NGL(Ki)
λK
≈ (imλK ∩GL, imλK ∩GL,c) ≈ℓ (GL, GL,c).

(1) Consider the map ψ = θ(s × id). For each ((fi)i∈N, h) ∈
�i∈NVi ×GL, we can write

ψ((fi)i∈N, h) = fh, where f = λN ((si(fi))i∈N).

Since fh|Li = si(fi)|Li = fi ∈ Vi, it follows that

rL(fh) = (fi)i∈N ∈ �i∈NVi,

which means fh ∈ V. Thus, we obtain the map

ψ : �i∈NVi ×GL → V
such that ψϕ = θ(s× id)ϕ = idV . Moreover,

η(fh)−1fh = λN ((s(fi))i∈N)
−1fh = h.

Since rL(fh) = (fi)i∈N, it follows that ϕψ((fi)i∈N, h) = ((fi)i, h).
Therefore, ϕ is a homeomorphism with ϕ−1 = ψ. On the other
hand, ϕ(V ∩ Gc) = �i∈NVi × GL,c because si(iLi) = idM . Conse-
quently,

(V,V ∩Gc) ≈ (�,�)i∈NVi × (GL, GL,c).
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Recall (GL, GL,c) ≈ℓ (�,�)i∈NGL(Ki). Thus, we have

(G,Gc) ≈ℓ (�,�)i∈NÊG(Li,M)× (�,�)i∈NGL(Ki).

(2) The map ρ has the factorization

�i∈NG(Ni)×�i∈NGL(Ki)
ρ //

id× λK ≈
��

G

�i∈NG(Ni)× (imλK ∩GL) ⊂
// �i∈NG(Ni)×GL

θ

OO

Since θ(s× id)ϕ = idV , the map θ has the next local section at idM :

σ0 = (s× id)ϕ : (V,V ∩Gc) → (�,�)i∈NG(Ni)× (GL, GL,c).

Since im(id× λK) is an open neighborhood of

σ0(idM ) = ((idM , idM , . . . ), idM )

in �i∈NG(Ni) × GL, we have a neighborhood U of idM in V such
that σ0(U) ⊂ im(id × λK). The following map is a local section of
ρ at idM :

σ = (id× λ−1
K )σ0|U : (U ,U ∩Gc) → (�,�)i∈NG(Ni)× (�,�)i∈NGL(Ki).

This completes the proof. �
Proposition 5.5. Suppose (Mi, Li, Ni)i∈N is an exhausting sequence
for M . If (N2i, L2i) has LSPG and L2i ∈ F for each i ∈ N, then
the following hold:

(1) (G,Gc) ≈ℓ

(
�,�)i∈NÊG(L2i,M)× (�,�)i∈NG(L2i−1),

(2) The multiplication map p : �i∈NG(Mi) → Gc has a local
section at any point of Gc.

Proof. We apply Lemma 5.4 to the discrete families L = (L2i)i∈N,
N = (N2i)i∈N and K = (L2i−1)i∈N. Let L =

∪
i∈N L2i. Then

GL(L2i−1) = G(L2i−1) for each i ∈ N because L2i−2 is regular
closed. The statement (1) is none other than Lemma 5.4 (1). It
remains to show the statement (2). Due to Lemma 5.4 (2), the map

ρ : �i∈NG(N2i)×�i∈NG(L2i−1) −→ Gc,

ρ((fi)i∈N, (gi)i∈N) = λN ((fi)i∈N)λK((gi)i∈N)

has a local section at idM , say

σ : W −→ �i∈NG(N2i)×�i∈NG(L2i−1).
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Note that the image σ(h) = ((fi)i∈N, (gi)i∈N) of each h ∈ W satisfies
the following conditions:

(a) h = λN ((fi)i∈N)λK((gi)i∈N)

= (f1f2 · · · )(g1g2 · · · ) = f1g1f2g2f3g3 · · · ;
(b) fi ∈ G(N2i) ⊂ G(M2i+1) and

gi ∈ G(L2i−1) ⊂ G(M2i−1) ⊂ G(M2i+2) for each i ∈ N;
(c)

(
idM , idM , f1, g1, f2, g2, . . .

)
∈ �i∈NG(Mi) and

h = p
(
idM , idM , f1, g1, f2, g2, . . .

)
.

Therefore, a local section at idM of the map p : �i∈NG(Mi) → Gc

is defined by

s : W → �i∈NG(Mi), s(h) =
(
idM , idM , f1, g1, f2, g2, . . .

)
.

The conclusion now follows from Lemma 4.9 (1). This completes
the proof. �
5.3. Strong topology with respect to an admissible collec-
tion.

In the cases where G is the diffeomorphism group of a smooth
n-manifold (n ≥ 1) or the homeomorphism group of a topolog-
ical n-manifold (n = 1, 2), we can apply Proposition 5.5. How-
ever, when G is the homeomorphism group of an n-manifold M
(n ≥ 3), it is still an open problem whether the restriction map
r : G→ EG(L,M) has a local section for a locally flat n-submanifold
L of M (cf. Subsection 6.1). At this moment, we only know that
the deformation theorem for embeddings in topological manifolds
([11]) implies the weak local section property. This motivates the
formulation of this section.

Throughout this subsection, we assume that G is a transforma-
tion group on a space M .

Definition 5.6. An admissible collection (F , τG(∗,M)) for the trans-
formation group G on M consists of a collection F of subsets of M
and an assignment of an admissible topology τG(L,M) on the set
EG(L,M) to each L ∈ F .

Convention 5.7. When an admissible collection (F , τG(∗,M)) is
fixed, for any triple (N,L,K) of subsets of M with L ∈ F , let
τGK (L,N) denote the subspace topology on EG

K(L,N) inherited from
the space (EG(L,M), τG(L,M)), which is an admissible topology on
EG
K(L,N).
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Definition 5.8. Let (F , τG(∗,M)) be an admissible collection for
the transformation group G on M . We say that G has a strong
topology with respect to (F , τG(∗,M)) if G has a strong topology
and satisfies the following additional condition:

(∗∗) For any discrete sequence L = (Li)i∈N in M with Li ∈ F ,
the following function is continuous:

rL : G→ �i∈N(EG(Li,M), τG(Li,M)).

Assumption 5.9. Below we assume that M is a locally com-
pact σ-compact space and G is a transformation group on M
with a strong topology with respect to an admissible collection
(F , τG(∗,M)).

Suppose L = (Li)i∈N, N = (Ni)i∈N and K = (Ki)i∈N are dis-
crete sequences of subsets of M such that Li ⊂ Ni (i ∈ N) and
M = L ∪K. Here, L =

∪
i∈N Li, N =

∪
i∈NNi and K =

∪
i∈NKi.

Since G has a strong topology, the sequences N and K induce the
open embeddings

λN : �i∈NG(Ni) → G(N) and λK : �i∈NG(Ki) → G(K).

These maps determine the map

ρ : (�,�)i∈NG(Ni)× (�,�)i∈NGL(Ki) → (G,Gc),

ρ((gi)i∈N, (hi)i∈N) = λN ((gi)i∈N)λK((hi)i∈N).

Under the weaker condition WLSPG, we obtain the following
conclusions.

Lemma 5.10. If (Ni, Li) has WLSPG and Ni ∈ F for each i ∈ N,
then the map ρ has a local section at idM .

Proof. The proof is exactly a repetition of the arguments in
Lemma 5.4 (except the part (1)). There is only one point to be
modified:

(†) The map rL is replaced by the map rN so that Vi is an
open neighborhood of the inclusion iNi : Ni ⊂ M in the
space (EG(Ni,M), τG(Ni,M)).

The remaining parts are unchanged. �
Proposition 5.11. Suppose (Mi, Li, Ni)i∈N is an exhausting se-
quence for M . If each (N2i, L2i) has WLSPG and N2i ∈ F , then
the multiplication map p : �i∈NG(Mi) → Gc has a local section at
any point of Gc.
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Proof. The proof is completely same as that of Proposition 5.5 (2),
except that we apply Lemma 5.10 instead of Lemma 5.4 (2). �

6. Homeomorphism and diffeomorphism groups of
non-compact manifolds

In this section, we apply Propositions 5.5 and 5.11 in Section 5
to study local topological properties of homeomorphism groups and
diffeomorphism groups of non-compact manifolds M endowed with
the Whitney topology. For homeomorphism groups of topological
n-manifolds M , in case n = 2 we can describe the local topological
type of H(M) and Hc(M), while in case n ≥ 3 the Homeomorphism
Group Problem is still open and we are restricted only to show the
local contractibility of Hc(M). On the other hand, for diffeomor-
phism groups of smooth n-manifolds, we can determine the local
topological type of D(M) and Dc(M) in every dimension n.

6.1. Homeomorphism groups of non-compact n-manifolds.

Suppose M is a σ-compact topological n-manifold possibly with
boundary. When M is compact, the group H(M) is known to be
locally contractible ([10] and [11]). In this subsection, we apply
Proposition 5.11 to extend this result to the noncompact case.

Proposition 6.1. For every σ-compact n-manifoldM possibly with
boundary, the group Hc(M) is locally contractible.

We follow the formulation in Subsection 5.3. The topological
group G = H(M) admits the natural action on M . According to
the convension of Subsection 4.1, we use the following notations for
K,N ⊂M :

H0(M) = G0, Hc(M) = Gc, H(M,K) = GK ,

H(M,M \N) = G(N), H(M,K ∪ (M \N)) = GK(N),

Hc(M,K) = GK,c, H0(M,K) = (GK)0.

For subspaces K ⊂ L ⊂ N ⊂ M , the symbol EK(L,N) denotes
the space of embeddings f : L → N with f |K = idK endowed
with the compact-open topology (Section 3). Recall that an em-
bedding f : L→M is proper if f−1(∂M) = L∩∂M . Let E∗

K(L,M)
denote the subspace of EK(L,M) consisting of all proper embed-
dings. Then EG

K(L,M) ⊂ E∗
K(L,M).
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Let F denote the collection of all subsets of M and EG(L,M),
L ∈ F , be endowed with the compact-open topology τG(L,M),
which is admissible, that is, the action ofG = H(M) on EG(L,M) is
continuous. Then the transformation group G on M has a strong
topology with respect to the admissible collection (F , τG(∗,M)),
that is, for each discrete sequence L = (Li)i∈N in M (i) the map
λL : �i∈NG(Li) → G(

∪
i∈N Li) is an open embedding and (ii) the

map rL : G→ �i∈NEG(Li,M) is continuous with respect to the
compact-open topology τG(Li,M). Next, we shall inspect WLSPG

of compact subsets of M .

Lemma 6.2. Suppose L is a compact subset of M and N is a
compact neighborhood of L in M . Then the pair (N,L) has the
WLSPG (with respect to the topology τG(N,M)), that is, there exists
an open neighborhood V of iN : N ⊂ M in (EG(N,M), τG(N,M))
and a continuous map s : V → G(N) such that s(f)|L = f |L for
each f ∈ V.

This lemma follows from the next version of the deformation
theorem for topological embeddings [11].

Lemma 6.3. Suppose C ⊂ D are compact subsets of M with
C ⊂ intMD and K ⊂ L are closed subsets of M with K ⊂ intML.
Then there exists an open neighborhood V of the inclusion
i : D ∪ L ⊂M in E∗

L(D ∪ L,M) and a map

ϕ : V → H(M,K ∪ (M \ intMD))

such that ϕ(f)|C = f |C for each f ∈ V and ϕ(i) = idM .

Proof. Take a compact neighborhood E of C in intMD. Then, by
[11, Theorem 5.1] there exists an open neighborhood U of the inclu-
sion iD : D ⊂ M in E∗

D∩L(D,M) and a map η : U → E∗
D∩K(D,M)

such that η(iD) = iD and for each f ∈ U

(a) η(f) = id on E, (b) η(f) = f on bdMD and

(c) η(f)(D) = f(D).

Replacing U by a smaller one, we may assume that f(C) ⊂ E.
The required map ϕ is defined by ϕ(f)|D = η(f |D)−1(f |D) and
ϕ(f) = id on M \D. �
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Let (Mi,Ki)i∈N be an exhausting sequence of M , that is, M =∪
i∈NMi, each Mi is compact regular closed in M , Mi ⊂ intMMi+1

and Ki = M \ intMMi. Then H(M,Ki) = GKi = G(Mi) for each
i ∈ N. Consider the multiplication map

p : �i∈NH(M,Ki) → Hc(M), p((hi)i∈N) = h1h2h3 · · · .

Lemma 6.4. The map p : �i∈NH(M,Ki) → Hc(M) has a local
section at idM .

Proof. We can form an exhausting sequence (Mi,Ki, Li, Ni)i∈N,
that is, Li = Mi \ intMMi−1, Li ⊂ intMNi and Ni ∩ Nj = ∅ if
|i− j| ≥ 2. Since each pair (Ni, Li) has WLSPG by Lemma 6.2, the
conclusion follows from Proposition 5.11. �

Proof of Proposition 6.1. By [1, Theorem 0] (cf. [21], [28]), there
exists an exhausting sequence (Mi)i∈N forM consisting of compact
n-submanifolds ofM such that bdMMi is a compact proper (n−1)-
submanifold of M which is transversal to ∂M . Since

G(Mi) = H(M,M \ intMMi) ≈ H(Mi,bdMMi)

and the latter is locally contractible by [11, Corollary 7.3], the
conclusion follows from Lemmas 6.4 and 4.9 (2). �

6.2. Homeomorphism groups of non-compact surfaces.
In this subsection, we shall recognize the local topological type

of the pair (H(M,K),Hc(M,K)) for a 2-manifold M and a closed
polyhedral subset K ⊂ M . Suppose M is a σ-compact 2-manifold
possibly with boundary. Then M admits a combinatorial triangu-
lation unique up to PL-homeomorphisms [26]. We fix a triangu-
lation of M and regard M as a PL 2-manifold. A subpolyhedron
of M means a subpolyhedron with respect to this PL-structure.
A 2-submanifold of M means a subpolyhedron N of M such that
N is a 2-manifold and bdMN is transverse to ∂M so that bdMN is a
proper 1-submanifold ofM andM \intMN is also a 2-manifold. Let
HPL(M) denote the subgroup ofH(M) consisting of PL-homeomor-
phisms with respect to the PL-structure of M , and set

HPL
c (M,K) = HPL(M) ∩Hc(M,K).

Theorem 2 and Proposition 3 in Introduction follow from the
next theorem with taking K = ∅.
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Theorem 6.5. SupposeM is a non-compact σ-compact 2-manifold
possibly with boundary and K $M is a subpolyhedron.

(1) If clM (M\K) is compact, then (i) H(M,K) is an l2-manifold
and hence (ii) H0(M,K) is an open normal subgroup of
H(M,K).

(2) If clM (M \K) is non-compact, then
(i) (H(M,K),Hc(M,K)) is locally homeomorphic to

(�ωl2,�ωl2), hence H(M,K) is locally homeomorphic
to �ωl2 and Hc(M,K) is an (l2 × R∞)-manifold,

(ii) H0(M,K) is an open normal subgroup of Hc(M,K)
and thus

Hc(M,K) ≈ H0(M,K)×Mc(M,K),

where Mc(M,K) = Hc(M,K)/H0(M,K) (with the
discrete topology).

(3) The subgroup HPL
c (M,K) is homotopy dense in Hc(M,K).

We keep the notations for G = H(M) listed in Subsection 6.1.
For K ⊂ L ⊂M , the symbols

EK(L,M) ⊃ E∗
K(L,M) ⊃ E⋆

K(L,M) = EG
K(L,M)

denote the space of embeddings and the subspaces of proper em-
beddings and extendable embeddings, respectively. These spaces
are endowed with the compact-open topology.

To prove Theorem 6.5, we use the next two theorems besides
Proposition 5.5.

Theorem 6.6. ([15], [23], cf. [32]) Suppose M is a compact
2-manifold possibly with boundary and K $M is a subpolyhedron.
Then, (i) H(M,K) is an l2-manifold and (ii) HPL(M,K) is homo-
topy dense in H(M,K).

The following is a slight extension of the results in [31] and [32].
Note that the assertion was verified in [23] in the most important
case that K = ∅ and L is either a proper arc, an orientation-
preserving circle or a compact 2-submanifold of M .

Theorem 6.7. Suppose M is a 2-manifold possibly with boundary
and K ⊂ L are two subpolyhedra of M such that clM (L \ K) is
compact.
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(1) For every closed subset C of M with C ∩ clM (L \K) = ∅,
the restriction map

r : H(M,K) → E∗
K(L,M), r(h) = h|L

has a local section s : U → H0(M,K ∪ C) ⊂ H(M,K) at
the inclusion iL : L ⊂M .

(2) The restriction map r : H(M,K) → E⋆
K(L,M) is a principal

H(M,L)-bundle.
(3) (i) E⋆

K(L,M) is an open neighborhood of the inclusion iL
in E∗

K(L,M).
(ii) The spaces E∗

K(L,M) and E⋆
K(L,M) are l2-manifolds

if dim(L \K) ≥ 1.

Proof. In [31, Proposition 4.2] and [32, Theorem 2.1], we verified
the case where L is compact. The general case is obtained if we
choose a regular neighborhood N of clM (L\K) inM \C and apply
the compact case to the data

(N, (L ∩N) ∪ bdMN, (K ∩N) ∪ bdMN). �

Proof of Theorem 6.5. Consider the subgroup GK = H(M,K)
of G = H(M) and the collection F of all compact subpolyhedra of
M . Then the transformation group GK onM has a strong topology
with respect to F . Choose any exhausting sequence (Mi, Li, Ni)i∈N
forM such that eachMi and Ni are compact 2-submanifolds ofM .
Recall that Li =Mi \ intMMi−1 ⊂ intMNi. Then, for each i ∈ N

(i) L2i ∈ F , (ii) (N2i, L2i) has LSPGK
and

(iii) the quotient topology on the space

EGK (L2i,M) ∼= EG
K(K ∪ L2i,M) = E⋆

K(K ∪ L2i,M)

coincides with the compact-open topology.

The assertion (ii) is verified by applying Theorem 6.7 (1) to the
data (L,K,C) = (K ∪ L2i,K,M \ IntN2i) and (iii) follows from
Remark 4.6 (0). Hence, it follows from Proposition 5.5 that

(∗)1 (GK , GK,c) ≈ℓ

(
�,�)i∈NEGK (L2i,M)×(�,�)i∈NGK(L2i−1),

(∗)2 the multiplication map p : �i∈NGK(Mi) → GK,c has a local
section at any point of GK,c.

(1) Take a compact submanifold N ofM such that clM (M \K) ⊂
N . Then H(M,K) is identified with H(N, (N ∩K) ∪ bdMN) and
the assertion (1) is the direct consequence of Theorem 6.6.
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(2) Since GK(L2i−1) = H(M,K ∪ (M \ intML2i−1)

≈ H(L2i−1, (K ∩ L2i−1) ∪ bdML2i−1)

and Li ̸⊂ K for infinitely many i ∈ N, by Theorem 6.6 (i) and
Theorem 6.7 (3)(ii) we have(

�,�)i∈NEGK (L2i,M)× (�,�)i∈NGK(L2i−1) ≈ℓ (�ωl2,�ωl2).

Hence, the assertion (2) follows from (∗)1.
(3) Let H = HPL(M) and consider the subgroup HK of GK .

Since Gc is paracompact, so is GK,c. Since

(GK(Mi),HK(Mi)) = (H(M,K ∪Ki),HPL(M,K ∪Ki))

≈ (H(Mi, (Mi ∩K) ∪ bdMMi),HPL(Mi, (Mi ∩K) ∪ bdMMi)),

Theorem 6.6 (ii) implies that HK(Mi) is HD in GK(Mi). By (∗)2,
we can apply Lemma 4.9 (3) to assert that HPL

c (M,K) = HK,c is
HD in Hc(M,K) = GK,c. �

6.3. Diffeomorphism groups of non-compact smooth man-
ifolds.

In this subsection, we study diffeomorphism groups of non-compact
smooth manifolds endowed with the Whitney C∞-topology. Sup-
pose M is a smooth σ-compact n-manifold without boundary. Let
D(M) denote the group of diffeomorphisms ofM endowed with the
Whitney C∞-topology (= the very-strong C∞-topology in [19]).

The topological group G = D(M) admits the natural action
on M . Similarly to the previous subsection, we use the following
notations for K,N ⊂M :

D0(M) = G0, Dc(M) = Gc, D(M,K) = GK ,

D(M,M \N) = G(N), D(M,K ∪ (M \N)) = GK(N),

Dc(M,K) = GK,c, D0(M,K) = (GK)0.

Since the inclusion map D(M) ⊂ H(M) is continuous, it follows
from Proposition 4.1 that D0(M) ⊂ Dc(M). The quotient group
M∞

c (M) = Dc(M)/D0(M) (with the quotient topology) is called
the mapping class group of M .

Let F∞
c denote the collection of all compact smooth n-submani-

folds of M . For L ∈ F∞
c and a subset K ⊂ L, let E∞

K (L,M) de-
note the space of C∞-embeddings f : L → M with f |K = idK
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and let E∞,⋆
K (L,M) = EG

K(L,M) (the space of extendable C∞-
embeddings). These spaces are endowed with the compact-open
C∞-topology (and its subspace topology). There is a natural re-
striction map

r : D(M,K) → E∞
K (L,M), r(h) = h|L.

The following is the main result of this subsection.

Theorem 6.8. Suppose M is a non-compact σ-compact smooth
n-manifold without boundary.

(1) (D(M),Dc(M)) ≈ℓ (�ωl2,�ωl2). Hence, D(M) ≈ℓ �ωl2
and Dc(M) is an (l2 × R∞)-manifold.

(2) D0(M) is an open normal subgroup of Dc(M) and

Dc(M) ≈ D0(M)×M∞
c (M).

In the proof, we use Proposition 5.5 and the following bundle
theorem (cf. [9], [18], [22], [27], [29]).

Theorem 6.9. Suppose K and L are smooth n-submanifolds of M
such that they are closed subsets of M , K ⊂ intML and clM (L\K)
is compact and nonempty.

(1) For any closed subset C ofM with C∩L = ∅, the restriction
map r : D(M,K) → E∞

K (L,M) has a local section

s : U → D(M,K ∪ C) ⊂ D(M,K)

at the inclusion iL : L ⊂M such that s(iL) = idM .
(2) The spaces D(M,K ∪ (M \L)) and E∞

K (L,M) are infinite-
dimensional separable Fréchet manifolds (thus topological
l2-manifolds) and E∞,⋆

K (L,M) is an open subset of E∞
K (L,M).

Proof of Theorem 6.8. We follow the formulation of Subsections
5.1–5.2 and apply Proposition 5.5 to the transformation group
G = D(M) on M . For L ∈ F∞

c , the compact-open C∞-topology
on EG(L,M) is an admissible topology, and Theorem 6.9 (1) and
Remark 4.4 (iii) imply that this topology coincides with the quo-
tient topology τ̂G(L,M) on EG(L,M) induced by the restriction map
r : G→ EG(L,M). Hence, it is seen that the transformation group
G has a strong topology with respect to F∞

c .
Now we can apply Proposition 5.5 to any exhausting sequence

(Mi, Li, Ni)i∈N forM such that eachMi is a compact n-submanifold
of M . For each i ∈ N, it is seen that L2i ∈ F∞

c and (N2i, L2i) has
LSPG by Theorem 6.9 (1). Hence, from Proposition 5.5 it follows
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that

(G,Gc) ≈ℓ

(
�,�)i∈NEG(L2i,M)× (�,�)i∈NG(L2i−1).

The latter pair is locally homeomorphic to (�ωl2,�ωl2) by Theo-
rem 6.9 (2).

Due to Theorem 6.9 (2), G(L) is separable metrizable for each
compact smooth n-submanifold L ⊂ M . Then Gc is paracompact
by Proposition 4.1 (2). �
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