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BENJAMIN ESPINOZA, JORGE M. MARTINEZ-MONTEJANO,
NORBERTO ORDONEZ, AND LIKIN C. SIMON ROMERO

ABSTRACT. In this paper we give an example of a hereditarily de-
composable irreducible continua X such that none of its positive
Whitney levels are irreducible. This shows that not being irre-
ducible is not a Whitney-reversible property for the class of hered-
itarily decomposable continua.

1. INTRODUCTION

The notion of Whitney-reversible property was introduced in [4] by
Sam B. Nadler, Jr. Since then many properties have been shown to be
Whitney-reversible. However, there are still some properties for which it
is not known if they are Whitney-reversible or not. An excellent survey
on this topic is [2, Chapter §].

In [2, Question 49.9], Alejandro Illanes and Nadler ask if the property
of not being irreducible is a Whitney-reversible property. In [1, Example
3.1], Carl Eberhart and Nadler give a decomposable irreducible contin-
uum X and an indecomposable continuum Y for which none of their
positive Whitney levels are irreducible. However, both of these exam-
ples contain an indecomposable continuum. So, it is natural to ask if the
property of not being irreducible is a Whitney-reversible property for the
class of hereditarily decomposable continua. In this paper we construct a
hereditarily decomposable irreducible continuum X for which none of its
positive Whitney levels are irreducible. We modify this example to obtain
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a continuum with the same relevant properties, but which has only two
points of irreducibility.

We note that our continuum is rational. In the classical hierarchy
of structures of continua, arcs are the only irreducible locally connected
continua, regular continua are locally connected, and regular continua are
rational; see [5]. Since being an arc is a Whitney property, see [2, Theorem
31.1], an arc does not have the properties of our example. Thus, from
the point of view of this hierarchy, our example is the simplest possible
example.

2. PRELIMINARIES

A continuum is a compact connected metric space. Given a continuum

X,
CX)={ACX:A=#0and A is a continuum}

is called the hyperspace of subcontinua of X; C(X) is equipped with the
Hausdorff metric. Given A, B € C(X), H(A, B) will denote the Hausdorff
distance between A and B.

A continuous map p : C(X) — [0, 1] is called a Whitney map for C(X)
if (1) u({z}) =0forall z € X, and (2) if A C B, then u(A4) < u(B). A
Whitney level for C(X) is any subset in C'(X) that is the inverse image
of a point in [0, 1] under any Whitney map. Note that a non-degenerate
Whitney level is any subset in C'(X) that is the inverse image of a point
in [0,1) under any Whitney map. A positive Whitney level is any subset
in C(X) that is the inverse image of a point in (0, 1] under any Whitney
map; see [2, Definition 24.17].

A topological property P is called

(a) a Whitney property if whenever a continuum X has property P,
so does every positive non-degenerate Whitney level and

(b) a Whitney-reversible property if whenever X is a continuum such
that all positive non-degenerate Whitney levels have property P,
then X has property P.

Let X be a continuum and let A C X. The continuum X is said to
be irreducible about A if no proper subcontinuum of X contains A. If a
continuum is irreducible about two points p and ¢, then we say that X is
irreducible.

A continuum X is called decomposable if X = AU B, where A and B
are proper subcontinua of X. If every subcontinuum of X is decompos-
able, then X is called hereditarily decomposable. If a continuum is not
decomposable, then it is called indecomposable.
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A continuum X is called regular if every point in X has a local base
whose members have finite boundary; X is called rational if every point
in X has a local base whose members have boundary at most countable.

3. THE EXAMPLES

To aid in understanding the examples, we first give intuitive arguments
showing that there is a hereditarily decomposable irreducible continuum
X such that none of its positive Whitney levels are irreducible. We then

give the formal argument.

To construct X, place a copy of the sin (%) continuum on each square

2n-l 1 o9n1

on—1 1 o9n
this such that the right-hand endpoint of sin (%) coincides with the point
(27;;1,0); label these points p,. The continuum X is the union of these
continua and the line segment {1} x [—1, 1]; see Figure 1.

of the form x [—1,1], where n is a positive integer. Do

)

b1 D2

L Ly LslL

FI1GURE 1. The continuum X

Note that X is irreducible between any point of {0} x [—1,1] and any
point of {1} x [—1,1].

To see that no positive Whitney level is irreducible, it is enough to show
that each positive Whitney level contains a 2-cell with nonempty interior.
To see this, let © be a Whitney map for C'(X) and let 0 < t < u(X).
For each n, using order arcs, we can construct a proper subcontinuum
of X containing the set {0} x [—1,1] and having p,, as endpoint. (Start
the order arc at {p,}.) Then, since p, — (1,0), there is k and a proper
subcontinuum A of X such that u(A) > ¢, {0} x [-1,1] C A, and py, is an
endpoint of A. Now, using an order arc in C(A) starting at {py}, we can
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find a subcontinuum B of A such that u(B) = ¢, and BN({0} x[-1,1]) =
(). By construction, p, lies on the vertical line segment L = {21;;1} X
[-1,1) and BN L = {pi}; hence, BU L is a triod with u(BU L) > t.
Therefore, we can construct a 2-cell in g~1(¢) by “moving” B in BU L in
three different directions from pj (up, down, and left). To see that the

2-cell has nonempty interior, just observe that any continuum C, with
.. . . ok_1 ok+1_4
u(C) = t, containing p; and a point in {T’ W} x [—1,1] must

contain L.
A more detailed construction of X is given below and it will be used

to show the properties of X.
For every positive integer n, consider the set in R? defined by

) T 5, 2"l 1 n—1
n — ) : < :
R {(:r 81n(2n_1m72n_1+1>) eR on 1 <z< on

Let X be the continuum given by

chl(ij Rn>,
n=1

where cl(A) denotes the closure of A in R?; see Figure 1.
By construction, X is hereditarily decomposable and irreducible (be-
tween any point of {0} x [—1, 1] and any point of {1} x [—1,1]).

Proposition 3.1. No positive Whitney level of X is irreducible.

Since no irreducible continuum can contain a 2-cell with nonempty
interior, the proof of Proposition 3.1 follows directly from Proposition
3.2. First, we introduce the following notation.

k ‘
For k € N, define X, = CI(U Rn), L, = {2;—;1} x [—1,1], and
n=1

— (2’“7—1 )
Pk D) .

Note that X}, is irreducible between any point of {0} x [—1,1] and p.
Also note that {Xj},-, is a strictly increasing sequence (with respect to
inclusion) in C(X) such that X — X. Hence, for any Whitney map
w:C(X) —1[0,1], u(X) — 1.

Now, we prove the following proposition.

Proposition 3.2. Fvery positive non-degenerate Whitney level of X con-
tains a 2-cell with nonempty interior.

Proof. Take 0 < t < 1. By construction, there is a positive integer N
such that ¢t < u(Xn). Using an order arc from {py} to Xy, we can find
A € C(Xy) such that py € A and p(A) =t.
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Let 0 < a < 1 be such that p ({ 21;;1} x [—a, a]) < t. Then, for every

u,v € [0, a], consider

Zuw =Xy U ({QNQ; 1} X [—u,v]) .

Using an order arc from {21;;1} X [~u,v] to Zy,, there is an A, , €

C(Zy,») such that u(A,,) = t. Note that, given u,v € [0,a], such con-
tinuum A, , is unique. Then the set

A={A,,:u,ve0,a]}

is a 2-cell in p=1(¢).
Now, let ugp,v9 € [0,a) and let ¢ = min{a — ug,a — vp}. Then the set

A={Beput(t) : H(Au v, B) <&}

is contained in A. To see this, note that if B € p~!(¢) and it intersects
Ry 41, then either Ly C B or B C Ry41; in any case, H(Ay, 4y, B) > €.
So, if B € pu~'(t) and H(Ay, vy, B) < €, then B = A, ,, for some
u1,v1; € [0,a]. Therefore, A C A. Note that, by definition, A is open in
pu~t(t). Hence, A has nonempty interior in p~1(¢). O

In the continuum X, let L = {1} x [—1,1]. Irreducibility about only
two points can be obtained by using the decomposition space obtained by
shrinking L and Lg to two points.

As noted in the introduction, there cannot be a locally connected ex-
ample showing that not being irreducible is not a Whitney reversible
property. Also, since being chainable is a Whitney property, see [2, The-
orem 37.4], and every chainable continuum is irreducible, there cannot be
a chainable example. Observe that our examples contain triods. So, there
is a natural question to ask.

Question 3.3. Is there a hereditarily decomposable atriodic irreducible
continuum such that none of its positive Whitney levels are irreducible?
In other words, is not being irreducible a Whitney reversible property for
the class of atriodic hereditarily decomposable continua?

Acknowledgment. The authors thank the referee for suggestions and
comments that simplified the examples and made the paper more read-
able.



138 ESPINOZA, MARTINEZ-MONTEJANO, ORDONEZ, AND SIMON ROMERO

REFERENCES

[1] Carl Eberhart and Sam B. Nadler, Jr., Irreducible Whitney levels, Houston J. Math.

6 (1980), no. 3, 355-363.

Alejandro Illanes and Sam B. Nadler, Jr., Hyperspaces: Fundamentals and Recent

Advances. Monographs and Textbooks in Pure and Applied Mathematics, 216. New

York: Marcel Dekker, Inc., 1999.

[3] J. Krasinkiewicz and Sam B. Nadler, Jr. Whitney properties, Fund. Math. 98
(1978), no. 2, 165-180.

[4] Sam B. Nadler, Jr., Hyperspaces of Sets. A Text with Research Questions. Mono-
graphs and Textbooks in Pure and Applied Mathematics, Vol. 49. New York-Basel:
Marcel Dekker, Inc., 1978.

[5] —, Continuum Theory: An Introduction. Monographs and Textbooks in Pure
and Applied Mathematics, 158. New York: Marcel Dekker, Inc., 1992.

2

(Espinoza) 236 FACH; 150 Finor: DrIVE; UNIVERSITY OF PITTSBURGH AT
GREENSBURG; GREENSBURG, PA 15601 USA
E-mail address: beel@pitt.edu

(Martinez-Montejano) DEPARTAMENTO DE MATEMATICAS; FACULTAD DE CIENCIAS;
UNIVERSIDAD NAcioNAL AuTdNoMA DE MEXIco; CIRCUITO EXTERIOR, Ciubpap UNI-
VERSITARIA; CP 04510, MEgExico, D.F., MExico

E-mail address: jorge@matematicas.unam.mx

(Ordofiez) INSTITUTO DE MATEMATICAS; UNIVERSIDAD NACIONAL AUTONOMA DE
MEgxico; CIRCUITO EXTERIOR, C1uDAD UNIVERSITARIA; CP 04510, MExico, D.F.,
MEx1co

E-mail address: oramirez@math.unam.mx

(Simon Romero) SCHOOL OF MATHEMATICAL SCIENCES; ROCHESTER INSTITUTE
or TEcHNOLOGY; 85 LoMB MEMORIAL DRIVE; RoCHESTER, NY, 14623, USA
E-mail address: 1srsma@rit.edu





