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SKELETALLY GENERATED SPACES AND ABSOLUTES

V. VALOV

ABsTRACT. Some properties of skelatally generated spaces are es-
tablished. In particular, it is shown that any compactum co-
absolute to a k-metrizable compactum is skeletally generated. We
also prove that a compactum X is skeletally generated if and only if
its superextension A X is skeletally Dugundji and raise some natural
questions.

1. INTRODUCTION

In this paper we provide more properties of skeletally generated spaces
introduced in [14]. It was shown in [14] that skeletally generated spaces
coincide with I-favorable spaces [2]| (for compact spaces that were actu-
ally done in [6], see also [5] and [7]). It is interesting that at first view
skeletally generated spaces are quite different from I-favorable spaces. I-
favorable spaces were defined as spaces for which the first player has a win-
ning strategy when two players play the so called open-open game, while
skeletally generated spaces can be considered as a skeletal counterpart of
k-metrizable compacta [12] (everywhere in this paper by a compactum
we mean a compact Hausdorfl space).

Recall that a map f : X — Y is called skeletal [10] (resp., semi-
open) if the set Inty cly f(U) (resp., Inty f(U)) is non-empty, for any
U € Tx. Obviously, every semi-open map is skeletal, and both notions
are equivalent for closed maps.
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The paper is organized as follows. Some properties of skeletally gen-
erated spaces are provided in Section 2. It is shown that every space
co-absolute with a skeletally generated space is also skeletally generated,
see Theorem 2.4 (recall that two spaces are co-absolute if their absolutes
are homeomorphic). In particular, any space co-absolute to a k-metrizable
compactum is skeletally generated (Corollary 2.5). Section 3 is devoted
to the connection of skeletally generated and skeletally Dugundji spaces
introduced in [9]. It is well known that a compactum X is k-metrizable
if and only if its superextension is a Dugundji space, see [3] and [13].
Theorem 3.1 states that the same connection holds between skeletally
generated and skeletally Dugundji compacta (this result, in different ter-
minology, was announced without a proof in [15]; let us also mention that
for zero-dimensional compacta the equivalence (i) = (¢4i) from Theorem
3.1 was established in [4, Theorem 5.5.9]).

Corollary 2.5, mentioned above, suggests the following problem:

Question 1.1. Is is true that a compactum is skeletally generated if and
only if it is co-absolute to a k-metrizable compactum?

Obviously, Question 1.1 is interesting for compacta of weight greater
that N;. For zero-dimensional compacta this question was posed by
Heindorf and Shapiro [4, Section 5.5, p. 140].

Since every skeletally Dugundji space is skeletally generated [9, Corol-
lary 3.4], one can ask if there is any skeletally generated space which
is not skeletally Dugundji. The referee of this paper pointed out that
Heindorf and Shapiro [4, Proposition 6.3.2] established such an exam-
ple. The existence of a skeletally generated space which is not skele-
tally Dugundji provides a solution to a Question 1.13 from [2] whether
every compact I-favorable space is co-absolute to a dyadic space. In-
deed, suppose that every I-favorable compactum is co-absolute to a dyadic
compactum. Since, by [9, Corollary 4.5], dyadic compacta are skeletally
Dugundji, it follows that every compact I-favorable space is co-absolute to
a skeletally Dugundji space. Consequently, all compact I-favorable spaces
would be skeletally Dugundji.

Our results for 0-dimensional compact spaces can be translated using
the language of Boolean algebras, see [4]. For example, Question 1.1 is
equivalent to the question of whether each regularly filtered algebra is
co-complete to an rc-filtered one (see [4], p. 140).

All spaces in this paper are Tychonoff and the maps are continuous.
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2. SKELETALLY GENERATED SPACES

In this section we provide some properties of skeletally generated
spaces.

For a given space X we introduce an order on the set of all maps having
domain X. If ¢; and ¢ are two such maps, we write ¢; < ¢o if there
exists a map ¢: ¢1(X) — ¢2(X) such that ¢ = ¢ o ¢1. The notation
¢1 = ¢ means that the map ¢ is a homeomorphism between ¢;(X) and
@2(X). We say that X is skeletally generated [14] if there exists an inverse
system S = {Xa,p’g, A} of separable metric spaces X, such that:

(1) All bonding maps p? are surjective and skeletal;

(2) The index set A is o-complete (every countable chain in A has a
supremum in A);

(3) For every countable chain {a,:n>1} C A with 8= sup{a,:n>1}
the space Xg is a (dense) subset of liin{Xa",pgz“};

(4) X is embedded in lim S such that p,(X) = X, for each «, where
“—
Do lim S — X, is the a-th limit projection;
“—

(5) For every bounded continuous real-valued function f on X there
exists a € A such that p, < f.

Condition (4) implies that X is a dense subset of limS. An inverse

—
system S with surjective bonding maps satisfying conditions (2) and (3) is
called almost o-continuous. If there exists an almost o-continuous system

S satisfying condition (4), we say that X is the almost limit of S, notation
X =a—1lim§S.
—

The following characterizations of skeletally generated spaces was es-
tablished in [14] (see also [6] where the equivalence of items (i) and (i%)
in case X is compact).

Proposition 2.1. [14] For a space X the following are equivalent:

(i) X is skeletally generated;
(ii) X is I-favorable;
(iil) Every C*-embedding of X in another space is m-regular.

Here, X is called I-favorable [2] if there exists a function
o: | UH{T¥¢:n >0} = Tx, where Tx is the topology of X, such that for
each sequence By, B1, .., of non-empty open subsets of X with By C o(&)
and By1 C 0(Bo, By, .., By,) for each k, the union |, By is dense in X.



66 V. VALOV

We say that a subspace X of a space Y is w-regularly embedded in Y if
there exists a function e: Tx — Ty between the topologies of X and Y
such that:

(el) e(w) = @ and e(U) N X is a dense subset of U;
(e2) e(U)Nne(V) =@ for any U,V € Tx provided UNV = &.

The operator e is called strongly m-regular if, in additional, it satisfies
condition (e3) below.

(€3) e(UNV)=eU)Ne(V) for any U,V € Tx.

Note that m-regular embeddings were introduced in [15], while strongly
m-regular embeddings were considered in [11] under the name w-regular.

The next lemma follows from Daniels-Kunen-Zhou’s observation
[2, Fact 1.3, p.207]. For completeness, we provide here a proof of that
fact.

Lemma 2.2. Let f: X — Y be a closed irreducible map. Then X is a
skeletally generated space if and only if Y is so.

Proof. Assume Y is skeletally generated. So, by Proposition 2.1, there
exists a function oy : J{7y* : n > 0} — Ty such that for each se-
quence By, By, .., of non-empty open subsets of Y with By C oy (9)
and By C oy (Bo,Bi,..,By) for each k, |J,>oBi is dense in Y.
Since f is irreducible, the set f%(V) = {y € Y : f~Yy) C V} is
non-empty and open in Y for every open V. C X. Therefore, the
function ox : U{T# : n > 0} = Tx, ox(@) = f 1oy (@)) and
ox(Vi,Va, .. Vi) = f oy (f*(VA), f4(Va), .., f*(Vi))) is well defined. If
Vo, V1, .. is a sequence of non-empty open subsets of X with Vy C ox ()
and Vi1 C ox(Vo, V1, .., Vi) for each k, then Uy C oy (@) and Uy C
oy (Uo, Un, .., Uy,), where Uy, = f#(Vy), k > 0. Hence, J;~o Uy is dense in
Y. Consequently, | J;~q f = (Uy) is dense in X (recall that f is closed and
irreducible). Finally, because f~'(Uy) C Vi, we obtain that (J,q Vi is
dense in X. Thus, X is skeletally generated. B

The map f being irreducible and closed is skeletal. Then, according to
[7, Lemma 1], Y is I-favorable provided so is X. O

Corollary 2.3. If X is skeletally generated, then so is each compactifi-
cation of X.

Proof. Tt was shown in [14] that 5X is skeletally generated. Then Lemma
2.2 completes the proof because any compactification of X is an irre-
ducible image of 5X. |
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Theorem 2.4. Any space co-absolute to a skeletally generated space is
skeletally generated.

Proof. Suppose the spaces X and Y are co-absolute and Z is their com-
mon absolute. Then there are closed irreducible maps fx: Z — X and
Oy : Z = Y. If X is skeletally generated, then Z is also skeletally gener-
ated (by Lemma 2.2). Applying again Lemma 2.2, we conclude that Y is
skeletally generated. O

Corollary 2.5. Any space co-absolute to a k-metrizable compactum is
skeletally generated.

Recall that k-metrizable compacta can be also characterized as the
compact spaces X possessing a lattice in the sense of Shchepin [12] con-
sisting of open maps. This means that there exists a family ¥ of open
maps with domain X such that:

(L1) For any map f: X — f(X) there exists ¢ € U with ¢ < f and
w($(X)) < w(F(X);

(L2) If {¢o : @ € A} C ¥ such that the diagonal product A{¢,, : a; €
A,i = 1,..,k} belongs to ¥ for any finitely many «; € A, then
Moo :a€ A} € .

Proposition 2.6. Fvery skeletally generated space has a lattice of skeletal
maps.

Proof. We consider X as a C-embedded subset of M = R for some
A. Then there exists a strongly w-regular operator e: Tx — Tus; see
Proposition 2.1. For any countable set B C A let B be an open base for
RB of cardinality |B| < Rg. We say that a set B C A is e-admissible if

75 (me(e(o~1(U) N X))) = e(rz" (U) N X) for all U € Bp,

where 75: M — RP is the projection. The arguments from the proof
of [9, Proposition 3.1(ii)|] imply that all maps ¢p = ng|X, where B is
e-admissible, are skeletal and form a lattice for X. O

Replacing k-metrizable compacta in Corollary 2.5 with spaces possess-
ing a lattice of open maps, we obtain a little bit of a stronger result.

Proposition 2.7. Let X be a space with a lattice of open maps. Then
every space co-absolute to X has a lattice of semi-open maps.
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Proof. The proof follows the arguments from the proof of [9, Theorem
2.2]. The only difference is that we use Proposition 2.8 below instead of
Proposition 2.1 from [9]. O

Proposition 2.8. Let X be C-embedded in RT for some I' and X has a
lattice W of quotient maps. Then the family A = {B C T : ¢p € ¥ },
where ¢p = wp|X: X — wp(X) is the restriction of the projection
w5 : R = RB, has the following properties:

(i) The union of any increasing subfamily of A belongs to A;
(ii) Every A C T is contained in some B € A with |A| = |B|.

Proof. Suppose {B,} be an increasing family of subsets of I" with B, € A
for all o, and B = UB,,. Then for any finitely many B,,, ¢ = 1,..,n, there

exists 1 < j < n such that By, = J;Z} Ba,. Hence, Ai='¢p, = ¢B., €
¥. Consequently, by (L2), ¢p = A¢p, € ¥ and B € A.

Assume C' C T is an infinite set of cardinality |C| = 7. We construct by
induction an increasing sequence {B(k)} C I" and a sequence {¢p} C ¥
such that B(1) = C, |B(k)| = 7, w(¢r(X)) < 7 and ¢pry1) < Ok < éBk)
for all k. Suppose the construction is done up to level k for some k > 1.
We consider each ¢ (X) as a subspace of R”. Since X is C-embedded
in RT, there exists a map gi: RY — R” extending ¢5. Then g depends
on 7 many coordinates of R, so we can find a set B(k + 1) C T of
cardinality 7 containing B(k) such that 7p41) < gr. Consequently,
®B(k+1) < Pk Next, by condition (L1), there exists ¢py1 € ¥ with
i1 =< ¢B(k+1) and w(Pry1(X)) < 7. This completes the construction.
Finally, let B = |J;—; B(k) and ¢ = A ¢x. Obviously, |B| = 7 and
¢ =¢ € V. Hence, C C B € A. |

3. SKELETALLY DUGUNDJI SPACES

We say that a space X is skeletally Dugundgi [9] if there exists an inverse
system S = {Xa,pg,oc < B < 7} with surjective skeletal bonding maps,
where 7 is identified with the first ordinal w(7) of cardinality 7, satisfying
the following conditions: (i) Xy is a separable metric space and all maps
p2T! have metrizable kernels (i.e., there exists a separable metric space
M, such that X, is embedded in X, x M, and p®*! coincides with the
restriction m| X, 11 of the projection 7: X, x M, — X, ); (ii) for any limit
ordinal v < 7 the space X, is a (dense) subset of liin{Xa,pg, a< B <~}
(ili) X is embedded in liinS such that po(X) = X, for each a; (iv)
for every bounded continuous real-valued function f on lim .S there exists

+—
a € A such that p, < f. It was shown in [9] that X is skeletally Dugundji
provided every C*-embedding of X in another space is strongly w-regular.
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There exists a tight connection between openly generated compacta
and their superextensions. Ivanov [3] proved that if X is openly gener-
ated compactum, then its superextension AX is a Dugundji space (the
other implication is also true, see [13]). Theorem 3.1 below provides a
similar connection between skeletally generated and skeletally Dugundji
compacta (let us explicitly mention that for zero-dimensional compacta
the equivalence (i) = (#4i) was established in [4, Theorem 5.5.9]).

Theorem 3.1. For a compact space X the following are equivalent:

(i) X is skeletally generated;
(ii) Ewvery embedding of AX in another space is strongly m-regular, in
particular AX is skeletally Dugundji;
(iii) AX is skeletally generated.

Proof. (i) = (ii). The superextension AX is the set of all maximal linked
systems & of closed subsets of X (recall that ¢ is linked if any two elements
of ¢ intersect). For any set H C X let HT be the set of all £ € AX such
that F' C H for some F € £. Then the family BT of all sets of the form
U U, U = ﬂz’f U, where Uy, .., Uy, are open in X, is a base for
the topology of AX. We consider AX as a subset of I” for some cardinal 7.
Since, by [1], AX is also skeletally generated, according to Proposition 2.1,
there exists a m-regular operator e: Tax — Tr-. We define a set-valued
map 7: I" — AX by

riy) = (WOt y ee(UF, U, U} ity € (J{e(W) : W € BT}

and 7(y) = AX otherwise. This definition is correct because for every
y € I the system v, = {W € B* : y € (W)} is linked, so r(y) # @. It is
easily seen that r is upper semi-continuous. Then for any open W C A X
the set

i=k
er(W) =t (Ui, 05, 03 ) s (V@) < W)

is open in I, where r¥([U;", Uy, ..U = {y : v(y) C (U7, U5, ..U}
It follows directly from our definition that e; satisfies conditions (e2) and
(e3) from the definition of strongly m-regular operator. We are going to
show that e; (W) N AX is dense in W for all open W C AX.

Suppose W C AX is open and £ € W. Let £ € G c W, where
G = [Gf,G;,..,GZ] € BT. Then for each i < k there exists F; € &
and open sets V; and U; in X such that F; C V; CV, Cc U; Cc U; C G;.
Take 1 € e([V;", ., ViF]) N AX. Then r(n) ¢ NZV(Vi)T c (U, .., U]
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Hence, 1 € r4([U], Uy, ..,UF]) N AX. Since N.=5(T:)" € W, we have
n € e1(W) N G. Therefore, e; (W) N AX is dense in W.

(#¢) = (i4i). This implication is obvious because every skeletally
Dugundji space is skeletally generated [9].

(iii) = (7). Consider AX as a subspace of some I''. According to
Proposition 2.6 and Proposition 2.8, there exists a family A, of countable
sets A C T such that: (i) the union of any increasing sequence from
A, belongs to A.; (ii) any countable subset of I' is contained in some
A € A.; (iii) any map pa = ma|(AX) = ma(AX), A € A, is skeletal,
where 74: I’ — I# denotes the projection. Let ¢4 be the restriction
of pgy on X and X4 = pa(X) for each A € A, (we consider X as a
naturally embedded subset of AX). Then Ap4 is a map from AX into
AX 4. Denote by B the family of all B € A, such that pg = App. Since
the functor A is continuous, it follows from Shchepin’s spectral theorem
[12], that the union of any increasing sequence from 5 is again in B, and
any A € A, is contained in some B € B. Therefore, the inverse system
{Xp,¢%,B,C € B} is continuous and its limit is X (here ¢4 is the
projection from X¢ to Xp provided B C C). So, it remains to show that
each pp, B € B, is skeletal.

To this end, let U C X be open and B € B. Then Ut is open in
AX and, since pp is a closed and skeletal map, the set pg(U™) has a
non-empty interior in AXpg. So, there are open subsets V;, ¢ = 1, .., k, of
Xp with [Vi", V55, ., V'] C pp(UT). We claim that V; NV; C ¢p(U) for
some ¢ # j. Indeed, otherwise for every i # j we can choose y; ; = y;; €
VinVi\es(U). Then {F1 = {vy1,2, - Y1k} - F = {y!“l’ Yk k—1)} 1S a
linked system and generates n € AX g such that n € ﬂzlf F;*. Obviously,
n € NiZ¥ i+, which contradicts the fact that (/=5 V;* C pp(UT). O
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the paper.
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