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ALGEBRAIC DYNAMICS

ERNIE MANES

Abstract. Dynamical notions are introduced in arbitrary tight
categories. The enveloping semigroup of X is the free object on
one generator in the variety generated by X. Two new examples
are dynamical systems in which all spaces are countably tight and
compact spaces which are homeomorphic to their square. All dy-
namic varieties have a universal minimal object. Comfort types are
identified with certain singly-generated submonads of the ultrafilter
monad.

1. Introduction

Topological dynamics studies the action of a group on a locally compact
Hausdorff space. It has long been known [2] that a point is almost periodic
if and only if its orbit closure is minimal and compact. Beginning with
the work of Robert Ellis [7] and continued by many others, the study of
almost periodicity and the proximal relation for compact group actions
was formulated in terms of very simple structure with the device of the
enveloping semigroup.

The category of topological spaces and continuous maps is “loose” in
that a subset of a space admits many topologies with the inclusion con-
tinuous, and a product of spaces admits many topologies making the
projections continuous. Other familiar categories such as groups, or com-
pact Hausdorff spaces are more “tight.” The notion of a “tight category” is
defined in 1.4 below. A “dynamic category” is a tight category with extra
structure to allow the ideas originated by Ellis [7] to develop dynamical
notions in a more general setting. Ellis showed that when the theory of
almost periodicity and proximality of section 4 below is applied to the
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