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SOME CHARACTERIZATIONS OF
PRE-METRIZABILITY

A. GARCIA-MAYNEZ{ AND M. A. LOPEZ-RAMIREZ

ABsTrRACT. The class of pre-metrizable spaces (i.e., perfect pre-

images of metrizable spaces) coincides with the class of paracom-

pact p-spaces. In this paper we give three additional characteriza-

tions. One of them is the following:

(1) A Tychonoff space X is pre-metrizable if and only if there

exists a zero set H in X X X such that A(X) C H C X X
X, where X is the Stone-Cech compactification of X and
AX) ={(z,z) :xz € X}.

Another one depends on the existence of a countable family of

normal covers of X satisfying a certain property.

The final characterization requires X to be in the class of pseudo-
paracompact spaces, which includes both pseudocompact and para-
compact spaces, together with an additional property which re-
quires every open cover of X to be semi-normal.

1. DEFINITIONS AND PRELIMINARY RESULTS

All spaces considered in this paper are completely regular and Hausdorff.
As usual, BX denotes the Stone-Cech compactification of a space X.
The p-spaces were originally defined by A. V. Arhangel’skii in [I]. Cech-
complete and Moore spaces, and hence, locally compact and metrizable
spaces, are examples of p-spaces. An interesting subclass of Cech-complete
spaces are ultracomplete spaces:
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Definition 1.1. A space X is ultracomplete if X has a countable local
basis as a subspace of SX (see [7]).

We have the following characterizations [I1]:

Theorem 1.2. A space X is a p-space if and only if there exists a G
set L in X x BX such that A(X) ={(z,z):2€ X} CLC X x X.

We quote the following characterization of pre-metrizable spaces [1]:

Theorem 1.3. A space X is pre-metrizable if and only if X is a para-
compact p-space.

Among the multiple characterizarions of paracompactness ([2I] and
[20]), we state the following:

Theorem 1.4. X is paracompact if and only if X x BX is a normal
space.

Theorem 1.5. X is paracompact if and only if every open cover a of
X has an open barycentric refinement 3, i.e., B~ = {St(x,8) : x € X}
refines « (see [19]).

Corollary 1.6. If « is an open cover of a paracompact space X, there
exists a sequence oy, s, ..., of open covers of X such that af refines o
and for every natural number n, aﬁ_H refines q,.

Definition 1.7. Dropping the assumption of paracompactness, we say
a sequence of open covers aq, s, ..., of a space X is normal if for every
n €N, aﬁ_H refines ;. An open cover v of a space X is said to be normal
if v belongs to a normal sequence of covers.

Therefore, Theorem [I.5] may be re-stated as follows:

Theorem 1.8. A space X is paracompact if and only if every open cover
of X is normal.

If A is a closed subset of a space X, we consider two types of embed-
dings:

Definition 1.9. A is Ci-embedded in X if for every zero set K in X
disjoint from A, there exists a zero set H in X such that A C H C X\ K.

For instance, every pseudocompact subset of a space X is C1-embedded
in X (see [12]). It is obvious that every zero set in X is Ci-embedded in
X

Definition 1.10. A is Cs-embedded in X if for every closed set L disjoint
from A, there exist zero sets H, K in X such that A C H C X\K C X\L.
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Clearly, every Ca-embedded set A in X is Ci-embedded in X. By
Urysohn’s lemma, a space X is normal if and only if every closed subset
of X is Cy-embedded in X.

Definition 1.11. For every subset A of X, we define:
A" = BX\Clgx (X\A).

Clearly A* is open in X and it is the largest open set in X whose
intersection with X is intx A. We always have A* C Clgx A.

For every pair of subsets A, B of X we have (ANB)*=A*NB*. If A
and B are cozero sets we also have (AU B)* = A* U B* (see [14]).

Definition 1.12. For every open cover « of a space X we define:
L(a) = | J{A": A€ a};
E(a) =|J{Ax A" : Aca}.
It is easy to see that E(«) is an open set in X X X containing A(X)
and L(«) is an open neighborhood of X in 8X.

Definition 1.13. Let A C X and let V' be a neighborhood of A. We say
V is a strong neighborhood of A if there exists a zero set H in X and a
cozero set U in X suchthat ACHCU CV.

The following characterization of normal covers is in [I3]:

Theorem 1.14. An open cover « of a space X is normal if and only if
E(«) is a strong neighborhood of A(X).

Therefore, using Tamano’s Theorem we have:

Theorem 1.15. A space X is paracompact if and only if A(X) is Ca-
embedded in X x 5X.

The next characterization of normal covers of a topological space is
well know (see, for example, [3], p. 122, [16], Theorems 1.2 and 1.4 and
[17], Theorem 1.2, among others):

Theorem 1.16. An open cover « of a space X is normal if and only if
« has a locally finite cozero refinement.

We close this section by defining a class of spaces containing all para-
compact and all pseudocompact spaces and a class of open covers con-
taining all normal covers.

Definition 1.17. A space X is pseudo-paracompact if A(X) is Cy-embed-
ded in X x gX.

Definition 1.18. An open cover « of a space X is semi-normal if there
exists a cozero set U in X x SX such that A(X) CU C E(a).
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2. CHARACTERIZATIONS VIA FRAMES

Definition 2.1. A frame of a space X is simply a non-empty family
{a; : i € J} of open covers of X. If every «; is normal (resp., seminormal)
we say that the frame {«; : ¢ € J} is normal (resp., semi-normal).

Definition 2.2. Let {«; : i € J} be a frame in X and let i be a filter in
X.

(1) n is Cauchy with respect to {o; : ¢ € J} if for every i € J, we
have n N «; # 0.

(2) n is cofinally Cauchy with respect to {a; : i € J} if for every
i € J, we can find an element V; € a; such that V; N N # () for
every N € 1.

Definition 2.3. For every filter 7 in a space X, we define its adherence
set as

Ay =[{ClsxN : N € n}.

Definition 2.4.

(1) A frame {o; : i € J} is ultracomplete if every cofinally Cauchy
filter n in X satisfies X N A, # 0.

(2) A frame {a; : i € J} is of Cech — type if every Cauchy filter n
satisfies A, C X.

(3) A frame {a; : i € J} is of p-type if every fixed Cauchy filter n in
X satisfies A, C X.

Definition 2.5. Let W be an open neighborhood of X in fX. Select an
open cover ay = {V, : x € X}, where z € V; C ClgxV, C W. We say
then that ay is induced by W. Likewise, if T is an open neighborhood of
A(X) in X, {V, : x € X} is induced by T if A(X) C | J{Ve x ClgxVy :
reX}CT.

The next lemma can be found in [9, 3.1.5]:

Lemma 2.6. Let {K; :i € J} be a family of compact sets in a space Ty
with the PIF. If (,c, Ki C U, U an open set of X, then there exists

Jo € J, Jo finite such that (;c; K; CU.

We give now the following characterizations:

Theorem 2.7. Let {o; : i € J} be an ultracomplete frame of a space
X. Then {L(c;) : i € J} is a local basis of X in BX. Conversely, if
{W; : i € J} is a local basis of X in BX and if aw, is a cover of X
induced by W; (i € J), then {aw, : i € J} is an ultracomplete frame of
X.
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Proof. (Necessity) Let T be an open set in X such that X C T #
BX. Define K = SX\T and let n be the filter in X consisting of all
possible intersections X N U, where U is a neighborhood of K in §X.
Since A, = K C fX\X, n cannot be cofinally Cauchy with respect to
{a; : i € J}. Therefore, for some ¢ € J and for every G € v, there exists
an open neighborhood Lg of K in X such that G N Lg = (. Therefore,
if G € a;, we have G C G* C ClgxG C BX\Lg. We deduce then that
L(;)NK =0, 0or L(a;) CT.

(Sufficiency) Let {W; : i € J} be a local basis of X in X and for each
i € J, let aw, be a cover of X induced by W;. We prove that {ayw, : i € J}
is an ultracomplete frame of X. Let n be a cofinally Cauchy filter with
respect to {ayw, : i € J}. For each i € J, select an element L; € aw,
such that L; NN # ) for each N € . We must prove that X N A4, # 0.
Suppose, on the contrary, that K = ({ClgxN : N € n} C fX\X. By
hypotesis, there exists an index i € J such that W; C X\ K. Therefore,
for each L € aw,, we have:

LCL*CClgxL CW,; CBX\K.

The set U = BX\ClgxL; is a neighborhood of K. By Lemma we
deduce the existence of an element N € n such that N C SX\Clgx L;, in
contradiction with L; N N # (. O

Corollary 2.8. [I5] The character x(X, 8X) coincides with the least in-
finite cardinal number k such that X has an ultracomplete frame of cardi-
nality lower than or equal to k. Therefore, X is ultracomplete if and only
if X has a countable ultracomplete frame.

Theorem 2.9. Let {a; : i € J} be a frame of X of Cech-type. Then
X = L) : i € J}. Conversely, if {W; : i € J} is a family of open
neighborhoods of X in fX such that X = ({W; : i € J} and if aw, is a
cover of X induced by W; (i € J), then {aw, :i € J} is a frame of X of
Cech-type.

Proof. (Necessity) We must prove that X = ({L(«;) : ¢ € J}. Suppose,
on the contrary, that there exists a point z € SX\X such that z € L(«;)
for every i € J. Select V; € o; such that z € V;*. Therefore the family:

no={Vi,NVy,Nn---NV;, : ke N}

is a filterbase in X, (each element of 7, is non-empty, because V;; NV;, N
- -NV;, = B would imply that () = (V;, \V;,N---NV;, )" = VENVEN---NVE,
contradicting the fact that z € VX NV N-.-N V7). The filter n of X
with basis 79 is then Cauchy with respect to {a; : i € J}. Our hypothesis
implies that A, C X. But also z € A, since z € (V;; NV, N---NV;, )* C
Clagx (V;, NV, N---NV;,) for each choice 4;,142,...,i; € J and this is a
contradiction.
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(Sufficiency) Let n be a Cauchy filter with respect to {aw, : ¢ € J}.
Proceeding by contradiction, suppose there exists a point z € A, N
(BX\X). Choose L; € nN ay,. By construction, ClgxL; C W;. There-
fore, z € (\{W; : i € J} = X, a contradiction. O

Corollary 2.10. The pseudocharacter x(X, 8X) coincides with the least
infinite cardinal number k such that X has a frame of Cech-type of car-
dinality lower than or equal to k. Therefore, X is Cech-complete if and
only if X has a countable frame of Cech-type.

Theorem 2.11. Let {a; : i € J} be a frame of X of p-type. Then L =
({E(a;):i€ J}is a Gs set in X x BX such that A(X)CLC X x X.
Conversely, if {T; : i € J} is a family of open sets in X x BX such that
AX)C({Ti:ieJ} C X xX and if ar, is a cover of X induced by T;
(i € J), then {ar, :i € J} is a frame of X of p-type.

Proof. (Necessity) Take a pair (p,z) € ({E(a):i€ J},pe X, z € BX.
Choose an element V; € «; such that (p, z) € V; x V;*. We prove as in
that
no={Vi, NVi,N---NV;, : k €Nyiy,ia,...ir € J}

is a fixed filterbase in X which is Cauchy with respect to {«; : i € J}.
Let 1 be the filter in X with basis 770. By hypothesis, A, € X. Hence
z € N* C Clgx N for every N € n and this implies that z € 4, C X, i.e,,
({E(a):ieJ} C X x X.

(Sufficiency) Let 7 be a fixed filter in X which is Cauchy with respect
to {ar, : i € J}. Take a point p € X such that p € N for every N € n and
let z € N{ClsgxN : N € n}. For each i € J, select an element L; € nNar;.
We have then (p, z) € L; x ClgxL; CT;. Since (\{T; :i € J} C X x X,
we conclude that z € X. |

Corollary 2.12. X is a p-space if and only if X has a countable frame
of p-type.

3. MAIN RESULTS

Definition 3.1. Let aq,as,..., be a sequence of open covers of a space
X. We say a1, as,...is a wA-sequence if whenever z,, € St(x, o), with
x € X, the sequence {z, : n € N} has a cluster point.

We quote the following theorem (see [5]):

Theorem 3.2. Let ay,as,... be a wA-sequence of a space X. If each
cover «; is normal, then there exists a metrizable space Y and a closed
continuous surjective map ¢ : X =Y such that o~ p(x) = N{St(z, ay,) :
n € N} and ¢~ to(z) is countably compact for each x € X. Additionally,
if each N{St(x, ) : n € N} is compact, then X is a paracompact p-space.
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Definition 3.3. A space X is definitely p if there exists a sequence
Wi, Wa, ... of cozero sets in X x 8X such that A(X) C (", _, W,, C XxX.

We prove now our main result:

Theorem 3.4. The following conditions on a space X are equivalent:

(1) X is pre-metrizable.

(2) X is a paracompact p-space.

(3) X is a pseudoparacompact p-space and every open cover of X is
semi-normal.

(4) X is a pseudoparacompact definitely p-space.

(5) There exists a zero set K in X x X such that A(X) C K C
X xX.

(6) X has a countable p-frame consisting of normal covers.

Proof. The equivalence of (1) and (2) is well known (see [I]). (2)=(3)
This implication is clear because every paracompact space is pseudo-
paracompact and every open cover of a paracompact space is normal.

(3)=(4) Let aj,as,... be a p-frame of X. Since every cover «; is
seminormal, there exists, for each i € N, a cozero set W; in X x X such
that A(X) € W; € E(«). By Theorem [2.11] we have A(X) € (72, W; C
Niz; E(a;) € X x X and X is definitely p.

(4)=(5) Let Wy, Wa, ... be cozero sets in X x SX such that A(X) C
Mooy Wn € X x X. Since A(X) is Cy-embedded in X x 83X, for each i € N
we may find a zero set H; in X x X such that A(X) C H; C W,. Hence
H =2, H; is a zero set in X x BX such that A(X) C H C X x X.

(5)=(6) Let H be a zero set in X x SX such that A(X) C H C
X x X. Define a sequence Uy, Us,... of cozero sets in X x 8X such
that H = ﬂzozl U, and ClxxgxUpy1 C U, for each n € N. Since H
and X x X — U, are disjoints zero sets in X x X, we can find a
continuous map ¢, : X x BX — [0,1 — 27"] such that ¢, 1(0) = H and
o} (1-27") = X x BX — U,. Define g, : X x X — [0,1] by means of
the formula:

gn(2,y) = sup{{lpn(z,p) — pu(y,p)| : p € BX}} 2,y € X.

It is easy to prove that g, is a continuous pseudo-metric in X. For each
neN, let o, = {V;ﬁ‘n,l(x) :x € X}. Each «, is a normal cover of X.
Besides:

Vo () x Vi, i (z) S Uy

for each x € X and n € N. To prove this inclusion, take two points
o' 2" € V', . (x) and suppose, on the contrary, that (z/,z") ¢ U,.
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Then ¢(2’,2"”) = 1 —27". On the other hand, by definition of g,, we
have:

2 =2t 427l s g (,2)) + g (2, 2”) > gl 2”) >
p(a',a") — p(a”,a") = p(a’,a") =1 -27"
From here we obtain 1 — 27" < 27", a contradiction. Therefore:
Vs i (2) x Clax Vi, o (x) 1w € X} C ClxxpxUn C Unoi.

We deduce then that the normal covers oy, s, ... constitute a countable
p-frame of the space X.

(6) = (2) Let ay,a9,... be a countable p-frame of X consisting of
normal covers. By Theorem [1.16] oy has a cozero and locally finite re-
finement ;. We may further require that for each = € X, there exists an
element A, € a; such that St(z, 51) C Clgx St(z,51) C A% (see defini-
tion . Inductively, suppose the covers (1, Bs,...,Bn_1 have already
been defined. Let (3, be a cozero and locally finite cover of X such that
St(z, Bn) C ClgxSt(z,B,) C AN B, (Ay € oy, By € Br—1). Once all
the covers (,, have been constructed, define:

K, = () St(x,8,)", z€X.
n=1
Therefore, the set K, is a compact G5 in X and hence {St(x,5,)* : n €
N} is a local basis of K, in SX. However, n, = {St(z,3,) : n € N} is a
fixed filterbase in X which is Cauchy with respect to the frame a1, as, . . ..
Therefore, the adherence K, = (\o—, St(z,5,)* = N, Clax St(x, By)
of 1, is contained in X. Therefore, {St(z, 3,) : n € N} is a local basis of
K, in X and B, ... is a normal wA-sequence in X. By Theorem [3.2
X is pre-metrizable. O

4. OPEN PROBLEMS

We finish this paper with some open problems:

Q1: Is there an example of a semi-normal cover which is not normal?

Q> : Is every definitely p-space paracompact?

Q3 : Is there an example of a pseudo-paracompact space which is not
paracompact nor pseudocompact?
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