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COMBINED DYNAMICS ON HYPERSPACES

ANIMA NAGAR AND PUNEET SHARMA

ABSTRACT. Dynamical systems are systems that evolve with
time. In this paper, we study the dynamics displayed by the
combined effect of the join of distinct dynamical systems. The
relation, obtained thus, is a set-valued function. We compare
the various dynamical properties of such a relation with its
individual defining components, as well as its induced coun-
terpart on the hyperspace. Some comparisons can be easily
derived, but this study also leads to various questions that
have been proposed in this article.

1. INTRODUCTION

1.1. DYNAMICAL SYSTEMS.

By a dynamical system, we mean a pair (X, f) where X is a
topological (metric) space and f is any continuous self-map on X.
We refer the reader to [4], [5], and [6] for a detailed description on
dynamical systems. However, we recall some definitions here.

A point z € X is called periodic if f™(x) = x for some positive
integer n, where f* = fo fo fo...of (n times). The least such
n is called the period of the point x. A map f is called transitive
if for any pair of nonempty open sets U and V in X, there exists
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a positive integer n such that f*(U)(V # ¢. f is called weakly
mixing if for any pairs of nonempty open sets U; and U and Vi
and V2 in X, there exists n € N such that f*(U;)(\Vi # ¢ for
i = 1,2. A map f is called mixing or topologically mixing if for
each pair of nonempty open sets U and V in X, there exists a
positive integer K such that f*(U)(V # ¢ for all n > K. Among
all the mixing properties defined above, transitivity is the weakest
and topologically mixing is the strongest property.

1.2. HYPERSPACES.

We briefly look into some basics on hyperspaces. However, we
refer the reader to [3], [7], [9], and [10] for details.

For a Hausdorff space (X, 7)(or a metric space (X,d)), a hyper-
space (¥, A) is comprised of a subfamily ¥ of all nonempty closed
subsets denoted as C'L(X), of X endowed with the topology A,
where the topology A is generated using the topology on X. The
set ¥ may be comprised of CL(X), or all compact subsets of X,
denoted as K(X), or all compact and connected subsets of X, de-
noted as K¢ (X), or all finite subsets of X, denoted as F(X). A
hyperspace topology is called admissible if the map = — {z} is
an embedding. The topology A can be generated in several ways;
however, we are interested in only those topologies A that are ad-
missible. More generally, once ¥ and A are fixed, the space (¥, A)
is called the hyperspace of the space X. Let

E-={AeCL(X): ANE # ¢} and
Et={AeCL(X): ACE}.
In the case of a metric space (X, d),
Ett={AeCL(X):3e¢ >0 and S.(A) C E},
where S.(A) = |J S(a,¢€), where S(a,¢) = {z € X : d(a,x) < €}.
acA

We briefly describe a few hyperspace topologies.

Vietoris Topology. Let I be a finite index set, and for all such I,
let {U; : i € I'} be a collection of open subsets of X. Define for each
such collection of open sets

<U; >ic1={E € CL(X): EC|JUiand E( U, # ¢, Vi € I}.
el
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The topology on C'L(X), generated by such a collection as its basis,
is known as the Vietoris topology.

Hausdorff Metric Topology. For a metric space (X, d) and any two
closed subsets A1, As C X, define

dp(Ai,A2) =inf{e >0: AC S.(B) and B C Sc(A)}.

It is easily seen that dpy is a metric on CL(X) and is called
Hausdorff metric on CL(X). This metric preserves the metric on
X, ie., dg({z},{y}) = d(z,y) for all z,y € X. The topology
generated by this metric is known as the Hausdorff metric topology
on CL(X) with respect to the metric d on X.

It is known that the Hausdorff metric topology equals the Vi-
etoris topology if and only if the space X is compact.

Hit-and-Miss Topology. Let ® be a subfamily of all nonempty closed
subsets of X. The hit-and-miss topology, determined by the collec-
tion @, is the topology having subbasic open sets of the form U™,
where U is open in X, and (FE°)" with F € ®, where E¢ denotes
the complement of E. As terminology, U is called the hit set and
any member F of ® is referred as the miss set.

Hit-and-Far-Miss Topology. For a metric space (X, d) and a given
collection ® C CL(X), the hit-and-far-miss topology, determined
by the collection ®, is the topology having subbasic open sets of
the form U™, where U is open in X, and (E€)*" with E € ®.

Here, a subbasic open set in the hyperspace hits an open set
U C X or far misses the complement of a member of ® and hence
forms a hit-and-far-miss topology. It has been proved that any
topology on the hyperspace C'L(X) is of the hit-and-miss or hit-
and-far-miss type [10]. Henceforth, all topologies considered will
be of the hit-and-miss or hit-and-far-miss type.

1.3. DYNAMICS OF THE INDUCED MAPS.

Papers [2], [11], and [12] contain recent studies of the comparison
of the dynamics provided by a map on a topological space, and its
induced counterpart, on its hyperspace. We briefly recall some of
the known results.

Let (X, f) be a dynamical system. Let ¥ C C'L(X) be a collec-
tion admissible with the map f, i.e., f(¥) C ¥. Consequently, f
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induces a map f on the collection ¥ C CL(X), defined as

f:U = Uby f(K) = f(K).

It may be noted that the induced function may fail to be con-
tinuous with an arbitrary topology on the hyperspace ¥. However,
we will consider only those topologies on the hyperspace for which
the induced map is continuous. We recall some results from [12],
where any arbitrary hyperspace topology is assumed to be of the
hit-and-miss or hit-and-far-miss type.

1. Let F(X) € ¥ and ¥ be endowed with any admissible
hyperspace topology A. If (X, f) has dense set of periodic
points, then so does (¥, f). The converse need not be true.

2. If there exists a base 3 for the topology on X such that U+
is nonempty and Ut € A for every U € 3, then f transitive
on V¥ implies that f is transitive on X.

3. Let F(X) C W. If f is weakly mixing, then so is f. The
converse holds if there exists a base (8 for topology on X
such that Ut € A for every U € f3.

4. Let F(X) C W. If f is topologically mixing, then so is f.
The converse holds if there exists a base 8 for topology on
X such that U™ € A for every U € 3.

In this article, we study the dynamics of the relation given by a
finite union of functions. We compare the dynamics of the relation
with the dynamics of the underlying individual maps. Further,
we observe some of the relationships between the dynamics of a
relation and the induced map on the hyperspace. In the process,
we ask some interesting questions.

The dynamics of a relation have been well studied in [1]. How-
ever, in our work, we compare the dynamics of a given (finite) re-
lation with its individual defining components and its induced map
on the hyperspace. This work by no means resembles the work in
[1] and moves in a completely different direction.

2. MAIN RESULTS
Let (X, f1), (X, f2),- .., (X, fr) be dynamical systems. A relation
k
F on X is defined as F(z) = |J fi(z). Then F : X — F(X) is
i=1

continuous for any hit—and—miss_topology on the hyperspace. We
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k
also write F' = J f;. Throughout this paper, we will consider the
i=1
relations which come up as finite unions of self-maps arising in this
way. In this case, the n-th iterate of a point x € X is given as

F'(z)={fi,o fiy,o...0fi,(x):i1,ia,...,0p € {1,2,...,k}}.
2.1.  DYNAMICS OF RELATION (X, F').

We define some dynamical properties for the relation (X, F').

Definition 2.1.1. A point z € X is called a periodic point for the
relation F' if there exists n € N such that x € F"(x). The least
such n is called the period of x.

Definition 2.1.2. The relation F' is said to be transitive if for
every pair of nonempty open sets U and V, there exists a natural
number n such that F™(U) 'V # ¢.

Definition 2.1.3. The relation F' is said to be super-transitive if
for every pair of nonempty open sets U and V, there exist a natural
number n and x € U such that F"(x) C V.

Definition 2.1.4. The relation F is said to be weakly mizing if for
every two pairs of nonempty open sets U; and Us and V; and Vs,
there exists a natural number n such that F™(U;) (Vi # ¢, i = 1,2.

Definition 2.1.5. The relation F' is said to be super-weakly mizing
if for every two pairs of nonempty open sets U; and U and Vj
and V5, there exist x; € U; and a natural number n such that
F'(z;)) C Vi, i=1,2.

Definition 2.1.6. The relation F is said to be topologically mizing

if for every pair of nonempty open sets U and V, there exists a
natural number K such that F*"(U)(V # ¢ for all n > K.

Definition 2.1.7. The relation F' is said to be super-topologically
mizing if for every pair of nonempty open sets U and V, there
exists K € N such that, for each natural number n > K, there
exists x,, € U such that F"(z,) C V.

From [8], it is known that a continuous self-map f on X is weakly
mixing if and only if, given pairs Uy, Us, ... U, and Vi, Vs, ...V, of
nonempty open sets in X, there exists a k > 1 such that f*(U;) N V;
# ¢ for i = 1,2,...n. We observe that a similar result holds for
super-weakly mixing relations.
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Lemma 2.1.8. A relation F is super-weakly mixing if and only
if for every k-pair of nonempty open sets Uy, Us, ...Ur and V7,
Vo, ... Vi, there exist x; € U; and a natural number n such that

F(z))C Vi, i=1,2,.. .k

Proof: Since the proof of one of the sides is obvious, we prove the
lemma by showing that when F' is super-weakly mixing, for each
k, and for every pair of k nonempty open sets Up,Us,... U, and
V1, Vo, ... Vg, there exist x; € U; and a natural number n such that
F(z;)C Vi, i=1,2,...k

Using the induction hypothesis, we see that the result holds vacu-
ously for r = 2. Let the result hold for r = 2,3, ... k. We shall prove
the result for r = k + 1. Let Uy, Us,...,Ugy1 and Vi, Vo, ... Vi
be pairs of nonempty open sets in X.

As F is super-weakly mixing, there exists a natural number
m with u; € Up and vy € Vi such that F™(up) C Ugyr and
F™(vg) € Vig1. As each f; is continuous, there exist neighbor-
hoods U,i (contained in Uy) and Vkl(contained in Vi) of uy and v,
respectively, such that F™(U}) C Uy4q and F™(V}}) C Viyg.

Now, as the result holds for r = k, for the k-pairs Uy, Us,...,
Ui_1, U,i and Vi, Vo,... Vi1, Vkl, there exist a natural number n,
x; € U;, and xp € U,i such that F"(z;) C Vi, i =1,2,...,k — 1,
Fn(.f(:k) Q Vkl.

From above, F"(zy) C Uy and F"™"(x)) C Viyy. Conse-
quently, for any point in z € F™(xy), F™(x) C Viy1.

Hence, the result holds for » = k + 1 also, thus proving the
lemma. O

2.2. RELATIONS VERSUS THE UNDERLYING MAPS.

It is clear that if the relation F' is just a function, then con-
cepts of transitivity, weak mixing, and topological mixing coincide
with concepts of super-transitivity, super-weak mixing, and super-
topological mixing, respectively, and are equivalent to the known
concepts for a dynamical system.

If the relation F is super-transitive, each of the underlying defin-
ing maps f; and their compositions (of any order) is transitive. Sim-
ilarly, if this relation is super-weakly mixing or super-topologically
mixing, then each of the underlying defining maps and their compo-
sitions (of any order) is also weakly mixing or topologically mixing,
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respectively. However, similar conclusions cannot be drawn if the
relation F'is just transitive, weakly mixing, or topologically mixing.

If any one of the compositions in any n-th iterate of the relation F’
is transitive, then the relation F' is transitive. A similar result holds
when any one of the compositions is weakly mixing or topologically
mixing. But there can exist relations where none of the underlying
defining maps has the mixing properties, but the relation is mixing.

Example 2.2.1. Let X = [0,1] and let f; and f2 be self-maps on
X defined as

IN
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Let F = fiJ f2. Then F is a transitive relation, but none of f;
is transitive. In fact, F' is a topologically mixing relation, whereas
each f; fails to be even transitive.

Example 2.2.2. Let X = S! be the unit circle and let 7} and
Ty be self-maps on unit circle as 71(0©) = 20 and T»(0) = 30,
respectively.

Let T' = T1 |JT5 be the relation constructed. Each of the maps
T1 and T5 is topologically mixing. However, for any 0,

T"(0) = {TF o T5(#) : k +r =n with k,r > 0}.

It can be seen that if ¢ € T™(0), then % or % is also in there.

Thus, there exist neighborhoods U of 0 and V of «, such that
there is no x € U with T™(z) C V. Consequently, T" is not super-
transitive.

Thus, the relation might not be super-transitive, super-weakly
mixing, or super-topologically mixing even if each of the underlying
maps is transitive, weakly mixing, or topologically mixing. This
leads to the following question.

Question 2.2.3. When is a finite union of maps super-transitive,
super-weakly mixing, or super-topologically mixing?
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In other words, it is clear from the above example that a finite
union of transitive maps need not be super-transitive. Similarly, a
finite union of weakly mixing or topologically mixing maps might
not be even super-transitive! Under what conditions can the union
of transitive, weakly mixing, or topologically mixing maps be super-
transitive (or super-weakly mixing or super-topologically mixing)?
More precisely, when is the individual dynamical property of the
maps f; carried forward to the relation £'7

2.3. DYNAMICS INDUCED ON THE HYPERSPACES.

Let ¥ C C'L(X) be a collection admissible with the relation ',
ie., F(V) C W. Then the relation F' on X induces a self-map F' on
the hyperspace ¥ as

F:V > Vas F(K)=F(K).

We now relate the dynamics of the induced map F on the hyper-
space ¥ C C'L(X) and the corresponding relation F' on the original
space X. It can be easily seen that the induced map is continuous
if the hyperspace is equipped with the Hausdorff metric topology
or the Vietoris topology. We constrain ourselves to the topologies
A on the hyperspace under which the induced map is continuous.
As any arbitrary topology on the hyperspace is of the type hit-and-
miss or hit-and-far-miss, we assume our topology on the hyperspace
to be of this form only.

Let ¥ C CL(X) be a collection admissible with the relation
F, with the topology A being any hit-and-miss or hit-and-far-miss
topology. Then the relation (X, F') induces the dynamical system
(U, F).

It may be noted that the relation for a dense set of periodic
points fails to hold in either direction. In other words, denseness of
periodic points for the relation (X, F') need not imply the same for
the system (¥, F), where ¥ C CL(X), and conversely.

Example 2.3.1. Let 77 and 15 be self-maps on the unit circle
St defined as T1(0) = © + 27y and T»(0) = © + 27z, where a;
and as are some fixed rational and irrational numbers, respectively.
Then the relation T' defined by 17 and T has a dense set of periodic
points. However, the map generated on the hyperspace CL(S') has
a unique fixed point, S*.
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Since it is known that the induced map f can have a dense set
of periodic points even when the map f need not have any periodic
points (see [2]), the same holds in case of relations also.

It is known that the transitivity of the base map need not imply
the transitivity of the induced map. Hence, the transitivity or
super-transitivity of a relation need not imply transitivity of the
induced function. However, we have the following proposition.

Proposition 2.3.2. Let 8 be any base for the topology on X and
A be the topology on W C CL(X) such that U is nonempty and
UT € A for every U € B. Then the transitivity of the system (¥, F)
implies that the relation (X, F) is super-transitive.

Proof: Let U and V be any two nonempty open sets in X. As
B forms a base for a topology on X, there exists Uy, V7 € 8 such
that U; C U and Vi C V. By the given hypothesis, U1+ and V1+
are nonempty open in the hyperspace (¥, A). As F is transitive,
there exists n € N such that F"(U;)\V;™ # ¢. As Uy C U and
Vi1 CV, F is super-transitive. ]

We now give equivalent criteria for stronger forms of mixing on
the hyperspace.

Proposition 2.3.3. Let F(X) C V. If F' is super-weakly mizing,
then F' is weakly mizing. The converse holds if there exists a base
B for topology on X such that Ut € A for every U € 3.

Proof: Let Uy, Us, Vi, and Vo be nonempty open sets in the
hyperspace such that Uy, Us, V1, and Vs hit the open sets Wiy, Waq,
N Wn11§ ng, W227 e erg; RH, Rgl, e Rn11; and ng, RQQ, N
R, 2 and misses (far misses) the closed sets T11, To1, ... Tm,1; Tho,
TQQ, ce T512; SH, 521, PN Sm11§ and 512, 522', ce Sslz, respectively.

Let T; = Ung and S; = Usﬁ' Let M; = Wi (Tf, and let

J J
N! = R;i(S;.

Now, each of M ; and NV ]’ is an open set and as F' is super-weakly
mixing, there exist £ € N and x; € M; such that Fk(azz) - N]Z: for
all i and j. Then X; = {x;}] € U; such that Fk(XZ) € V;. Hence,
F' is weakly mixing.

Conversely, let Uy, Us, Vi, and Vo be open in X. As [ is the
base for the topology on X, there exist Uy, Uss, Vi1, Voo € B such
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that U;; C U; and V;; C V; for ¢ = 1,2. By the given hypothesis,
U;r and Vlj are nonempty open in the hyperspace ¥. Hence, there
exists n € N such that Fn(U;) NVii # ¢. Thus, F is super-weakly
mixing. ]

Proposition 2.3.4. Let F(X) C V. If F' is super-topologically
mixing, then F is topologically mizing. The converse holds if there

exists a base B for the topology on X such that UT € A for every
U ep.

Proof: Let U and V be two nonempty open sets in the hyperspace
(U, A). Let U and V hit Wi, W, ... W, and Ry, Ro, ... R, and miss
T1,15,...T,, and S1,Ss, ..., respectively.

Let T'=UTjand U; = W;(\T¢. Let S = |JSjand V; = R; () S°.

J J

It may be noted that as U/ and V are nonempty, each U; and V;
is also nonempty. Now as F’ is super-topologically mixing, for each
pair of nonempty open sets U; and V;, we obtain n; € N such that
for each n > n;, there exists x; € U; such that F"(z;) C V;. Let
m = max{n; : i = 1,2,...r}. Using similar arguments as before,
for each » > m, there exists A, € U such that FT(A,«) € V. Thus,
F is topologically mixing.

Conversely, let F be topologically mixing. Let U and V be
nonempty open subsets of X. As f is the base for the topology
on X, there exist Uy, V; € 8 such that U; C U and V; C V. By
the given hypothesis, Uf and Vf are open. As F is topologically

mixing, there exists n € N such that Fk(Ufr) NV # ¢, for all
k > n, which implies that F' is super-topologically mixing. U

Question 2.3.5. Can there be any map on the hyperspace induced
by a proper relation showing stronger forms of mixing?

I.e., as there are no known examples of super-transitive re-
lations, and hence of super-weakly mixing or super-topologically
mixing relations, can a map induced on the hyperspace by a non-
trivial relation ever be transitive? As observed by the previous
two propositions, an induced map is weakly mixing (topologically
mixing), only when the underlying relation is super-weakly mixing
(super-topologically mixing), examples of which are not yet known.
This raises the question of the existence of a weakly mixing (topo-
logically mixing) map induced by a proper relation (not a map).
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Metric Related Dynamical Properties. We now look into the met-
ric related dynamical properties of a relation F. For any metric
space (X, d), the orbit of a point z € X, under the relation F, is a
sequence of finite subsets of X. Hence, the metric d fails to measure
the distance between the consecutive iterates of distinct x,y € X
under the relation F'. The most natural concept of a distance be-
tween these iterates, induced by the metric d, will be the Hausdorff
distance given by the Hausdorff metric di; defined on the set of all
closed subsets of X.

Most of the metric related dynamical properties for a system
(X, f) involve measuring d(f"(x), f*(y)) for some z,y € X and
n € N. Generalizing these concepts for a relation (X, F') would then
involve considering dg (F™(z), F"(y)). But dg(F"(x), F™(y)) does
not solely depend on any of d(f"(z), f/*(y)), and so the properties
of f; may fail to induce the same for F'. Conversely, such properties
of the relation F' would not necessarily imply the same for each of
the fz

This leads to various questions comparing the metric related dy-
namical properties of each f; and the relation F', and thus of the
relation F' and the induced map F.
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