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ABsTrACT. We will first construct L spaces with the following
properties: an L space whose square contains an uncountable closed
discrete subset (in particular, it is not Lindeldf); an L space whose
square is the closure of a countable union of closed discrete subsets.
Then we will prove that Moore’s original L space has a non-Lindel6f
square, answering a problem of Boaz Tsaban and Lyubomur Zdom-

skyy.

Justin Tatch Moore in [3] constructed an L space and showed that its
square is not hereditarily Lindel6f. Then a natural question is whether
it is Lindeldf or even whether there exists an L space with non-Lindel6f
square. It was first appeared in [6] where Marion Scheepers and Franklin
D. Tall constructed an example by assuming the non-Lindel6f square prop-
erty. Then Boaz Tsaban and Lyubomur Zdomskyy [9] proved that some
finite power of Moore’s L space is non-Lindel6f which would guarantee the
existence of the example constructed in [6]. They also asked whether the
square of Moore’s L space is non-Lindel6f. Section 2 will give a positive
answer. Also, the proof of Theorem 2.6 answers some questions in [5].

1. AN L SPACE WITH NON-LINDELOF SQUARE

Two theorems of this section are both built on the technology of mini-
mal walk (see [8]). But instead of going into details on minimal walk, we
will just introduce some combinatorial facts generated from it.

Theorem 1.1. There is an L space such that every uncountable subspace
has a non-Lindeldf square.
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The L space we need here is the same as the one defined in [3] except
for a slight change. First, let us fix {2z, : @ < wi} C T ! that are rationally
independent and introduce some notation.

Definition 1.2. (1) A set {wg € T : § < wy} is said to be induced
from a map a : [w1]? = w if wg(a) = z:i(”"ﬁ)“, for o < B, wg(B) = zé/z,
and wg(a) = 1 for a > 3.2

(2) For any space .Z = {wg € T : § < w1} C T and any subset
X C wy, the restriction subspace is .Z [x={wg € £ : € X}.

For a = (o, 8) € w1?, wy = (wa,wp), and for D C X2 wp = {w, : a €
D}.

(3) For two sets of ordinals a and b, say a < b if any ordinal in a is less
than any ordinal in b.

We recall some facts from [3, Corollary 7.11, Proposition 7.13] and [4,
Lemma 2.

Proposition 1.3 ([3], [4]). There is an oscillation map osc : [w1]? — w
with the following properties:
(1) T'(osc) = {osc(-, B) 1€ w<“' : a < B < w1} is an Aronszajn tree
(where the tree order is the function extension);
(i) the space £ = {wg € T : B < wy} induced from osc is an L
space. In particular, £ [x is hereditarily Lindeldf (and hence an
L space);
(iil) for every o < B, there is an integer n(a, B) such that |osc(&, a) —
osc(&, )] < n(a, B) for any & < a.

Now we fix .£ = {wg € T : § < w1} to be the space induced from
the map osc guaranteed by Proposition 1.3. Then we fix an uncountable
X C w; and want to show that .#? [y2=.% |x xX.Z |x is not Lindeldf.
Actually, we are going to show that .22 |x» contains an uncountable
closed discrete set.

First, let us pick a D = {ao = (fta, V) € X2 : o < Vo and a < wy}
such that for any o < 8 < wi, vy < pg. Fix a natural number n(uq, Vo)
for each a, € D guaranteed by property (iii) of Proposition 1.3. Let
D, ={an € D : n(pta; Vo) = n}, then D = |J D,.

nw
Lemma 1.4. For eachn < w and for any a € X?\{(o, a) : o € X}, there
is a neighborhood of w, that is disjoint from wp, \ {ws}. In particular,
wp, s discrete.

IHere T is the unit circle in C — complex numbers.
2Note here the definition of wg(B) is different from that in [3], and this difference
is important to achieve our goal.
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Proof. Fixn <wanda € X?\{(a,a) : a € X} and assume 1 = min(a) <
7 = maz(a). As there are at most finitely many w,, € wp, \ {we} such
that 7 or 7 is a member of a,, we can find a neighborhood O; of w,
disjoint from these w,,’s. Also,

02 ={(z,y) : |x(n) —y(n)| # |zf7 — 1] for any natural number ¢ < n}
is an open neighborhood of w,. Now define
0=0:1N00{(z,y) : z(n) #1}
and we will show this neighborhood of w, works. Now pick any w,, €
wp,, \ {wa}-
Case 1: n or 7 is a member of ag,.
Then w,, ¢ O1 D O.
Case 2: 1) > pq.
wy, (1) =1. So we, ¢ O.

Case 3:: 1) < pq-
osc(n,pa)—osc(n,va)

(W, (1) = Wi, (M) = |29 — 1| where [osc(1), pa) —
0s¢(1, Vo) < n(lia, Vo) =n. So wy, ¢ O3 D O.

This completes the proof of the lemma. (|

We have proved that £2 [y \(wp, UA) ? is disjoint from wp_ — the
closure of wp,. So if A is disjoint from wp,, then wp, is closed (and
discrete by Lemma 1.4). From now on we shall additionally assume that
D = {a, € X?: a < w;} has the following property:

() There are an ordinal ¢ and natural numbers i # j such that for any
ao € D, € < pig, 08¢(&, 1) = @ and osc(&,vy) = j.

This can be done since T'(osc) is an Aronszajn tree (see property (i) of
Proposition 1.3).

Proof of Theorem 1.1. Fix X, pick D = {aq = (fta,Va) : @ < w} as before
but with additional property (x), and pick n such that D,, is uncountable.
O ={(z,y) : (&) # zé“ ory(§) # zgﬂ} is an open set containing A but
disjoint from wp, and therefore wp,_ . This, combined with Lemma 1.4,

suffices to prove that wp, is closed and discrete in 2 [ x2. So £2 | x2
is not Lindel6f. O

An easy corollary follows from the proof.

Corollary 1.5. For any uncountable X C wi, £? |[x» contains an un-
countable closed discrete subset.

3A = {(wa,wa) : @ € X}
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We have proved that D is a countable union of closed discrete subsets.
But this D is not dense by property (). Now we turn to find a dense one.

Theorem 1.6. There is an L space such that its square is the closure of
a countable union of closed discrete subsets.

Before we start, let us introduce some definitions.

Definition 1.7. For any a < wy and r € R, w,(§) = ngc(g,a)+r 4 for

€ <o, wh(a) =285 and wh(€) =1 for £ > a.

Now we will use Kronecker’s Theorem to construct the required L

space.’

Kronecker’s Theorem ([2]). Let A be a real m x n matriz and assume
that {z € Q™ : ATz € Q"} = {0}. Then for any ¢ > 0 and for any
bo, ..., bm—1 € R, there exist pg,...,Pm—1 € Z and q € Z™ such that |A;q—
pi — bi| < e for all i < m where A; is the ith row of A.

Now let {O4 x Uy, : @ < w1} be a base for T#t x T«1. Use Kronecker’s
Theorem to inductively construct an increasing sequence (g, Vo) € wW?
and (g, .. ) € Q2 such that (wi>, wi®) € Oy x U,.

At stage «, assume O, D {x € T : |x(&;) — b;| < € for all ¢ < m} for
some € >0, m < w, & € wy, and b; € T (i < m). Fix a large enough
to (greater than ¢ and vg constructed before) and choose a g,, € Q
guaranteed by Kronecker’s Theorem such that wi* € O,. Then choose
Vo > o and ¢, similarly.

Moreover, if we consider wf (or wj ) as a function from Q to T
with variable ¢, then it is continuous. So we have enough choice and can
assume additionally that ¢, — ¢, ¢ Z.

Let X = {pta,Vo : @ € wi} and & [x= {wgﬁ : B € X}. Denote
D = {(pasVa) : @ € w1} and for each n < w, ¢ € Q\ Z and D,,, =
{(Maal/a) : n(ﬂaa%y) =n and Quo — Quy, = q}

Lemma 1.8. .Z [x is an L space.

Proof. Nonseparable is trivial. If .Z [x is not hereditarily Lindelof, then
there are an uncountable Y C X and a rational ¢ such that .Z [y is not
Lindel6f and gg = ¢ for every 8 € Y. The proof of Corollary 7.11 in [3]
also shows that £ |y is Lindeldf. A contradiction. O

Since wp = {(wi~, wi'®) : a € wy} is dense in Tt x T*!, Theorem
1.6 follows from the following lemma.

4Here we assume (e9)" = i7",

51 can be replaced by any irrational number.

6A proof can be found in [1].
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Lemma 1.9. wp, , is closed discrete in L2 I x2 for eachn € w, ¢ € Q\Z.

Proof. Fix such n and ¢. It suffices to prove that for any a € X2, there
is a neighborhood O of wi* = (wZ‘Zé‘i) , wZ‘EY))) disjoint from wp, , \ {wi*}.
So fix a € X? and assume 7 = min(a) and 7 = maz(a). As there are
at most finitely many (wi'®, wy’*) € wp, , \ {wi=} such that n or T is
in {{q,Va}, we can find a neighborhood Op of wie disjoint from them.

Recall that ¢ € Q \ Z. So
Oy = {(x,y) : |2(1)—y(7)| # |25T9—1] for any integer i such that |i| < n}
is a neighborhood of wl+. Now define
O=0:N02n{(x,y): x(r) #1ory(r)#1}.
We will show this neighborhood of wds works. Now pick any (wj>, wi>) €
wp,, , \ {wi*}. By definitions of X and D, there is no { € X such that
fo <& < Vq. SO T < vy if and only if 7 < pq.
Case 1: Either n or 7 is a member of {4, Vo }-
Then (wie , wii>) ¢ Oy.
Case 2: v, < T.
wite (1) = wple (1) = 1, s0 (wjit ,wil*) ¢ O.
Case 3: vy > 7 and 7 # pg (80 7 < lq).

|U)Z“a (T) i wgya (7_)| _ |ngc(*r,ua)—osc(ﬂua)-&-q i 1|
(3 «

05¢(T, Vo) < n(lha, Vo) = M, (wg‘;”,wg:‘*) ¢ O,.

. Since |osc(T, fia) —

So O is a neighborhood of wi+ disjoint from wp, , \ {w"}. O

2. BACK TO MOORE’S ORIGINAL L SPACE

Now we need to go back to the definition of osc to get more information.
To introduce osc, we need a few definitions and facts about minimal walk
(see [8] and [3] for more information).

Definition 2.1. (1) A C-sequence is a sequence (Cy, : @ < wy) such that
Cot1 = {a} and C, is a cofinal subset of « of order type w for limit o’s.

(2) For a C-sequence, the mazimal weight of the walk is the function p; :
[w1]? = w, defined recursively by p;(a, 8) = max{|CsNal, p1(a, min(Cs\
«))} with boundary value p;(a, ) = 0.

(3) For any 8 < wi, eg : f — w is canonically induced from ps:
eg(a) = p1(a, B) for any a < B.

(4) For any C-sequence, the lower trace L : [w1]
defined for any o < 8 < w; as follows:

(i) L(Oé, a) =0
(if) L(e, B) = (L(a, min(Cg \ o)) U{maz(Cs N)}) \ maz(Cs N ).

2 5 wi]<¥ is recursively
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(5) Suppose that s and t are two functions defined on a common finite
set of ordinals F. Osc(s,t; F') is the set of all £ in F'\ {minF'} such that
s(€7) <t(€7) and s(§) > ¢(&) where £ is the greatest element of F less
than &.

(6) For o < f < wi, Osc(a, ) denotes Osc(eq,es; L(a, 8)) and
osc(a, B) = |Osc(a, B)| denotes the cardinality of Osc(«, 3).

Here are some basic facts.

Fact 2.2. Suppose that s and t are two functions defined on a common
finite set of ordinals Fy U Fy where Fy < Fy. Then

|Osc(s, t; Fo)| + |Osc(s, t; F1)| < |Osc(s,t; Fo U Fy)| < |Osc(s,t; Fo)| +
|Osc(s, t; F1)| + 1.

Proof. Note by definition
Osc(s, t; Fy) U Osc(s,t; F1) C Osc(s,t; Fy U Fy) C Osc(s, t; Fp)
UOsc(s,t; F1) U {min(Fy)}. O

Fact 2.3 ([7]). p1 is coherent; i.e., for any o < 8, {€ < a: p1(§, @) #
pl(gaﬁ)} is ﬁ’lllt@
Fact 2.4 (I8, [3]). (1) If « < B < v and L(o,B) > L(B,7), then

L(a,vy) = L(B,v) U L(a, B).
(2) If B > 0 is a limit ordinal, then lim min L(a, ) = B.

a—p
The following lemma will be needed.
Lemma 2.5 ([3, Lemma 4.4]). Let A C [w;]* and B C [w1]' be uncount-
able and pairwise disjoint. There is a closed and unbounded set of § < wy
such that if a is in A\ 6,7 b is in B\ J, and R is in {=,>}, then there
are at in A\ 0, and bt in B\ ¢ such that for alli < k and j <1
(i) maxzL(6,b(5)) is less than both A(a(i),a™ (i) and
A(b(7),0%(j)): ®
(ii) L(8,b(j)) is a proper initial part of L(5,b7(5));
(iil) of & s in LT = L(6,07(5)) \ L(8,b(4)), then eqa+(;y(§) R eyt (5) (&)
Now let us fix {z, : @ < w1} C T that are rationally independent.
Moore’s original L space is .Z = {wg : 8 < w1} where

ngc(oc,,ﬁ)+1 Ca < 5
1 Ta > .

For X C wy, ¥x = {wg | x: B € X} is a subspace of TX. Throughout
this section, we will write wg for wg [x when referring to elements of L.

wg(a) =

TA\6={ac A:a>d}.
8A(, B) = min({€ < a, B : ea(€) # e(&)} U {a, B}) for a, B < wi.
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Theorem 2.6. For any uncountable X C wy, L% is not Lindeldf.

Proof. Fix X € [w1]*?. Then fix a countable M < H(ws) containing all
relevant objects and § = M Nw;. Note ¢ has the property mentioned
in Lemma 2.5 for A = B = X since there is a closed unbounded set of
ordinals with this property in M. Using Lemma 2.5 four times, we can
get ps and v5 in X \ § such that |Osc(e,;, e,s; L(5,vs))| > 1.7
Now fix a v < ¢ greater than L(d, us) U L(d, vs) and such that
(1) €us r['y,é): Cus [[’y,é);
(2) for any 7 € (7,0) and for € € {yi5,vs}, L(r,€) = L(5,€) UL(7,)
and L(6,§) <~y < L(7,9).
Pick a sufficiently large v € Cs. v € Cs will guarantee v < L(r, ) for
7 € (7, 6) and the rest is guaranteed by Fact 2.3 and Fact 2.4. Let n(«, 8)
be a natural number guaranteed by Proposition 1.3(iii) for any a, 8 < wy.
Denote a = e,; [y, b = ey, [y, L' = L(0,ps), L” = L(0,vs), and
n = n(us,vs). Note a, b, L', and L are all in M by definition and Fact
2.3. Consider the set
A={(o,pra,Va) €W XX XX : fig, V0 > a, |Oscle,, e, ; L(a, vy))]
> 1, n(farVa) =0, e, 4= a, ey, [4=0, L(a, po) = L',
L(a,v,) = L”, and properties (1) and (2) above hold while
replacing (67 tssvs) by (e pas Va)}'
Note A is in M and (6, s, vs5) € A. So A is uncountable and the set of
its first coordinates is uncountable as well.
Let A; collect the ith coordinates of elements of A for i < 3. For each
Mo € Aq, let

O = {(@,y) € L2t [2(110) ~y(a)] # 2], —1] for any j € {1,2,..,n}}.
It is easy to see that O, is open and contains everything below p,, i.e.,
for 0,7 < pa, (wy,wy) € Oy,

Then we claim that C = {O,, : pa € A1} is an open cover of .Z3Z
without countable subcover.

First, it is easy to see that C is an open cover since A; is unbounded
in wy. The following claim will show that it has no countable subcover.

CLAIM. For (o, pta,va), (B, 18,v8) € A, if 1o < B, then osc(pta, 1g) <
05¢(fha, V3)-

Proof of Claim. Note by definition of A, L(ua, &) = L(5,£) U L(pe, )
and L(ﬁag) <7 < L(/U‘(laﬂ) for f S {/.14,(3,1/6}.

Osc(ﬂavﬂﬁ) = |OSC(€ua7eu5§L(ﬂa,uﬁ) U L(ﬂaaﬁ))‘
< |Osclepy s epuys L(B, wp))| + [Osclen,,, €uy5 Lpa, B)) + 1

9Actually, we can make the size of the set arbitrarily large, but greater than 1 is
sufficient here. See also the proof of Theorem 4.3 in [3].
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= [Osc(a,a; L")| 4 |Osc(e,,, , €uys L(ttas B))| + 110
= [Osc(eu, , eus; Lpta, B))] + 1.
0sc(pa,vg) = |0sc(en, s evys L(B,v5) U Lpta, B))|
> ‘OSC(BHONBVB;L(ﬂ’VB)” + ‘OSC(eHoﬂeVB;L(M(X7/8))|
= ‘OSC(CL, b; LH)I + |OSC(€MQ y€ugs L(,Uou B))'
> 1 + |OSC(€uaa€ulg§L(llmﬁ))‘-
Then osc(fta, f15) < 0sc(pia,Vp) since e, , agrees with e,, on [y, 3).
This finishes the proof of the claim.
It follows from the claim that for any (a, pia,va), (8, 1g,v) € A, if
po < B, then osc(pa, vg)—0sc(fia; pp) € {1,2,...,n}, and hence (w,,,, wy, )
& O,,.. Then C has no countable subcover since Ay is uncountable. [

Remark 2.7. The above proof shows that {U,, = {z € TX : z(ua) #
z,ﬂa for any 7 € {1,2,...,n}} : po € A1} is an open cover of the group
generated by Zx without countable subcover since wyﬁw;; ¢ U,, for
B € Ao\ (ba +1).

We can also find an uncountable closed discrete subset of #2.

Corollary 2.8. For any uncountable X C wy, £% contains an uncount-
able closed discrete subset.

Proof. Let M, 6, A, and n be as in Theorem 2.6. We need one more
property of 4.

CrAmM. For any £ < 4, the range of osc(-, ) [(¢,5)nx is unbounded.

Proof of Claim. Otherwise, there are £ < ¢ and m < w such that
osc(£',8) < m for any & € [£,0) N X. Let E = {a > £ : the range of
0sc(-, @) [¢,a)nx is bounded by m}. Then 6 € £ and E € M, and hence
E is uncountable. Using Lemma 2.5 2m times (or [3, Theorem 4.3]) for
A=X\¢and B=FE, we can get some £’ € X \ £ and @ € F such that
osc(&’, ) > m. A contradiction. This finishes the proof of the claim.

Without loss of generality, assume ps < vs (actually vs can be chosen
arbitrarily large). Now define B = {(a, pio, Vo) € At a0 < piq < Vo and o
has the property mentioned in the above claim when replacing § by a.}.
Note B € M and (6, us,vs) € B. So B and the set of its first coordinates
are both uncountable.

Pick an uncountable D' C {(pa; Vo) : (@, fa, Vo) € B for some a} such
that for (pa,va) # (ug,vp) in D', vy < B or vg < a. Let (Lag,Va,) be
the least pair in D’. Let D = D'\ {(ttags Vas) }-

As in §1, it suffices to find a neighborhood for each w, € £% disjoint
from wp \ {wg}. Assume 1 = min(a) and 7 = maz(a). We want to find

10Recall L(B,pug) =L" <.
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a neighborhood O disjoint from each (w,,,w,,) € wp \ {w.}. Let us
discuss case by case. Fix (o, po, Vo) € B such that (pq,ve) € D.

Case 1: 5 or 7 is in interval [, v,].

As there are at most finitely many (w,,,w,,) in wp such that n or
7 is in interval [B, vg], let O1 be a neighborhood of w, disjoint from all of
them.

Case 2: v, < 1.

Define Oz = {(z,y) : |2(tay) — Y(lay)| # |sz&0 — 1| for any i €

{1,2,..,n}}if n=7and Oy = {(z,y) : x(n) #Lor y(n) #1} if n < 7.
Case 3: a > 7.

Let ¢ be the least such that (w,. ,w, ) € wp and 7 < (. Pick a
neighborhood O3 of w, such that Oz C {(z,y) : |x(pe) —y(ue)| # |,sz< —1]
for any i € {1,2,...,n}} and (wy,w,.) € Os.

Case b n<a<vy, <T.

Let 3 be the least such that (w,,,w,,) € wp and n < . Let n(3,7)
be the natural number guaranteed by Proposition 1.3(iii). Since § has the
property mentioned in the above claim, we can find ¢ € [, 5) N X such
that osc(&,8) > n+ n(B,7). Then osc(§,7) > n. Define Oy = {(z,y) :
|z(&) —y(&)| # |z§ — 1] for any i € {0,1,2,...,n}}.

Let O = O N 02N 03N 04 It is easy to see that O is uniquely

determined by w, and D. Then this O is a neighborhood of w, disjoint
from wp \ {w,} O
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