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SEVERAL REMARKS ON
THE COMBINATORIAL HODGE STAR

MASAHARU TANABE

Abstract. In 2007, Scott O. Wilson defined the combinatorial
Hodge star operator ⋆ on cochains of a triangulated manifold.
This operator depends on the choice of a cochain inner product,
but he showed that for a certain inner product it converges to
the smooth Hodge star operator as the mesh of the triangulation
tends to zero. He also stated that ⋆2 ̸= ±Id in general and raised
a question if ⋆2 approaches ±Id. In this paper, we solve this
problem affirmatively. We also give a remark about the definition
of holomorphic 1-cochains given by Wilson using ⋆.

1. Introduction

For cochains equipped with an inner product, Scott O. Wilson defined
the combinatorial Hodge star operator ⋆ in [7]. The definition is formally
analogous to that of the smooth Hodge star operator on differential forms
of a Riemannian manifold. By using a certain cochain inner product which
he named the Whitney inner product, he showed that the combinatorial
Hodge star operator, defined on the simplicial cochains of a triangulated
Riemannian manifold, converges to the smooth Hodge star operator as
the mesh of the triangulation tends to zero. A precise statement for this
is Theorem 2.12 and in more detailed form Theorem 2.13. These theorems
are given by using a map from cochains into differential forms, defined by
Hassler Whitney [6]. Jozef Dodziuk [2] and Dodziuk and V. K. Patodi [3]
stated the approximation properties of this map. These are Theorem 2.6
and Theorem 2.7.
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Wilson [7] also stated that ⋆2 ̸= ±Id, in general, is contrary to the
case of smooth Hodge star and raised a question if ⋆2 approaches ±Id.
For the circle S1 with the standard metric, he computed the operator ⋆
explicitly and suggested that this is the case. In this paper, we solve this
problem affirmatively. We will see this in Theorem 3.1 and Theorem 3.2.

In §2 we recall some facts about cochains and differential forms and
describe previous results concerning our work.

In §3 we show approximation theorems for ⋆2 which state that ⋆2

approaches ±Id.
In §4 we consider the definition of holomorphic 1-cochains which was

defined by Wilson in [8]. We will see that one additional assumption for
a hermitian inner product is needed for such cochains to hold.

2. Preliminaries

We mainly follow the notation of [7] and [8]. Let M be a closed oriented
C∞ manifold of dimension n and K a C∞ triangulation of M . We denote
by Cj(K) the simplicial j-cochains of K with values in R, where j =
0, 1, · · · , n. Given an ordering of the vertices, we have a coboundary
operator

δ : Cj → Cj+1.

If the cochains C(K) =
⊕

j C
j(K) are equipped with an inner product

⟨ , ⟩, then we can define the adjoint of δ denoted by δ∗ as

⟨δ∗σ, τ⟩ = ⟨σ, δτ⟩.

Definition 2.1. The combinatorial Laplacian is defined to be N = δ∗δ+
δδ∗, and the space of harmonic j-cochains of K is defined to be

HCj(K) = {a ∈ Cj |Na = δa = δ∗a = 0}.

Beno Eckmann [4] showed the following theorem which states that any
inner product in cochains brings about the combinatorial Hodge decom-
position.

Theorem 2.2. Let (C, δ) be a finite dimensional complex with inner prod-
uct and induced adjoint δ∗. There is an orthogonal direct sum decompo-
sition

Cj(K) = δCj−1 ⊕HCj(K)⊕ δ∗Cj+1(K)

and HCj(K) ∼= Hj(K), the cohomology of (C, δ) in degree j.

Suppose M is a Riemannian manifold. The Riemannian metric pro-
vides the space Λ(M) =

⊕
Λj(M) of smooth differential forms on M with

an inner product

⟨ω, ψ⟩ =
∫
M

ω ∧ ⋆ψ, ω, ψ ∈ Λ(M),
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where ⋆ is the Hodge star operator. We denote by L2Λj the completion
of Λj(M) with respect to this inner product.

We now define the Whitney map W of Cj(K) into L2Λj . To do so we
identify K with M and fix some ordering of the set of vertices of K. We
denote by µk the barycentric coordinate corresponding to the kth vertex
pk in K. Since K is a finite complex, we can identify chains and cochains
and write every cochain c ∈ Cj(K) as the sum c =

∑
cτ · τ with cτ ∈ R

and τ running through all j-simplexes [p0, p1, · · · , pj ] whose vertices form
an increasing sequence with respect to the ordering of K. Now we define
Wτ for such simplexes τ .

Definition 2.3. Let τ = [p0, p1, · · · , pj ], where p0, p1, · · · , pj is an in-
creasing sequence of vertices of K. Define Wτ ∈ L2Λj by the formula

Wτ = j!

j∑
i=0

(−1)iµi dµ0 ∧ dµ1 ∧ · · · ∧ d̂µi ∧ · · · ∧ dµj ,

where ̂ over a symbol means deletion.

We extend W by linearity to all of Cj(K) and call it the Whitney map.
Several properties of W are found in [6], including the following.

Lemma 2.4. The following hold:
(1) Wτ = 0 on M \ St(τ),
(2) dW =Wδ,

where St denotes the open star and the bar denotes closure.

Using the Whitney map W , we can define an inner product on C(K)
which is induced by the inner product on differential forms, namely, for
σ, τ ∈ C(K)

⟨σ, τ⟩ =
∫
M

Wσ ∧ ⋆Wτ = ⟨Wσ, Wτ⟩,

where we use the same notation ⟨ , ⟩ for the inner product on C(K) and
for the inner product on L2Λ. We call this inner product on C the Whitney
inner product. Dodzuik [2] proved that the Whitney inner product on C
is non-degenerate.

There is a map in the converse direction, the de Rham map R from
differential forms to C(K) which is given by integration; i.e., for any
differential form ω and chain c, we have

Rω(c) =

∫
c

ω.

One can check that RW = Id; see [6]. In general, WR ̸= Id, but Dodziuk
and Patodi [3] showed that WR is approximately equal to the identity.
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Definition 2.5. Let K be a triangulation of a Riemannian manifold M .
The mesh η = η(K) of a triangulation is

η = sup r(p, q),

where r means the geodesic distance in M and the supremum is taken
over all the pair of vertices p, q of a 1-simplex in K.

Theorem 2.6. Let M be a Riemannian manifold with triangulation K
of mesh η. There exist a positive constant C and a positive integer m,
independent of K, such that

∥ω −WRω∥ ≤ C · ∥(Id + ∆)mω∥ · η

for all C∞ differential forms ω on M .

For the comparison of the Hodge decomposition of a smooth form ω
and the combinatorial Hodge decomposition of Rω, we have the following.

Theorem 2.7. Let ω ∈ Λj(M) and Rω ∈ Cj(K) have Hodge decomposi-
tions

ω = dω1 + ω2 + d∗ω3,

Rω = δa1 + a2 + δ∗a3.

Then

∥dω1 −Wδa1∥ ≤ C · ∥(Id + ∆)mω∥ · η,
∥ω2 −Wa2∥ ≤ C · ∥(Id + ∆)mω∥ · η,

∥d∗ω3 −Wδ∗a3∥ ≤ C · ∥(Id + ∆)mω∥ · η,

where C and m are independent of ω and K.

For details, see [2], [3], and [7].
Whitney [6] also defined a product operation on C(K).

Definition 2.8. We define ∪ : Cj(K)⊗ Ck(K) → Cj+k(K) by

σ ∪ τ = R(Wσ ∧Wτ).

We see easily that δ(σ∪τ) = δσ∪τ+(−1)jσ∪δτ and σ∪τ = (−1)jkτ∪σ.
Wilson defined the combinatorial Hodge star operator in [7] and showed

that, for the Whitney inner product, this operator converges to the smooth
Hodge star operator as the mesh of the triangulation tends to zero. For
the rest of this section, all of the statements are attributed to Wilson ([7],
[8]).

Definition 2.9. Let K be a triangulation of a closed oriented manifold
M of dimension n with simplicial cochains C =

⊕
j C

j . Let ⟨ , ⟩ be an
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inner product on C such that Ci is orthogonal to Cj for i ̸= j. For σ ∈ Cj

we define ⋆σ ∈ Cn−j by

⟨⋆σ, τ⟩ = (σ ∪ τ)[M ],

where [M ] denotes the fundamental class of M . We call ⋆ the combina-
torial Hodge star operator.

Several properties of the combinatorial star operator are given below.

Lemma 2.10. The following hold:
(1) ⋆δ = (−1)j+1δ∗⋆, i.e., ⋆ is a chain map.
(2) For σ ∈ Cj and τ ∈ Cn−j, ⟨⋆σ, τ⟩ = (−1)j(n−j)⟨σ, ⋆τ⟩, i.e., ⋆

is (graded) skew-adjoint.
(3) ⋆ induces isomorphisms HCj(K) → HCn−j(K) on harmonic

cochains.

From now on, we work under the assumption that the inner product
on C is the Whitney inner product unless otherwise mentioned. Let π
denote the orthogonal projection of L2Λj onto the image of Cj(K) under
the Whitney map W .

Lemma 2.11. W⋆ = π ⋆ W .

This lemma is the key in showing the following theorem which states
that ⋆ converges to ⋆ as the mesh η tends to 0.

Theorem 2.12. Let M be a Riemannian manifold with triangulation K
of mesh η. There exist a positive constant C and a positive integer m,
independent of K, such that

∥ ⋆ ω −W⋆Rω∥ ≤ C · ∥(Id + ∆)mω∥ · η
for all C∞ differential forms ω on M .

This approximation respects the Hodge decompositions of Λ(M) and
C(K).

Theorem 2.13. Let M be a Riemannian manifold with triangulation K
of mesh η. Let ω ∈ Λj(M) and Rω ∈ Cj(K) have Hodge decompositions

ω = dω1 + ω2 + d∗ω3,

Rω = δa1 + a2 + δ∗a3.

There exist a positive constant C and a positive integer m, independent
of ω and K, such that

∥ ⋆ dω1 −W⋆δa1∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)mdω1∥) · η,
∥ ⋆ ω2 −W⋆a2∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)mω2∥) · η,

∥ ⋆ d∗ω3 −W⋆δ∗a3∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)md∗ω3∥) · η.
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We remark that we can take a common integer m in Theorem 2.6,
Theorem 2.7, Theorem 2.12, and Theorem 2.13.

Wilson defined holomorphic 1-cochains on Riemann surfaces by using
the combinatorial Hodge star. Holomorphic 1-cochains have several prop-
erties analogous to holomorphic 1-forms. For details, see [8].

3. Approximation Theorems

Recall that the smooth Hodge star ⋆ on j-forms satisfies

⋆2 = (−1)j(n−j)Id,

where n is the dimension of the manifold. Thus, by the next theorem, we
see that ⋆2 converges to ±Id as the mesh η of the triangulation tends to
0.

Theorem 3.1. Let M be a Riemannian manifold with triangulation K
of mesh η. There exist a positive constant C and a positive integer m,
independent of K, such that

∥ ⋆2 ω −W⋆2Rω∥ ≤ C · ∥(Id + ∆)mω∥ · η

for all C∞ differential forms ω on M .

Proof. Using the triangle inequality and Lemma 2.11, we calculate

∥ ⋆2 ω −W⋆2Rω∥
≤ ∥ ⋆2 ω − ⋆2WRω∥+ ∥ ⋆2 WRω −W⋆2Rω∥
≤ ∥ω −WRω∥+ ∥ ⋆2 WRω − ⋆W⋆Rω∥+ ∥ ⋆ W⋆Rω −W⋆2Rω∥
= ∥ω −WRω∥+ ∥ ⋆ WRω −W⋆Rω∥+ ∥ ⋆ W⋆Rω − π ⋆ W⋆Rω∥.

The first term is bounded by

∥ω −WRω∥ ≤ C · ∥(Id + ∆)mω∥ · η,

using the estimate in Theorem 2.6. For the second term, we have

∥ ⋆ WRω −W⋆Rω∥ ≤ ∥ ⋆ WRω − ⋆ω∥+ ∥ ⋆ ω −W⋆Rω∥
= ∥WRω − ω∥+ ∥ ⋆ ω −W⋆Rω∥,

and these are bounded by

∥WRω − ω∥+ ∥ ⋆ ω −W⋆Rω∥
≤ C · ∥(Id + ∆)mω∥ · η + C · ∥(Id + ∆)mω∥ · η,
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using the estimate in Theorem 2.6 and the estimate in Theorem 2.12. For
the last term, we estimate

∥ ⋆ W⋆Rω − π ⋆ W⋆Rω∥
≤ ∥ ⋆ W⋆Rω −WR ⋆2 ω∥
≤ ∥ ⋆ W⋆Rω − ⋆2 ω∥+ ∥ ⋆2 ω −WR ⋆2 ω∥
= ∥W⋆Rω − ⋆ω∥+ ∥ω −WRω∥
≤ C · ∥(Id + ∆)mω∥ · η + C · ∥(Id + ∆)mω∥ · η. �

The approximation also respects the Hodge decompositions of Λ(M)
and C(K).

Theorem 3.2. Let M be a Riemannian manifold with triangulation K
of mesh η. Let ω ∈ Λj(M) and Rω ∈ Cj(K) have Hodge decompositions

ω = dω1 + ω2 + d∗ω3,

Rω = δa1 + a2 + δ∗a3.

There exist a positive constant C and a positive integer m, independent
of ω and K, such that

∥ ⋆2 dω1 −W⋆2δa1∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)mdω1∥) · η,
∥ ⋆2 ω2 −W⋆2a2∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)mω2∥) · η,

∥ ⋆2 d∗ω3 −W⋆2δ∗a3∥ ≤ C · (∥(Id + ∆)mω∥+ ∥(Id + ∆)md∗ω3∥) · η.

Proof. For the first statement, we calculate

∥ ⋆2 dω1 −W⋆2δa1∥
≤ ∥ ⋆2 dω1 − ⋆2Wδa1∥+ ∥ ⋆2 Wδa1 −W⋆2δa1∥
≤ ∥ dω1 −Wδa1∥+ ∥ ⋆2 Wδa1 − ⋆W⋆δa1∥

+∥ ⋆ W⋆δa1 −W⋆2δa1∥
= ∥ dω1 −Wδa1∥+ ∥ ⋆ Wδa1 −W⋆δa1∥

+∥ ⋆ W⋆δa1 − π ⋆ W⋆δa1∥.

The first term is bounded by using the first estimate in Theorem 2.7. For
the second term, we have

∥ ⋆ Wδa1 −W⋆δa1∥ ≤ ∥ ⋆ Wδa1 − ⋆ dω1∥+ ∥ ⋆ dω1 −W⋆δa1∥,
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and these are bounded by using the first estimate in Theorem 2.7 and the
first estimate in Theorem 2.13. For the last term, we estimate

∥ ⋆ W⋆δa1 − π ⋆ W⋆δa1∥ ≤ ∥ ⋆ W⋆δa1 −WR ⋆2 dω1∥
≤ ∥ ⋆ W⋆δa1 − ⋆2 dω1∥+ ∥ ⋆2 dω1 −WR ⋆2 dω1∥
= ∥W⋆δa1 − ⋆ dω1∥+ ∥dω1 −WRdω1∥.

These two terms are bounded by using the first estimate in Theorem 2.13
and the estimate in Theorem 2.6.

The same computations as above lead us to the last two inequalities
by using the latter two inequalities in Theorem 2.7 and Theorem 2.13 and
Theorem 2.6 applied to ω2 and d∗ω3, respectively. �

Lieven Smits [5] showed that, on surfaces, ∥Wδ∗Rω − d∗ω∥ converges
to 0 for all C∞ differential 1-form ω under a certain restriction on the
triangulations. Recently, Smits’s result was extended to arbitrary dimen-
sions, showing that the above convergence is valid for arbitrary dimension
under a certain mesh condition and showing that this mesh condition is
necessary [1].

Wilson [7] observed that ∥WδRω − dω∥ converges to 0, and he also
observed that, in short,

±δ∗⋆ = ⋆δ → ±d∗⋆ = ⋆d.

He also raised a question if either of δ⋆ or ⋆δ∗ provide a good approxi-
mation to d⋆ or ⋆d∗, respectively. This question seems to be still open.

4. On the Definition of Holomorphic Cochains

In this section, we fix M to be a topological surface. Wilson [8] defined
holomorphic cochains for surfaces using the combinatorial star operator.
Then he introduced combinatorial period matrices which are the period
matrices of holomorphic cochains and gave some (Riemann) bi-linear re-
lations that the periods satisfy, and he proved that for a triangulated
Riemannian 2-manifold (or a Riemann surface) and a particularly nice
choice of inner product, the combinatorial period matrix converges to the
(conformal) Riemann period matrix as the mesh of the triangulation tends
to zero.

To define holomorphic 1-cochains, we need to extend some of our defi-
nitions to the case of complex valued cochains. Let ⟨ , ⟩ be any hermitian
inner product on the complex valued simplicial 1-cochains of a triangula-
tion K for a topological surface M . We define the associated combinato-
rial star operator ⋆ by

⟨⋆σ, τ⟩ = (σ ∪ τ)[M ],
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where the bar denotes complex conjugation and ∪ is as in §2, extended
over C linearly. Just as with real coefficients, the Hodge decomposition
with complex coefficients holds

C1(K) = δC0(K)⊕H1(K)⊕ δ∗C2(K),

where H1 is the space of complex valued harmonic 1-cochains.
By Lemma 2.10, ⋆ induces an isomorphism of H1 and is skew-adjoint.

Since ⋆ induces an isomorphism of H1, this map admits a unique polar
decomposition ⋆ = HU where H is positive definite hermitian and U is
unitary. Since ⋆ is skew-adjoint, so is U , and therefore the eigenvalues
of U are ±i.

Wilson defined holomorphic 1-cochains as follows.

Definition 4.1 ([8, Definition 6.1]). Let K and ⟨ , ⟩ be as above. Let
⋆ denote the map on complex valued harmonic cochains, as in Lemma
2.10, with polar decomposition ⋆ = HU . The subspace of holomorphic
1-cochains H1,0(K) is defined to be

H1,0(K) = {ω ∈ H1(K)|Uω = −iω}.
The subspace of anti-holomorphic 1-cochains H0,1(K) is defined to be

H0,1(K) = {ω ∈ H1(K)|Uω = iω}.
Subsequently, he remarked the following.

Remark 4.2 ([8, Remark 6.2]). An equivalent definition is to let H1,0(K)
be the span of the eigenvectors for non-positive imaginary eigenvalues
of ⋆ and let H0,1(K) be the span of the eigenvectors for non-negative
imaginary eigenvalues of ⋆.

Then he stated the following lemma.

Lemma 4.3 ([8, Lemma 6.3]). Let K be a triangulation of a surface M
of genus g. A hermitian inner product on the simplicial 1-cochains of K
gives an orthogonal direct sum decomposition

H1(K) = H1,0(K)⊕H0,1(K).

Each summand on the right has complex dimension g and complex con-
jugation maps H1,0(K) to H0,1(K) and vice versa.

As Wilson indicated, the decomposition follows from the property of
skew-adjoint operators; that is, eigenspaces of distinct eigenvalues are
orthogonal. However, complex conjugation does not map H1,0(K) to
H0,1(K) in general.

For example, let K be a triangulation of a torus M and let a and b be
R-valued harmonic 1-cochains which satisfy

(a ∪ b)[M ] = 1.
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Then a and b form a basis for H1(K). We put

σ1 =
√
2a+

i√
2
b, σ2 =

1√
2
b .

Let ⟨ , ⟩ be a hermitian inner product for which σ1, σ2 is an orthonormal
basis of H1(K). Then the matrix representation of ⋆ with respect to the
basis σ1, σ2 is (

2i −1
1 0

)
,

the eigenvalues are (1+
√
2)i and (1−

√
2)i , and the corresponding eigen-

vectors are constant multiples of
(

(1 +
√
2)i

1

)
and

(
(1−

√
2)i

1

)
, re-

spectively. Remark 4.2 defines

H1,0(K) =

{
c

(
(1−

√
2)i

1

)
; c ∈ C

}
and

H0,1(K) =

{
c

(
(1 +

√
2)i

1

)
; c ∈ C

}
.

We see that complex conjugation does not map H1,0(K) to H0,1(K).
The main result of [8] is that the combinatorial period matrix converges

to the (conformal) Riemann period matrix as the mesh of the triangulation
tends to zero. To show this, Wilson used Riemann’s bi-linear relations
below (see [8, Theorem 6.5]). Let {a1, · · · , ag, b1, · · · , bg} be a canonical
homology basis for M . (Here “canonical” means that the intersection of
any two basis elements is non-zero only for aj and bj , in which case it
equals one.)

Definition 4.4. For h ∈ H1,0(K), the A-periods and B-periods of h are
the following complex numbers:

Aj = h(aj) and Bj = h(bj) for 1 ≤ j ≤ g.

Theorem 4.5 (Riemann’s bi-linear relations). If σ, σ′ ∈ H1,0(K) have
A-periods Aj, A′

j and B-periods Bj, B′
j, respectively, then

g∑
j=1

(AjB
′
j −BjA

′
j) = 0.

In the proof of Riemann’s bi-linear relations, Wilson used the statement
that complex conjugation maps H1,0(K) to H0,1(K). Thus, to hold Wil-
son’s results, the operator ⋆ must be R-valued on R-cochains. Then, if τ
is a C-cochain, it is straightforward to check that ⋆τ = iλτ (λ ∈ R) im-
plies ⋆τ = −iλτ , which means that complex conjugation maps H1,0(K)
to H0,1(K).
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By the definition of the combinatorial star operator ⋆
⟨⋆σ, τ⟩ = (σ ∪ τ)[M ];

⋆ is R-valued on R-cochains if and only if the hermitian inner product is
R-valued on R-cochains. Thus, we need one additional assumption, that
a hermitian inner product on the cochains to be R-valued on R-cochains.
This assumption is natural and, of course, the Whitney inner product
satisfies it.

Consequently, we offer the following definition.

Definition 4.6. Let ⟨ , ⟩ be a hermitian inner product on the complex
valued simplicial 1-cochains which is R-valued on R-cochains. We define
H1,0(K) to be the span of the eigenvectors for non-positive imaginary
eigenvalues of ⋆ and H0,1(K) to be the span of the eigenvectors for non-
negative imaginary eigenvalues of ⋆.

Then complex conjugation maps H1,0(K) to H0,1(K), and all of the
statements of Wilson’s paper [8] hold.
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