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ULTRA STRONG S-SPACES

JOAN E. HART AND KENNETH KUNEN

ABSTRACT. A strong S-space is an S-space X such that X™ is HS
for all finite n. We consider replacing the “n” here with something
infinite.

1. INTRODUCTION

All topological spaces considered in this paper are Ty (Hausdorf).

A space X is hereditarily separable (HS) iff all subspaces of X are sep-
arable, and hereditarily Lindelof (HL) iff all subspaces of X are Lindelof.
Also, X is strongly HS/HL iff X™ is HS/HL for all n € w. Then, X is an
S-space iff X is T3 and HS but not HL, and X is a strong S-space iff in
addition X is strongly HS.

S-spaces are consistent with MA(Ry) [13], but are refuted by PFA [14].
On the other hand, strong S-spaces are refuted by MA(Ry) [8], but exist
under CH [11, 3]. For more background, see [12].

In this paper, we use <) to prove the existence of ultra strong S-spaces,
satisfying a natural strengthening of strongly HS:

Definition 1.1. For topological spaces @ and X, let X© denote the space
C(Q, X) of continuous functions with the compact-open topology. Call
X an ultra strong S-space iff X is an S-space and in addition X€ is HS
for all second countable compact Q.

Equivalently, an S-space X is ultra strong if X% is HS, where @ is the
Cantor set; see Proposition 5.15.
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For discrete spaces Q, the space X@ is just the Tychonov product
topology, so Definition 1.1 applied with finite @) shows that ultra strong
implies strong. The converse implication is false; the simplest infinite
compact space is w+ 1, and in Section 7, we shall (assuming CH) produce
a strong S-space X for which X“*! is not HS.

We note that one cannot simply delete the “second countable”; since
if Q is compact and infinite and zero-dimensional and |X| > 2, then X@
contains a closed copy of {0,1}?, which is discrete and of size w(Q). If
we had considered instead discrete @ (so we would have the Tychonov
product), then there would be nothing new to be said here. If X is
strongly HS, then X% is always HS, while for x > Ny, the Tychonov
product X* is never HS unless | X| < 2.

The results of Sections 4 and 5 will yield our ultra strong S-space
X. We shall also show (Lemma 5.3) that for any of our S-spaces X, if
P C @ and X© is HS then X* is HS. In particular, if X is HS for some
infinite compact second countable @, then X is a strong S-space. All our
S-spaces will be locally compact and locally countable, so that X? will
be non-trivial; for example, see our strong but not ultra strong S-space
in Theorem 7.2. If we considered instead an extremally disconnected
strong S-space X, then every continuous function from @ into X would
have finite range, so X would trivially be ultra strong. (An extremally
disconnected S-space exists under ¢ [16]; we do not know whether it is
consistent that a strongly HS one exists.)

Our ultra strong S-space X also gives us a homogeneous ultra strong
S-space; our X is zero-dimensional and first countable, so X“ is homoge-
neous by Dow and Pearl [4]. For Q compact and n € w, (X@)" = X@*n,
thus, for Q also second countable, X is strongly HS, and hence, as
remarked above, (X%)“ is HS. Since w is locally compact, (X¢)? =
X@xw > (xQ) (see Engelking [5], Theorem 3.4.8), so X“ is ultra strong.

The actual construction of our S-space will be done in Section 4, but it
will be done in terms of the Vietoris topology, rather than the compact-
open topology. Let K(X) denote the set of all compact non-empty subsets
of X, given the Vietoris topology; this topology is described in more detail
in Section 2. In Section 4, we shall construct our S-space X with the
property that (X) is HS. Then, in Section 5, we shall explain why this
implies that X is ultra strong.

Our basic constructions involve K(X) because it seems more tractable
than X¥. In particular, we shall use the fact that A(X) is compact
whenever X is compact. Note that X“*! is never compact when |X| > 2,
since it contains a closed copy of {0,1}**! = C(w + 1,{0,1}), which is
discrete and infinite.
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Section 5 contains further details on the compact-open topology and
describes its relation to the Vietoris topology. This relationship will let
us prove that for our S-spaces X, if K£(X) is HS then (K (X)) is also HS.
The corresponding statement for the compact-open topology is trivial;
that is, if X is an ultra strong S-space and P, are second countable
compact spaces, then (X@)* is HS because (X%)F = XP*Q (Engelking
[5], Theorem 3.4.8).

This homeomorphism of function spaces (X@)7, XP*Q and (XF)@
holds for every space X with locally compact spaces P and (). In contrast,
no such identification exists for the related subspaces of IC(K(X)). Section
9 shows that even for countable compact P, Q, the two spaces [X]S@]<P
and [[X]=F]=€ can differ significantly.

Section 6 describes an application of Section 4 results to properties we
introduced in paper [6]. Section 3 provides a brief note on the Section 4
use of elementary submodels, and Section 8 comments on compact ultra
strong S-spaces.

All of our S-space constructions follow the general pattern of [7, 12,
11, 3]: Start with an HS space (our fundamental space), and refine the
topology so that it remains HS but fails to be HL. To get an S-space X
such that K£(X) is HS, our fundamental space can be the Cantor set or
w*. To produce intermediate results, such as a strong S-space X such
that X“*+! is not HS, the fundamental space will be some variant of the
Sorgenfrey line.

We shall use the well-known ([12], Theorem 3.1) characterization that
X is HS iff X has no left separated w;-sequences. Sequences (x4 : & < wy)
are left separated provided that each z, ¢ cl({z¢ : £ < a}). As in many
constructions in the literature, we use CH or < to “capture and kill” all
potential initial segments of such sequences.

2. REMARKS ON THE VIETORIS TOPOLOGY

Definition 2.1. Let X be any T5 space. Then (X)) denotes the family
of all non-empty compact subsets of X. We make this into a topological
space by giving it the Vietoris topology, whose subbase consists of all
subsets of K(X) of the forms {K : K CU} and {K : K NU # ()}, where
U is an open subset of X.

The Vietoris topology is usually defined on the family of non-empty
closed subsets of X, called the hyperspace or exponential space (see
Engelking [5], page 120), so our K(X) is a subspace of the hyperspace.
Using the hyperspace instead in our construction would yield left sepa-
rated wi-sequences, so that our space would not be HS (see Lemma 8.1).
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Lemmas 2.3 and 2.6 give us convenient ways of describing basic open sets

in £(X).

Definition 2.2. Let N (Vp,..., Vi) ={K e K(X): K C|J;V; &Vi KN
V; # 0}, where £ € w and the V; are open subsets of X. This N'(Vp, ..., V;)
is in standard form iff the V; are clopen and non-empty and pairwise
disjoint.

Lemma 2.3. For each B € K(X), a local base at B is the set of all
NV, ..., Vi) such that B € N(Vy,...,Vs). Furthermore, if X is zero-
dimensional, then one can require also that N'(Vo,...,V;) be in standard
form; then these N (Vy, ..., Vi) are clopen in K(X), so that K(X) is also
zero-dimensional.

Proof. To prove the last sentence, let N' = N(Vj,...,V;), and consider
any B in K(X) such that B ¢ AN. There are two possible cases: 1. If
B ¢ |, Vi, then, since | J, V; is clopen, {C' € K(X) : CN(X\; Vi) # 0} is
a Vietoris neighborhood of B that is disjoint from A. 2. If B C |J, V; but
BNV, =0 for some i, then, since V; is clopen, {C € £(X) : C C X\V;}
is a neighborhood of B that is disjoint from N |

Note that the value of N'(Vp, . .., V¢) only depends on the set {Vg, ..., V;},
not the order in which the V; are listed.

Lemma 2.4. Let X be zero-dimensional, and let N'(Up,...,Ux) and
N(Vy, ..., Vi) be standard form basic sets. Then
1. N(Uo,...7Uk) QN(V07,W) iff both © UpgU---UUx C VU
- UVp and @ V5 2 U; C Vj.
2. [fg:N(Uo,,Uk) thenUg:UoU~~UUk .
3. NUo,...,Ux) = N(Vo,..., Vo) iff k = £ and {Uy,...,Ux} =
Vo, Vi}.

Proof. For (1): the «+ direction is clear from Definition 2.2. For the —
direction: If either ® or @ is false, then we can find a k£ + 1 element set K
in N(Uy,...,Ux) \N(V,...,V;); K contains one element from each U.
When =@, include in K an element of (UpU---UUg) \ (VoU---UVp).

(2) is also easily proved by considering the finite elements of G. Note
that JG has its usual set-theoretic meaning — that is, the union of all
the elements K € G.

(3) follows easily from (1). O

Definition 2.5. For each standard form G = N (Uy, ..., Uy), let G* de-
note the corresponding set {Up, ..., U}

This definition makes sense in view of Lemma 2.4 (3). It is sometimes
notationally convenient to refer to G* or |JG without mentioning the
Ugy...,Uy.
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The next lemma shows that one may build a local base at B in IC(X)
just by using the basic neighborhoods assigned to the various points of
B:

Lemma 2.6. Assume that X is zero-dimensional and B € K(X). For
each b € B, let Ly, be a local clopen base at b. Then a local base at B
m IC(X) is the set Of all N(Uo, . ,Um) = N(Ug 5 Ul\UO 5 UQ\(UO U
U), ooy Un\Upenm Ug) such that for some distinct bq,...,b,, € B:
each U; € Ly,, each set BN(U;\U,., Ue) is non-empty, and B C |, _,,, U;.
Proof. To see that the N(Uy,...,Uy,) form a local base at B, we shall
apply Lemma 2.4 (1). Start with a standard form basic neighborhood
G =NWVy,...,V,) of B. For each b € B, choose U(b) € L, with U(b) a
subset of the V; € G* such that b € V;. By compactness of B, choose a
finite cover of B of the form {U(b) : b € F'}, where F' is minimal. List
F as {by, ... by}, and let U; denote U(b;). Then B € N (Uy,...,Uy) C
NV, ..., V). O

This lemma will be used in the S-space construction when we consider
multiple topologies on the same set. We shall also apply the following
immediate consequence:

Lemma 2.7. If 71 and T3 are both zero-dimensional topologies on the set
X and Be K(X,T1)NK(X,T3) and S C K(X,T1) N K(X,T2) and Ly is
the same in Ty and Ty for all b € B, then B € cl(S,T1) iff B € cl(S, Ta).

For § C K(X,T), we write cl(S,7T) to mean the closure of S in
KX, T).

The next definition and lemma involve some subsets of K(X):

Definition 2.8. Let X be any non-empty T3 space and ) any non-empty
compact space. Then [X]¥ and [X]=? denote the subspaces consisting
of all K € K(X) such that K is, respectively, homeomorphic to @ and
homeomorphic to a continuous image of Q.

In particular, if @ is the natural number n > 0 with the discrete topol-
ogy, then [X]™ has its usual meaning, while our [X]=" would usually be
called [X]<™\ {0}.

Lemma 2.9. Assume that X is a T3 space and 0 < n < w. Then in the
following (1) <> (2) <> (3) and (4) <> (5):

[X]™ is HS.

[X]™ is HS whenever 0 < m < n.

[X]|=" is HS.

. X" is HS.

. X™ is HS whenever 0 < m < n.

T 2o 10
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Also, (1)(2)(3) follow from (4)(5), and all five are equivalent if X is sub-
metrizable.

Proof. (5) — (4) is trivial, and (4) — (5) holds because each X™ embeds
into X™.

(3) — (2) holds because each [X]™ is a subspace of [X]=", and (2) —
(3) holds because [X]=" is the finite union (J,, <, [X]™.

(2) — (1) is trivial. To prove (1) — (2), assume —(2), and assume
that 0 <m <n and (B, : @ < wy) is a left separated sequence in [X]™,
and we shall get such a sequence in [X]"; of course, this is trivial unless
m < n. X must be infinite, so let Wy, ..., W5, be non-empty open sets
with disjoint closures. For each «, there are at least n values of i < 2n such
that B, Ncl(W;) = (0. Thinning the sequence, WLOG these are the same
values for each a, so we have i; < --- < iy, so that B, Ncl(W;,) =0
whenever 1 < p < n —m. Then, choose a point p, € W;,, and let
Co =BaU{p, :1<p<n—m}. Then (Cy:a < wy) is a left separated
sequence in [X]™.

(4) — (3) holds because [X]=" is the continuous image of X" under
the map (IQ, - ,In_l) — {1‘0, - ,mn_l}.

We now assume that X is submetrizable and prove (2) — (4), where-
upon we are done. Let T denote the topology on X, and recall that
submetrizable means that there is a coarser topology 7 on X such that
(X,T) is a metric space. It is also separable by (2), and hence second
countable. Let B be a countable open base for (X, 7). Now, assume —(4),
and we shall prove —(2).

Let (T, @ o < wy) be a left separated sequence in X™. Thinning the
sequence, WLOG for each i,j < n, either Va [z!, = 29] or Vo 2!, # z7].
Then, permuting the n-tuples, WLOG there is some m with 1 <m <n
such that i < j < m — Valz!, # 2J], while m < j < n — J <
mVa[zl, = z1]. Let ¢, be the m-tuple (z%,...,2™~1), and note that
(Yo : v < wy) is a left separated sequence in X™.

For each a: Choose sets U; € B for i < m with disjoint closures such
that each x!, € U;. Since there are only countably many choices for the U;,
we may thin the sequence and assume WLOG that the U; are independent
of . But now, the sequence ({z¢, :i < m} : o < wy) is left separated in
[X]™. O

Lemma 5.3 gives a version of this lemma for more general [X]? and
[x]<e.

We shall now prove a “Reduction Lemma” (Lemma 2.14). It reduces
statements of the form “B € cl(S)” to statements about proper closed
subsets of B. It will be used in Section 4 (see Lemma 4.13) to prove
results about B by induction on B.
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Definition 2.10. Fix § C K£(X). For standard form G C K(X), let
SN\G={K\UG:KeS&VYUegG*[KNU #0]}\ {0}

Remark. For standard form G C K(X) and K € K(X): VU € G* [K N
U#0if KNYG €.

Lemma 2.11. If X is zero-dimensional, B € K(X), and W is a clopen
subset of X with B\W # 0, then a local base at B\W in K(X) is the
set of all standard form H = N (Vo,..., V) such that B\W € H and
UHNW =0.

Lemma 2.12. Assume X is zero-dimensional. Fiz B € K(X) and S C
K(X) with B € cl(S). Let G be a standard form basic set with B\|JG # 0
and VU € G* [BNU # 0]. Then B\|JG € cl(S\\ G).

Proof. Let G = N (Uy,...,Ux). Applying Lemma 2.11 with W = | J G, let
H=NW,..., Vi) beastandard form neighborhood of B\|J G with [ JHN
UG =0. Then N (U, ...,U, Vo, ..., V) is a standard form neighborhood
of B, so it contains some K € S. Then K\ G € HN (S \ G). O

For the B and G of Lemma 2.12, each U € G* splits B:

Definition 2.13. For any sets V and K, say V splits K (denoted V 1 K)
it K\V #0and KNV # 0.

In Lemma 2.14, we consider B and G for which | J G splits B.

Lemma 2.14. Assume that X is zero-dimensional, S C K(X), and
B,F € K(X) with F G B. Let G be a local base for F € K(X) consisting
of standard form clopen sets. Then B € cl(S) iff B\ UG € cl(S \\ G)
whenever G € G satisfies B\ |JG # 0.

Proof. The — direction follows from Lemma 2.12; VU € G* [BNU # (]
holds here for all G € G because U € G* — FNU # ().

For the < direction, let H be any standard form neighborhood of B,
and we prove that it contains some K € S.

Call H good if H = N(Uo,...,Ux,Vo,..., Vi), where G :=
N Uy, ...,Ux) € G. If H is good: B\ |JG # 0 (because B meets each
V;),so B\UG € cI(S \\ G). Then, since N'(Vj,...,V;) is a neighborhood
of B\ UG, it contains some element of S \\ G. So, fix K € S such that
K\UG#0and VU € G* [KNU # 0] and K\JG e N(Vp,..., V). But
then K € H.

Now, we are done if we can show that given any standard form neigh-
borhood H of B, we can find a good H with B € 7:1\ CH.

First, since F' g B, we may shrink H if necessary and assume that
some set in H* is disjoint from F. Then H = N (Uy,...,Ux, Vo,..., Vo),
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where the clopen sets are listed so that all the U; meet F' and all the V;
do not meet F' (so they meet B\F).

Since N'(Uy, ..., Uy) is a neighborhood of F' and G is a local base at
F, fix G € G such that F € G C N(Uy,...,Ux). Say G = N (Wy,...,W,.),
and define H = NWy,...,W.,Vo,..., V). Then H C H and H is good,
solet’}q:??lifBEﬁ. N N

Now, suppose that B ¢ #H. This will happen iff B ¢ (JH; that is,
some points of B lie in |J; U; \ U; Wj. So, we add these back in. Let

U = Ui \U; W;, and define H by: (H)* = (H)* U{U;: BNU; #0}. O
A special case of this is Lemma 2.15, where F' = {p} with p € B.

Lemma 2.15. Assume that X is zero-dimensional. Fizp € X and L a
local clopen base at p and fix S C K(X) and B € K(X) with B 2 {p}.
Let L~ ={V € L :V1B}; this is also a local base at p. Let Sy = {K\V :
KeS&ViIK}. Then Becl(S)« VYV e L™ [B\V € cl(Sy)].

Proof. Apply Lemma 2.14 with F = {p} and G = {N (V) : V € L™ }. For
each G = N(V)in G, B\UG = B\V # 0. So, Lemma 2.14 says that
Bec(S)ifft vV e L7 [B\V € c(S\ N (V))].

But S\NN(V)={K\V:KeS&[KNV £} \{0} =Sy. O

Finally, our S-space X will be non-compact but locally compact, and we
shall apply “locally” the following theorem of Vietoris, which is Problem
3.12.27 on page 244 of Engelking [5]:

Lemma 2.16. If X is compact, then KC(X) is compact.

3. ELEMENTARY SUBMODELS, <), AND CH

Some of our arguments will use elementary submodels to simplify the
combinatorics. We shall use the notation from the exposition in [9] (see
Definition I11.8.14). We fix a suitably large regular . Then, we build
a nice chain (M, : o < wy) of countable elementary submodels. This
means that: 0 < a < 8 < wy; = My, < Mg < H(#) and My = 0 and
a<p— M, e Mg& M, C Mg and for limit 8 < wi, Mz =J M,;
this last item defines M,,,, which has size N;.

Our theorems will often assume < or CH. Because of the elementary
submodels, our arguments will not start out with the conventional “fix a
& sequence” or “list P(w) as {x4 : @ < wi}”. Instead, we shall just quote
the following:

a<f

Lemma 3.1. Fix a suitably large reqular 6 along with any nice chain
(M, : a < wy) of elementary submodels, as described above. Then:

1. CH holds iff H(Ny) C M,,,.
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2. & holds iff for all X C H(Ry) the set {y <wi : XNM, € M 11}
18 stationary.

Proof. For 1: The — direction is [9] Lemma II1.8.24. The « direction
holds because |H(X1)| = ¢ ([9], Lemma 1.13.28).

For 2: The — direction holds because M; < H(0) implies that M,
contains a { sequence, along with a bijection from w; onto H(Ry). The
+ direction holds because $~ <> & ([9], Theorem III.7.8). O

4. THE CONSTRUCTION OF S-SPACES

As indicated in Section 1, our general procedure will be to start with
a “suitable” space (X, T) of size Xy, and then refine the topology T to
some 7 that satisfies the desired properties. We shall describe the entire
construction of T working in ZFC. This (X, 7A') will never be HL. It may
be HS, or even strongly HS, or even better, (X, 7\') may be HS; this
will depend on the properties of (X, 7) and our set theory beyond ZFC
(whether CH or ¢ holds).

The next definition specifies what “suitable” means:

Definition 4.1. A fundamental space is a topological space (X, 7T) such
that |X| = ¥y, and (X,T) is zero-dimensional and separable and first
countable and N{-dense, and such that each point x € X has been assigned
a clopen local base {W? : n € w} with X = W§ 2 W 2 W& ... Then
this (X, T) is an ordered fundamental space iff in addition X = w; and
the set w is dense in X.

Our assumptions on (X,7) could be weakened somewhat, but the
present definition simplifies the combinatorics and is sufficient for all our
intended applications.

Recall that “N;-dense” means that every non-empty open set has size
Ry; so0, each [WZ\ W7, | = Ry, Of course, ), Wi, = {x} because the W7,
form a local base. Assuming CH, simple examples of fundamental spaces
are w* and 2%, where the W* are the standard basic sets, {g : g[n = 2[n}.

Given any fundamental space (X, T ), we can list X as {x¢ : £ < w1} so
that, replacing x¢ by &, it becomes an ordered fundamental space; we just
make sure that {z,, : n < w} is dense. Our construction of T will always
be done with the ordered fundamental space (wy,7T), and will proceed
by transfinite recursion on £ € w;. In almost all cases, the choice of the
listing {z¢ : € < w1} will not matter (Lemma 4.24 is our one exception).
Our space (wl,%) will be the refinement of 7 that we get by replacing
the W by smaller sets V,$ C W§.
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The next two lemmas will enable us to verify some elementary facts
about 7. We use the shorthand “W§, \,,, A” to abbreviate “( WS = A
and WS DWED WS Do,

Lemma 4.2. Suppose that W C wy forn < w and £ < wy, and W& N\
{€} for each & < wy1. Then {W5: n < w & € < wy} is a base for a Ty
zero-dimensional topology T on wy, with each {W5 : n < w} a local clopen
base at &, iff the following three conditions hold:

L. Vg m,n [n € WE — 3m Wy, € W3]

2. VEn[E #n — Im [Wi, N W) = @J]

3. V&, n [n g WE — Im W NWE = (]

Proof. Condition (1), plus the fact that the W$ are nested, implies that
{WE :n <w& & < w;} forms an open base for a topology 7. Then (2)
implies that 7 is Hausdorff, and (3) implies that each W is clopen, since
its complement is open. Also, (1) implies that for each n, {W/? : m < w}
is a local base at the point 7. O

Definition 4.3. Whenever B C P(X) and B = X, let T(B,X) be
the topology on X generated by B, formed by closing B under finite
intersections and arbitrary unions.

So, T(B, X) is the topology with B as a subbase.

Definition 4.4. Suppose that we have {W$: n < w & & < w;} as in
Lemma 4.2, satisfying (1)(2)(3). Suppose that V.5 C WS for n < w and
¢ < wy with each V§ N\, {¢}. For each a < wy, define RS () to be V§
when ¢ < o and W§ when ¢ > a. Also, define 7o to be the topology
THRS(a) i n<w& & <wi}, wi). Let T =T,,.

The following lemma tells us that in our applications, {RS(a) : n <
w & & < wy} will be a base for ’i;, which will be a Ty zero-dimensional
topology on w;. Note that 7o is just T, and (using V,¢ C W§) 7'5 refines
’70'a whenever a < .

Lemma 4.5. Let {WS: n<w & & <wi} and {Vi:n<w & & <w}
be as in Definition 4.4. Suppose that for each o < w1 and n € w, o =
max (V%) and in the topology T, V& is closed and a NV, is open. The
set « is also open in 70;, because & = max(VE) for & < a. Moreover, for
each B < wy, {R5(B) :n < w & & < wy} satisfies conditions (1)(2)(3) of
Lemma 4.2.

Remarks. Lemma 4.2 does not use the ordering, whereas Lemma 4.5

does. The definition of 7, just uses the V¢ for ¢ < a. Starting from an
ordered fundamental space, we shall construct the V¢ recursively to satisfy

Lemma 4.5 and so that in addition the topology T is locally compact.
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Our 7T is not Lindeldf, since it is right separated (i.e., each initial
segment is open). For o < wy, T4 is HS if the original 7 is. Many

standard S-space constructions [7, 12] use CH to make 7., (i.e., T) also
HS.

Proof. Let ®(3) abbreviate the statement that {RS(8) :n < w & & < w;}
satisfies (1)(2)(3). We prove ®($) by induction on 5. ®(0) is trivial. Also,
condition (2) follows from the fact that each V.¢ C W&, so we concentrate
on (1)(3). Fix 8 with 0 < 8 < wy, and assume inductively that ®(«) holds
for all @ < 3. Now, fix the &,n,n as in (1)(3). If £ = 7, then (1) holds
with m = n, and (3) holds because n € R](/3), so assume that £ # 7.

For limit #: Fix a < fsuchthat { < f - ¢ <aandn<f—n<a.
Then (1)(3) are immediate from ®(«).

Now, assume that 5 = a4+ 1. So ®(«) is true, and the only change
from « to B is that each R(3) replaces W by V.*. So, (1)(3) are clear
using ®(«) unless one of &, 1 equals a. So, we consider the four cases:
E<n=an<€é=a,a=&§<n a=n<E This gives us eight
statements to verify:

t<n=a ) JaeVi—=IMm[VI CVE a ¢ V& because max(V,) = £
E<n=a @) |a¢Vi=aIm[VINVE=0 |VfisTe closed and V.2 C W2
n<é=a(l) neVy—ImI[V] CVY] anVy is Te open
n<&=a @) ng Ve =Im[VINVE=0 |V is Ta closed

a=&<n (1) IneV,y — Im W], C V7 n ¢ Vi because max(Vy) = a
a=E<n 3) ngVd = Im[WIinVy=0] |Vy is 7o closed

a=n<€(1) |a€ WE— Im V& C WS use V& C W2

a=n<£€3) |lad W= Im[VENWS =0] |use VS C W2

They are listed here, together with their justifications, some of which
implicitly use the fact that the W¢ satisfy (1)(2)(3). The justifications
that mention 7, or 7‘5 for ¢ < o implicitly use ®(a) and ®(), which we
are assuming inductively. O

The proof of Lemma 4.13 below will use another useful consequence of
the fact that initial segments are open in 7g:

~

Corollary 4.6. Fach B € K(w1,T) has a mazimum element.

Here are two ZFC examples of Lemma 4.5. For both, start with an
ordered fundamental space as in Definition 4.1. As indicated in the above
“Remarks”, we can choose the V,¢ recursively so that Lemma 4.5 applies.
Trivial example: Let each V;* = {a}. Then T = 7, is discrete, and for
each a, ’Ta can be obtained by using as a base the open sets from 7 plus
{&} for all £ < a. Somewhat less trivially, Lemma 4.8 gives us a locally
compact and separable nice refinement.
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Definition 4.7. A nice refinement (w1,7A') of the ordered fundamental
space (w1, 7T) is a refinement satisfying the conditions of Lemma 4.5, such
that V* = {a} for all @ < w (so (w,7) is discrete), and when w <
a < wi, there are T compact clopen non-empty pairwise disjoint H* C
an (W\Wg ) for £ € w such that:

(1) Vin ={a} UUps,, HEY, for m € w, and
(2) {V2:m e w}isaT clopen neighborhood base at the point a.

Lemma 4.8. Each ordered fundamental space (w1, T) has a nice funda-

mental refinement (w1, T ). Furthermore, any such refinement is separable
with dense set w, and locally compact and locally countable.

Proof. Given the refinement, it is easily proved by induction that w is
open and dense in (a,’?') whenever w < a < wy. The V& are compact
because the H{* are compact, and {V,& : m € w} forms a local base at a.

To construct such a refinement, proceed by recursion on «. Fix o with
w < a < w1, and assume that we have defined the Vf forall§ < candn <
w, and that the required properties hold below «. By our assumptions,
the sets aN (W \W_ ;) are all non-empty and relatively clopen in Te [
So, we may choose compact relatively clopen sets Hy* C an (W\W,,);
for example, H{* could be V& for some € € WAWR, |, with n large enough
that V¢ C (WH\Wg,,); or, H could be a finite union of such sets. Then,
let V& = {a} U, H for n < w. O

The construction is determined by the choice of the sets H*. The space
(w1, ’7A’) need not be HS; for example, it is easy to do the above construction
so that the set wi\w is closed and discrete; each HY = {kj'}, with &} € w.
We now describe a method of using a chain of elementary submodels to
guide the choice of the Hf*. Then we shall show, for example, that when
(X, T) is second countable, CH implies that (wl,’?\') is strongly HS, and
¢ implies that K(wy, T) is HS.

The following lemma is essentially trivial, but it introduces the model
notation.

Lemma 4.9. Fiz (w1, T) asin Lemma 4.8, and fix a suitably large regular
0. Then there is a nice chain (M, : o < wi) of countable elementary
submodels of H(0) (as described in Section 8) and a nice fundamental
refinement (X, T) so that the sequence (V& : € < a & n < w) lies in
My41, and 7A'[a € Myy1 for each o < wy.

Proof. We shall build the M, by recursion. We always assume that the
map (a,n) — WS is an element of M;. Since T [w is discrete, the re-
quirements of the lemma are trivial when o < w.
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Along with M,, we shall define 7A'[a (= ’70;[04); that is, we specify
the Vrf for £ < a and n < w. For limit a < wy, M, = U§<a M and

~ o

Tla = Tola is defined in the obvious way because we have defined the
V,f for all £ < a. Note that a < M, Nw; € wi. We assume inductively
that each 7A’[o¢ = Ta la is locally compact (the topology 7; on all of wq
need not be locally compact when « < wy).

For a < w, let ’?'[a be discrete. Now, assume that w < a < w; and that
we have already defined M, and 7A'[a, and we need to define M,,1 and
’7A'[(a + 1). First choose M1 so that M, € M1 (so also o € My41)
and (VS : € < a&n <w) e My (so that also T Ja € Myq).

Observe that (W : n € w) € M,41 because the map (o, n) — W lies
in Myy1. Then the rest of the construction, as described in the proof of
Lemma 4.8, can also be done within M. O

So far the models have not accomplished anything. Their role in speci-
fying the sets H;* follows. The next definitions and lemma augment stage
« in the recursive construction, as outlined in the proof of Lemma 4.9.
Observe that the space (a+ 1, 7:1) is second countable and T3, and hence
metrizable.

Definition 4.10. Let d = d® denote a metric on a + 1 that induces
the topology Ta there, such that d has the following properties: Fix 1 :
a+ 1 — R defined by ¢(e) = 0 and (W\W2,) N (a+ 1)) = {27}
Then d(z,y) = |[¢(x) — ¥ (y)| whenever 9(x) # 9(y), and d(z,y) < 277°
whenever 1(z) = 9 (y) = 27¢. Always choose d* € M.

Note that with this metric, W& N (o + 1) = B(a,27¢ + ¢) for any
e € (0,27, and diam(W& N (a + 1)) = 27"

Definition 4.11. For a countable set S € M,41 (where w < o < wy)
such that S C K(a, T [a) = K(a, Talar), and for any v < w, let

I(S,v) =T%S,v) = {K € §: V¢ < v [KN(WS\Wg.,) C HP]} .

Some of these sets might be empty. Also, whenever p < v we have
S=TI(S5,0)2T(S,pu) 2T(S,v) D T'(S,w).

Observe that I'(S,v) = SN P(a\ Upe , (WNAWZ\HF)) = SN
PWSUU,e, Hf), for v < w. Also, I'(S,w) = SNP(U,.,, Hf). For a
given v, think informally of J,_, (W \W )\ H{") as being the “danger
zone”, and K € I'(S,v) iff K avoids this “danger zone”.

Lemma 4.12. When w < o < wy we may choose the H so that Y%,
holds:

(o) VS [IS| <R & S € Moiy & S C K(a, Tla) —

Iou VK € T(S,v) 3T € T(S,w) [d(K, J) < 27*]]
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Here, “d(K,J)” refers to the Hausdorff metric (see Problem 4.5.23 on
page 298 of [5]).

Proof. List all relevant S as (S, : v € w), with each S appearing w times.
Then, recursively define H§, HY, HS",.... At stage v, assume that we
have defined H* for ¢ < v; and so I'(S,, v) is defined.

Choose P, € [[(S,,v)]<® such that YK € I'(S,,v) 3J € P, [d(K,J) <
27¥]. Such a finite P, exists because the second countable K(|J,., Hf')
is compact (see Lemma 2.16) (and hence totally bounded), and because
diam(Wo N (a+1)) =27".

Choose HY C an (WS\W, ) so that HY O J N (WS\WS, ) for all
J € U,.<, Pu- This guarantees that for each J € P, J N (WH\Wgy,) C
H for all ¢ > v (replacing (u,v) by (v,€)). For these J, we also have
JN(WA\W2 ) € Hy for all £ < v because P, C I'(S,,v). So, P, C
I'(S,,w).

So, given S, we have VK € T'(S,v) 3J € I'(S,w) [d(K,J) < 27Y]
holding for all v such that S, = S, and this implies (%4 ). O

The property (%) is important mainly because of Lemma 4.13. In
the following, “assume (¥ )” is shorthand for “assume that (%) holds
whenever w < 8 < wy”.

Lemma 4.13. Assume (). Fiz a with w < a < wy. Suppose that
B € K(w1,T) satisfies (9): VB € B Yn [Wf € Myy1] (we do not assume
that B € My11). Then

VS [[IS| < No & S € Majy & S € K(a, Tla)] —
[B € cl(S,Ta) = B ec(S,T)] ]

Remarks. Note that if B € IC(wl,'?), then B is also T, compact. In
our applications, B will satisfy the hypothesis (®) in one of two ways:
In one, B C M,4+1; equivalently, max(B) € M,11. In the other, the
fundamental space (X, T) is second countable, with a countable clopen
base B € M;, and we choose all W/ € B.

We first prove a preliminary lemma:

Lemma 4.14. Assume (%). Fiz 8 with w < 8 < wy. For all B €
K(w1,T) with max(B) = 8, sentence 4.13(3) holds.

~

Proof. Suppose B € K(wi1,T) with max(B) = /3, and S is as in 4.13(3)

with B € cl(S,T3). Observe that since B is 7 compact, there must be

some r < w such that BN (Wf\WEﬂH) - HEB for all ¢ > r.
Case (i). Assume that r = 0, so that BN (Wf\Wﬁrl) C Héﬁ for

all ¢ (so B avoids the “danger zone”). Fix ¢ > 0. Applying (

v < w so that 27% < ¢ (so that also diam(W/ N (B8 + 1)) < ¢) and

(4.13(a))
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VK € I(S,v) 3J € I(S,w) [d(K,J) < 27¥]. Since B € cl(S,73) and
BN (W \W/,,) € H) for all £, B € cl(I'(S,v),T3), so fix K € I(S,v)
such that d(K,B) < e. Then fix J € T'(S,w) such that d(K,J) < e.
So, d(J,B) < 2e. This proves that B € cl(I'(S,w), 73), and it follows
that B € cl(S, 7\') because the topologies 7}3 and T agree on the subspace
{BYul, Hf. (Apply Lemma 2.7 to X = {8} UJ, Hf and I'(S,w).)

Case (ii). Assume that r > 0 is such that B N (Wf\Wfﬂ) C Hzﬁ
for all £ > r. We shall reduce this to the r = 0 case. So, assume that
BN (Wf\WfH) gz Héﬂ for some £; then r > ¢ and W/ 1 B. Let W = Wp.
Note that BN W N (W, \W,, ) C H} for all £.

We shall now apply Lemma 2.14, with X = f+1 and F = B\WW. Note
that the topologies 773 and T agree on X\W. In this common subspace
X\W, let G be a local base for F = B\W consisting of standard form
clopen sets; then, G is a local base for F in (X, ’7}3) and (X, 7). Note that
B\UG=BNW # () for all G € G. Let T* denote one of the topologies
75 and T. Then B € cI(S,T7) iff B\ UG € (S \ G, T?) for all G € G.

We cannot assume that G € Mgayq, but we can (and do) assume
that G C Mpay1. To see this, note that each G € G can be of the
form N (Uy,...,Uy), where Uy,...,Uy are pairwise disjoint non-empty
T (equivalently 73) clopen subsets of S\W and B\W C (U, Us and each
BNU; # 0 (see Lemma 2.3); the U; can be finite boolean combinations
of the various Vf (with £ < 8 and ¢ < w) (see Lemma 2.6), and hence
U; € Mgy1. By definition, S\ § = {K\UJG : K € S & VU € G* [KNU #
01} \ {0}. So, S\ G € Mg because S,G € Mpyq.

By definition of W, Case (i) applies to BNW = B\|JG and S \\ G for
each G € G, and hence B\ |JG € cI(S\ G, 73) implies B\ JG € cI(S \
g, 7A‘) for each G € G. Applying the above T result again, it follows that
Bed(S,T). O

Proof of Lemma 4.13. We shall show by induction that V3 < ws:
(nd(8)) )

for all B € K(wq,T) with max(B) = /3, sentence 4.13(«) holds.
Assume that ind(y) holds for all v < f, and max(B) = f, and B €
(S, 7). We shall prove that B € cl(S ,7\') The fixed « partitions our
proof into three cases:

Case 1. 8 < a. The result follows by Lemma 2.7 from the fact that
the topologies 7., and T agree on the set a.

Case 2. B =a € BC a+1. Apply Lemma 4.14.

Case 3. 8 > «. Apply Lemma 4.14, the induction hypothesis, and
©).
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If B={8}: For v <, B € cl(S,7,) holds iff ¥n 3K € S K C W/,
So, from B € cl(S,Ta) we get B € cl(S, T3); then since S € P(a) C P(B),
Lemma 4.14 Case (i) applies: BN (Wf\WfH) = (), giving B € cl(S,T).

Now assume that B 2 {8}. Apply Lemma 2.15 to (wl,'f'a)7 with
L7 ={WPl WpiB}={W,:n>ng} for some ng € w. For n > ny, let
Sp = Sps = {K\WF: K €8 & WPiK}. Since o < 8 and B € cl(S, Ta,)
we get Vn > ng B\WS € cl(S,, Ta).

Applying (@), S,, € My41. Then the induction hypothesis for v :=
max(B\W/) < max(B) implies that Vn > ng B\W/? ¢ cl(Sn,’?\'). Thus,
since 7 is a finer topology, Vn > ng B\W/ ¢ cl(Sn,’Yob). By Lemma
2.15 applied to (w1,7r73), B e cl(S,?cjg), and hence, by Lemma 4.14, B €
(S, T). O

Remarks on reduction arguments. The proof of Lemma 4.13 has two
arguments using the Reduction Lemma 2.14. Both of them replace B by
a “simpler” B\ |JG.

For Case (ii) of Lemma 4.14, we used B\ |JG = BN W2, which is a
“tail” of B, excluding the (finite number of) BN (WH\W, ) that are not
subsets of Hy*, thus reducing this case to Case (i). Here, F' = B\W2.

In Case 3, we used Lemma 2.15, which is the special case of Lemma
2.14 with F = {p} = {8}, where 8 = max(B) and B\ UG = B\W/, so
max(B\|JG) < max(B), yielding a proof of Lemma 4.13 that inducts on
max(DB).

We can omit the hypothesis (@) in Lemma 4.13 when B is finite; see
Lemma 4.22 below. But first, we shall give some applications of Lemma
4.13 in the case that the fundamental space is second countable. When we
state this as a hypothesis, it is understood that M; contains a countable
clopen base for the fundamental space, with all the W¢ chosen from that
base, so that (®) will always hold.

Our arguments that (w;,7) has some nice property (some variant of
HS) will use the assumption that the original (wq,7) has the same prop-
erty, but they will also need (w1,70') to have the same property for all
v < wiy. In the case that the fundamental space is second countable, we
can use the next lemma, which is essentially trivial.

Lemma 4.15. Let (X,7) = (w1,7T) be a second countable fundamen-
tal space. Fiz v < wi. Then (X,7,) is also second countable, so that
K(X,T) is second countable, and hence HS.

Now the preceding lemmas and < give us a simpler argument for a

~

stronger property (K(wy,7T) is HS) than we get from CH in Theorem
4.17.
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Theorem 4.16. Let (w1, T) be a second countable fundamental space and
assume (% ). If & holds, then K(wy,T) is HS.

Proof. Suppose that (B¢ : § < wy) is left separated, with o = max(Bg).
Passing to a subsequence, we may assume { < n — a¢ < ay,. For each
v < wi, let p, be the least ordinal p such that v < p < wy and {Bg : £ < p}
is 7'7 dense in {Be¢ : £ < w1 }; there is such a p because (K(w1),77) is HS.
Note that v < 6 = py < ps because 703 is finer than '7:, Let C be a club
such that for all n € C: py <nand o, <7 for all v < 7.

Apply ¢ (and Lemma 3.1) to fix n € C such that S := {B¢ : £ <n} €
My+1. Now S is ’7; dense in {B¢ : £ < w1} for all v < 7, and hence also
7077 dense because 7 is a limit ordinal. Then S is 7 dense in {Be : & <wi}
by Lemma 4.13, contradicting “left separated”. O

If we replace { by CH, we get a weaker result. In the above proof, for
all n in the club C, S is a countable subset of (7, T), and < allows us
to get n € C with § € M, ;. The following result employs the club C,
but CH is not enough to guarantee S € M, ;. Instead, we use CH to get

a nice a > n with § € M, so that Lemma 4.13 applies again.

Theorem 4.17. Let (w1,T) be a second countable fundamental space
and assume (). Assuming CH, there is no left separated sequence (B :
&< wy) in K(w1,’7:) such that for some fized v < w1, the sets Be\y are
pairwise disjoint.

Proof. Repeat the first paragraph of the proof of Theorem 4.16 to get the
club C, making the additional assumption that for some fixed v < w; the
sets Bg\y are pairwise disjoint.

Choose n € C with n > ~. As before, S is 7;, dense in {B¢ : £ < wi}
because ps < n for all § < n, and 7 is a limit ordinal. By CH, fix o, & so
that n <o <a+1<&<w and § € M,41; since the Be\y are pairwise
disjoint, we can choose our £ so that B¢ N [n, a] = 0. Then B¢ € cl(S, T2)
follows from B¢ € cl(S ,7:7) by applying Lemma 2.7. Finally, by Lemma
4.13, B¢ € cl(S, 7A'), contradicting “left separated”. O

In the case that all the B are finite, a delta system gives the following:

Corollary 4.18. Let (w1,T) be a second countable fundamental space
and assume (). Assuming CH, (w1, T) is a strong S-space.

Proof. Fixn € w\{0}, and assume CH. Then by Theorem 4.17, ([w1]",T)
is HS. To finish, use Lemma 2.9. |
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We do not have a proof that [X]“*! is HS; sets in [X]**! (i.e., home-
omorphic to w + 1) may have arbitrarily large order type. But under CH
sequences in K(X) of bounded order type are HS, by a delta-system-like
argument:

Corollary 4.19. Let (w1,T) be a second countable fundamental space
and assume (). Assuming CH, there is no left separated sequence (B :

€ <wi) in K(wy, T) such that sup{type(Be) : £ < w1} < wy.

Proof. Suppose that (Be : & < w1) is left separated with sup{type(Bg) :
¢ <wi} < wi. Thinning the sequence, we may assume there is a 7 < wq
so that type(Bg) = 7+ 1 for all §. Write B¢ = {f¢ : v < 7} in increasing
order. Since each K(w1, 7. ) is HS, there is a least ordinal ¢ < 7 such that
sup{ﬁé7 € <w)=w. Let vy = sup{ﬁé’ € <w &v<o}<w. By
transfinite recursion on £ < wi, we may thin again, so that each Bg >y
and Bg is above all elements of B, for n < &, whereupon Theorem 4.17

applies. O

We now turn to the situation where the fundamental space need not
be second countable, in which case our positive results focus mainly on
[X]@ for finite . We begin with Lemma 4.21, which we shall use in place
of Lemma 4.15. First, a preliminary:

Lemma 4.20. For any T3 space X and countable G C X : [X]|™ is HS <
[X\G]"™ is HS.

Proof. For the « direction: Assume that (B, : @ < wy) is left separated
in [X]™. We shall prove that [X\G]™ is not HS for some m < n. Then
we are done by (1) — (2) of Lemma 2.9.

Since G is countable, we may thin the sequence so that all B, NG =
A € [G]¥ for some fixed A. Any constant sequence is not left separated;
so k # n. By assumption, [X\G]™ is HS; so k # 0. So 0 < k < n. Let
m=mn—Kk.

Let By = {bg,...,b% ,,b2,...,b% ,}, where A = {b3,.... b2 |} =
{bo, ceey bkfl}. Let D, = {bg, ey b%il} € [X\G]m

Let the left separating neighborhoods be N,; so B, € N, and a <
B — B, ¢ Nj. Since |B,| = n, we may choose N, so that N, =
N(Vg, ..., V.2 ) (see Definition 2.2), where the V,* are open and pairwise
disjoint and each b € V,*.

Fix a < 8. Then B, ¢ N3, which implies that @ or @ holds:

®: Some b ¢ |J; Vj*B. Then ¢ > k since ¢ < k would imply that

a _1p B - a B
b =b; € U; V;". We also (trivially) have b3 ¢ U, <;,, V} -

J
®: B, N V;B = () for some i. Then ¢ > k since ¢« < k implies that
b* = b’ € B, NV/. We also (trivially) have D, NV} = 0.
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It follows that (D, : @ < wy) is left separated in [X\G]™, using the
separating neighborhoods NV (V,*,..., V> ). ]

Lemma 4.21. Forn € w and v < wy: If (jw1]™, T) is HS then ([wl]”,’ffy)
is HS.

Proof. In fact we have: ) )
(lor], T) is HS & (fwi\7]", T) is BS & (fwi\1]", 75) is HS © (lwi]", 75)
is HS.

The center <+ holds because the two topologies agree on wy\7y. The other
two arrows hold by applying Lemma 4.20 with G = ~. O

Lemma 4.22. Assume all the hypotheses of Lemma 4.13 except for (®),
and assume that |B| = k < w and that ([w1]*~1,T) is HS. Then 4.13(a)
holds.

When |B| = 1, the assumption that ([w;]*~1, T) is HS is vacuous.

Proof. We induct on k to show that for all @ < w; and for all B with
|B| = k, statement 4.13(«) holds.

Fix @« < wy. If B C My41, then (©) holds, and hence Lemma 4.13
applies. So assume max(B) > M,41 Nwy. Note that M,41 Nwr > a.

Assume that |S| < Ry and S € M4 and S C K(o, T [) and B €
(S, Ta).

For k =1: B={B} € (S, Ta) = {8} € (S, T5) = {8} € (S, T) .
The first — holds because f = max(B) > «a, so § has the same basic
neighborhoods in ’7}3 as in T, (see Lemma 2.7). The second — holds
because each W/ € Mgy, so Lemma 4.13 applies.

Now assume that |[B| = k > 1 and ([w1]*~!,7) is HS, and assume
4.13(y) holds for all v < w; and for all K with |K| < k. If a ¢ B, let
& = min(B\a). Then B € cl(S,7,) implies B € cl(S,7) because all
elements of B have the same basic neighborhoods in 7; as in Ta Thus,
if max(B) < Mga41 Nwi, then Lemma 4.13 applies. Suppose instead
max(B) > Ma4+1Nwi. So, we may replace a by & and assume that o € B
and max(B) > My41 Nwy,

Let B~ = BN[0,My11 Nw1) = BN Myy1 and BT = BN [My41 N
wi,wi) = B\My4+1. Let m = |B~| and n = |[BT|. Then m + n = k and
0 <m,n < k. Let 8 = min(B™); that is, the first ordinal in B but not in
My41. Let £ = max(B™); that is, the largest ordinal in BN M,41. Note
that B~ is a finite subset of M1, and hence & B~ € My41.

Let £ = {H € [(§,w1)]"” : B-UH € cl(S,7,)}. Then Bt € £ and
£ € Mayy. Also, ([w1]™, Ta) is HS by Lemma 4.21. So, fix a countable
F € My41 such that F C £ and F is 7; dense in £. We can choose F
in My41 because M,4+1 < H(0) and &, 7; € My41. Since F is countable,
F C Myy1 and sup(UF) < Moy1 Nws.
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For each H € F, (®) holds for B~ U H, so B~ UH € cl(S,T) by
Lemma 4.13. Here Lemma 4.13 applies because S C K(a, 7); and (©)
holds because B~ UH C My4.

Also, BT € cI(F,To) — BT € cl(F,T3) — Bt € cl(F,T). To justify
this: Bt € cl(F,7T,) because Bt € £. Then the first — holds because
B = min(BT), so all points of BT have the same basic neighborhoods
in 7?3 as in T, (see Lemma 2.7). The second — holds by the inductive
assumption, with v = 8 and K = B". The hypotheses F € Mgy & F C
K(8, 7A'[B) of 4.13(B) are true because F € M,1 and S is larger than all
the countable ordinals in M,41.

Now, working just with 7: VH € F [B~ UH € cI(S,T)] and Bt €
(F,T), so B = B~ UB*" € c(S,T). To justify this last “so™ Let
NV, s Vi, Vi1, - - - s Vinan) be any standard form neighborhood of
B~ UBT™ such that [V;NB~| = |V;NB*| =1 whenever 1 <i<m < j<
m+n. Then N (Viyi1, ..., Vingn) is a neighborhood of BT so it contains
some H in F because BT € cl(F, ’7A') But then N(Vi,..., Vo, Vina1, - -
Vintn) is also a neighborhood of B~ U H, so it contains some element of
S because B~ U H € cI(S,T). O

It is not clear how to make the proof of Lemma 4.22 work for infinite
B. The proof quotes the lemma inductively on a tail BT of B. But if B
is infinite, then B™ may be homeomorphic to B, so it is not clear what to
induct on. But this question is not relevant for our main results here. To
produce ultra strong S-spaces (with K(X) HS), we simply started with
a second countable fundamental space. But Lemma 4.22 will be useful
when we produce a strong S-space that is not ultra strong in Section 7.
We shall start with (X, T) strongly HS but ([X]“*1,7) not HS (so then
(X, T) is not second countable), and then use Lemma 4.22 to prove that
(X, T) is strongly HS; but ([X]*+!, T) will still not be HS. At the end of
this section, we shall describe briefly some (X, 7) to which Lemma 4.22
applies.

Using Lemma 4.21, we get the following improvement on Corollary 4.18
with essentially the same proof, but now using Lemma 4.22:

Corollary 4.23. Fizn € w\{0}. Let (w1,T) be any fundamental space
and assume (%) and assume CH and assume that (Jw1]™, T) is HS. Then
([wi]™, T) is HS.

~

If ([X]™,T) is not HS, then ([X]",T) is obviously not HS either, since
T is a finer topology. The analogous statement for [X]“*! is not so
clear because some elements of ([X]“*1, T) may fail to be in ([X]**1, 7).
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The next lemma is a partial result in this direction. It will be used in
Section 7 (Theorem 7.2) to construct a locally compact locally countable
strong S-space X for which [X]“*! is not HS.

Lemma 4.24. Assume that in the fundamental space (X,T), there is a
left separated sequence (K¢ : & < wi) in ([X]“T1,T). Assume that each
K¢ is listed as {t§ : v < w}, with limit point tS,, and that all the t are
different points. Then we can order X in type wy and then construct T as
in Lemma 4.12 and obtain (%), so that the set I := {& : (Kgﬁ\') Yw+1}
will be uncountable, and hence (K¢ : & € I) will be an uncountable left

separated sequence in ([X]*+1,T).

Proof. Since the t¢ are all different, we may replace (Ke: & <wp) by a
subsequence thereof, and then choose an enumeration of X as {z, : a <
w1 } so that for each &, #¢ is listed after all the ¢S for v < w. Then, working
with (wy,7), we are in the following situation: We are given J C wq\w,
along with, for each a € J, a set K, = {a} U {n% : n € w}, where all
ng < «, and, in T, the set {n : n € w} is discrete and K, = w + 1.
Then, when we do the construction from Lemma 4.12; just make sure
that each Hy O K, N (WM\Wg ). This causes no problem because
Ko N (WPA\WZ ) is finite (because (Ko, 7) = w + 1), and ensures that

(Ka,’?\') >~ w+ 1 as well. O

Note that we cannot claim that every copy of w+1 in 7 remains home-
omorphic to w+1 in 7T, since if we choose ordinals &, € an (WaAW2 )\
H, then {a} U {&, : n € w} is discrete in 7 but homeomorphic to w + 1
in 7.

We conclude this section by describing the Sorgenfrey line, which yields
a specific example of Corollary 4.23. This example will re-appear in Sec-
tion 7. In this paper, our basic open Sorgenfrey intervals flip the usual
ones (see [5]).

Definition 4.25. The Sorgenfrey topology on R is obtained by using all
intervals of the form (x,y| as a base.

This topology is first countable but not second countable. Under this
topology: R is well-known to be HS and HL, but R? is neither, since
{(z,—z) : x € R} is discrete; but there can be uncountable subsets of R
that are strongly HS. This is true for increasing sets. This “increasing”
is a weakening of the property “entangled”. See [2, 1]. We give the rele-
vant definition, since the terminology in the literature is not completely
uniform:

Definition 4.26. For n € w\{0} and X C R: X is n-increasing iff given
To € X" for a < wy, there exist a < 8 < wi such that Vi <n [z, < ).
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The following is easily seen from the definitions:

Lemma 4.27. If X is n-increasing, then X™ is HS in the Sorgenfrey
topology.

Note that by Lemma 2.9, [X]™ is HS iff X™ is HS in this topology. If we
rephrased Definition 4.26 by replacing “z}, < x” by “x, > «};”, then we
would replace “HS” by “HL” in Lemma 4.27. Both notions of n-increasing
follow from X being n-entangled.

Although PFA implies that no uncountable subset of R can be 2-
increasing, CH implies that there is an uncountable X C R that is n-
increasing (and even m-entangled) for all n. Then, using this X as our
fundamental space provides (by Corollary 4.23) an example of a strong S-
space constructed from a fundamental space that is not second countable.
A modification of this example will be used in Section 7 to construct a
locally compact locally countable strong S-space X for which [X]<*1 is
not HS.

5. COMPARING FUNCTIONS WITH SETS

Here we relate properties of X to properties of X(X) and its sub-
spaces, such as [X]9 and [X]=@ (see Definitions 2.1 and 2.8). We also
prove Lemma 5.3, which is a version of Lemma 2.9 with [X]? and X©
replacing [X]” and X™. (For X© see Definition 1.1.)

The space K(X) is somewhat more tractable than the function space
X@. For X compact, K(X) is compact (Lemma 2.16) but X% often is
not. For example, {0, 1}**! (that is, C'(w + 1, {0,1}) with the compact-
open topology) is discrete and countably infinite, and hence not compact.
Moreover, for X second countable and compact, K(X) is compact metric,
and hence totally bounded. For example, the proof of Lemma 4.12 uses
the fact that K(U,., Hy") is totally bounded.

The space [X]<% of images differs significantly from the space X% of
functions; see Section 9. Nevertheless, results in this section derive facts
about X from facts about [X]=9 or K(X).

Lemma 5.1. Suppose that X is locally compact, first countable, HS, sub-
metrizable, and zero-dimensional, and () is compact, second countable,
zero-dimensional, and non-empty. If K(X) is HS, then X% is HS.

We shall prove this after proving Lemma 5.3.

Lemma 5.2. If X is a non-empty space and Q is a non-empty com-
pact space, then the map ® : X9 — K(X) defined by ®(f) = f(Q) is
continuous.
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Proof. We need to show that ®~1(W) is open in X® whenever W is a
subbasic open set in K(X).
If W={BeK(X): BCV}, where V is open in X: Then ®~ (W) =
{feC(Q,X): f(Q) C V}, which is open because @ is compact.
IEW={B e K(X): BNV # 0}, where V is open in X: Then
@) = {f € CQ.X) : F@ NV # 0} = Upeglf € CQ.X) -
f({g}) €V}, which is a union of subbasic open sets in X¢. O

Note that [X]S9 = &(X9).
The following is our analog of Lemma 2.9, with [X]? X @ replacing
[X]™, X"

Lemma 5.3. Suppose that X is locally compact, first countable, HS, and
submetrizable, and Q is compact, second countable, zero-dimensional, and
non-empty. Then in the following (AD) + (A®) and (B®) + (B®) and
(C@) — (CD):

A® X is HS.

A.@ XP s HS for all compact P that embed into Q.
B.® [X]=9 is HS.
B.® [X]=F is HS for all compact P that embed into Q.
C.O [X]9 is HS.
C.@ [X]F is HS for all compact P that embed into Q.
Also, (A) = (B) — (C@) — (C®), and, when Q is countable, all siz are
equivalent.

Note that (C®) — (C®) might be false because [X]¥ might be empty.
For example, if X is scattered and @ is the Cantor set, then [X]%¢ = (),
which is trivially HS, while if |P| = 1 then X = X, which need not be
HS.

Remarks. This lemma applies to the S-spaces constructed in this paper.
In particular, our S-space examples X are zero-dimensional, so it is enough
to consider zero-dimensional @. If @ is compact, and @ denotes the
quotient space we get by collapsing each quasi-component (=connected
component because @ is compact) of @) to a point, then @ is compact and
zero-dimensional. Moreover, X is HS whenever X is.

Possibly the hypotheses could be weakened, but unlike in Lemma 2.9,
we need some assumptions on our space X to guarantee that [X]? is non-
trivial when @ is infinite. For example, if X is extremally disconnected
then [X]¥¢ = (), so (C®) is trivially true, and we can get the others all
to be false in two ways: First, deleting the assumption that X is HS, X
can be discrete and uncountable. Second, deleting the “locally compact
and first countable”, and assuming CH, X can be the space R described
in Lemma 5.8.
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We shall prove Lemma 5.3 after a sequence of sublemmas.

Lemma 5.4. Fach countable compact Q # 0 is homeomorphic to some
¥+1<ws.

Proof. This is a classical result of Mazurkewicz and Sierpinski [10], proved
by induction on the Cantor-Bendixson rank. If 0 < n = |Q¥)| < Ry = |Q|
then Q = (w? - n) + 1. O

Lemma 5.5. Assume that X is first countable and HS and uncountable.
Then for all v < wy, X contains a closed copy of v+ 1.

Proof. Consider the Cantor-Bendixson sequence. Each X (®)\ X (@+1) ig
countable (and possibly empty) because X is HS, so X(®) £ ) for all
« < wy. Then, it is sufficient to prove by induction on a < w; that for
all z € X there is a continuous injection ¢ : w® + 1 — X such that
o(w®*) = x. This is trivial for &« = 0. Now assume that 0 < o < w; and
the result holds for all £ < a. There are two cases:

If o = £+ 1, then let the sequence (y, : n € w) converge to x with each
Yn € X© . Let U, be an open neighborhood of y,,, with the U,, pairwise
disjoint and the sequence (U,, : n € w) converging to {z}. Then, let
©n : wt+1 — X be a continuous injection with ¢, (w) = x,,. Since every
clopen neighborhood of the point w¢ in the space wé + 1 is homeomorphic
to wé + 1, we may assume that each ¢, : wé +1 — U,. Now define a
continuous injection @ : (w x w®) U {oo} — X by B(n, u) = ¢, (1) and
P(00) = z. We now obtain the desired ¢ using the natural homeomor-
phism between (w x w®) U {oo} and w® + 1.

If « is a limit ordinal, let &, ,* « and let the sequence (y, : n € w)
converge to x with each y, € Xé»). Then use the obvious modification
of the above argument, now using the natural homeomorphism between
U,,({n} x w) U {oo} and w* + 1. O

We shall show below that none of the three hypotheses, “first countable”
and “HS” and “uncountable” can be omitted in Lemma 5.5.

The proof of Lemma 5.3 will make use of a convenient base for the
compact open topology of X Q. For this part of argument, we just assume
that @ is compact and scattered and that X is locally compact. The
obvious base is given by the sets of the form N (Ho /Uy, ..., Hm—1/Um—1),
which denotes {g € C(Q, X) : Vi <m g(H;) C U}, where each U, is open
in X and each H; is closed in @ (and hence compact).

Definition 5.6. Call the basic set N'(Ho /Uy, ..., Hy—1/Un—1) tubular
iff all the H; and U; are non-empty, and the H; are clopen and pairwise
disjoint and |J; H; = @, and the U; are open, and the U, are compact
and pairwise disjoint.
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Lemma 5.7. If Q is compact and zero-dimensional, and X is locally
compact, and all sets in [X]|S9 are zero-dimensional, then the tubular
sets form a base for X©.

Proof. 1t is sufficient to prove two things:
A. The intersection of two tubular sets is tubular or empty: Say

N:N(HO/UO7"'7H7R—1/U’W—1) mN(KO/V07'-'7Kn—1/VTL—1) N

Let I = {(i,j) : H;NK; # 0}. It U; N V; = ( for some (i,j) € I, then
N = 0. Otherwise, N = N (..., (H; N K;)/(U; N'V;), ... ) )er-

B. If ¢ € N(F/W), where N (F/W) is a subbasic open set (so F is
compact and non-empty, and W is open), then there is a tubular A/ such
that g € N C N(F/W) (so the tubular sets form a local base at g):

If g(Q) C W, then, since X is locally compact and ¢g(Q) is compact,
we may find an open U such that g(Q) CU C U C W and U is compact.
Then N (Q/U) is tubular and g € N(Q/U) C N(F/W). From now on
assume that g(Q) € W.

Consider the space g(Q) C X. This g(Q) is compact and zero-dimen-
sional. We have now g(F) C (W N g(Q)) C ¢(Q), with g(F) compact
and W N ¢g(Q) (relatively) open in ¢(Q). We may now partition g(Q)
as g(Q) = A U B, with both A, B relatively clopen and g(F) C A C
W N g(Q); note that A # ) and B # (). We may then get open subsets
of X, W,V satisfying: cl(W)Ncl(V) =0 (in X) and cl(W),cl(V) both
compact and W N g(Q) = A and VN g(Q) = B and W C W. Then Q
is partitioned into clopen sets as Q = g~ 1(A) U g7 (B) and g € N :=
N(f~Y(A)/W, f~Y(B)/V) C N(F/W), and N is tubular.

To get the sets W, V: First get an open W with A C W C CI(W)
W\B and cl(W) compact. Then get an open V with B C V C cl(V)
X\cl(W) and cl(V) compact.

OoiniN

Two situations in which all sets in [X]=? are zero-dimensional appear
naturally: One is that @ is scattered (for countable @ of Lemma 5.3),
and another is that X is zero-dimensional (as in Lemmas 5.1 and 5.16).

Proof of Lemma 5.3. For each of (4), (B), (C), the statement @ —
@ is trivial.

For (A®) — (A®), use the fact that P is a retract of @ when P C Q.
To see this, note that @ is metric and zero-dimensional and P is a closed
subset of Q. Then, if p : Q — P is the retraction, X* embeds into X©
via the map f+— fop.

For (B®) — (B®@), observe that when P embeds into @, [X]<F is a
subspace of [X]=% (because P is a continuous image of Q).

(A) — (B) holds because [X]=% is the continuous image of X% under
the map ® of Lemma 5.2.

(B®) — (C®) holds because [X]F C [X]=F.
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Now suppose that @ is countable. Then we need to prove that (C®) —
(A). To do this, we shall prove (C®) — (C®) and (C®) — (B) and
(B) = (4).

First, (C®@) — (B) holds because (C®) — (B®) holds, because [X]=%
is the countable union of the [X]? such that P embeds into Q.

Second, we prove that (B) — (A) by showing that (B®@) — (AD).
Note that, as in Lemma 5.4, the countable compact @ is scattered.

From now on, use T for the topology on X and T for the coarser metric
topology7 which is separable because (X, T ) is HS. Note that if FF C X is
T compact, then F is also 7 compact and (F,7) = (F,T). Let B be a
countable open base for (X, T), closed under finite unions.

Assume that (A®) is false, so assume that C(Q, X, 7@) is not HS, with
left separated sequence (f, : @ < wi). We shall prove that [X]¥ is not
HS for some P that embeds into Q.

Let A, be the left separating neighborhoods, which by Lemma 5.7 we
may assume are tubular basic clopen sets in C(Q, X, 7@) So, fa € Ny,
and o < 8 — fo ¢ Nj.

Thinning the sequence, we may assume that N, = N (Hy/U§,...,
H,,—1/U%_), where m is independent of «, and the H; form a clopen
partition of @ (independently of «, since there are only R such partitions),
and, in (X, 7A')7 the U are open and non-empty, and the U? are compact
and pairwise disjoint.

Then the U? are also compact in the coarser topology (X, T), so, since
B is closed under finite unions, we can find Gy, ..., G,,_1 € B such that in
(X,T): The sets Go,...,Gp_1 are pairwise disjoint and each U® C G;.
Since |B| = Ng, thinning the sequence again, we may assume that the G;
are independent of a.

To get P, recall that ) is homeomorphic to v + 1 for some v < wy,
by Lemma 5.4. Similarly, each f,(Q) is homeomorphic to a successor
ordinal. By Lemma 9.1, each P, = f,(Q) embeds into v + 1. There are
only Xy such P,, so thinning the sequence again, P is independent of «.
Now fo(Q) € [X]F. Let U~ = J, U2.

Since fo € No = N(Ho/US, ..., Hpno1/UZ_,), each fo(H;) C Ug, so
fa(Q) C U Also, if @ < 8 then fo ¢ N(Ho/UY,...,Hp_1/US ), so
some fo(H;) & Uﬁ Because of the separating sets Go,...,G,,_1, this
implies that fo(Q ) z UP.

So, [X]¥ is not HS because the sequence (fo(Q) : o < wi) is left
separated by the Vietoris neighborhoods {B : B C U“}.

Third, we prove that (C®) — (C®). This is like the proof of (1) —
(2) of Lemma 2.9. Let 7, T, and B be as above. Assume that (C®
is false, and let (K, : o < wi) be a left separated sequence in [X]F,
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where P embeds into (). Then P is homeomorphic to (Ka,’?') and to
(Ko, T). For each a, we may choose an uncountable U, € B such that
cl(Uy, T) N K, = 0. Then, since B is countable, WLOG U, = U for all
a. Observe that since P and () are homeomorphic to successor ordinals,
P is homeomorphic to a clopen subset of (). Then, using Lemma 5.5,
fix H C U such that (H, ’7A') and (H,T) are homeomorphic and @ is
homeomorphic to the disjoint union of P and H. Then (K UH : a < wy)
is a left separated sequence in [X]9. O

Proof of Lemma 5.1. This is like the proof of (B) — (A), or =(A4) —
—(B). Here, @ may be uncountable, but we do not need to “thin” our left
separated sequence down to one in some fixed [X]. O

Remark. Assume that X is as in Lemma 5.3 and (X)) is HS. Then
K(X) is strongly HS, by an argument similar to the proof of Theorem
5.17 below.

The next lemma helps obtain counter-examples to strengthenings of
Lemmas 5.3 and 5.5.

Lemma 5.8. Assuming CH, there is a Luzin set R that is submetrizable
and extremally disconnected and HS and HL.

Proof. Assume CH, and let X be compact, ccc, and crowded, with w(X) <
N;. Let E(X) = st(ro(X)) be the absolute or projective cover of X (see
Engelking [5], Problems 6.3.19 and 6.3.20). Then w(FE (X)) = |ro(X)| =
Ny, and ®; < |E(X)| < 2%, and E(X) is compact and extremally discon-
nected.

Let ¢ : E(X) — X be the usual projection, so {p(y)} = {U : U € y};
here, y is an ultrafilter on ro(X). So, ¢ is a continuous irreducible surjec-
tion.

Let L C X be a Luzin set and Ni-dense in X. Such an L exists because
X is ccc, so that there are only N; closed nowhere dense sets.

Then choose R C E(X) such that ¢[R maps R one-to-one onto L.
Then R is dense in F(X) because ¢ is irreducible and p(R) = X. So,
R is also extremally disconnected. Also, R is a Luzin set because ¢ is
irreducible, so that every nowhere dense subset of R maps to a nowhere
dense subset of X.

This R is HL because it is a Luzin space. But also, if X is HS then R is
HS: Suppose that (y, : @ < wy) were left separated in R. Let x4 = ¢©(Ya)-
Since L is Luzin, we may thin the sequence and assume WLOG that there
is an open U C X such that all z, € U and {x, : & < w;} is Nj-dense in
U. Then since X is HS, fix § < wy such that {z, : @ < ¢} is dense in U.
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Since ¢ is irreducible, {y, : @ < &} is dense in ¢! (U) and hence dense in
{Ya : @ < w1}, contradicting “left separated”. To get the desired example
R that is HS and HL, let X be [0, 1]. O

Now, we see that in Lemma 5.5, none of the three hypotheses “first
countable” and “HS” and “uncountable” can be eliminated. For “first
countable” use R ; for “HS” use a discrete space of size W; ; for “un-
countable” use a discrete space of size N.

For Lemma 5.3, consider the following example:

Example 5.9. Assuming CH, there is a space R that is submetrizable
and extremally disconnected and HS and HL, such that R x R and [R]?
are neither HS nor HL.

Thus, if Q from Lemma 5.3 is infinite, then (C®) holds because [R]%¥ =
() is HS, but (C®) fails because 2 = {0,1} embeds into Q.

Proof. Let X be the double arrow space formed from [—1, 1] by replacing
each t € [—1,1] by the pair {¢~,tt}. Then let L C (—1,1) be an N;-
dense Luzin set, using the standard real topology on (—1,1), with t €
L —teLforalte (—1,1). Then, let L = {t~ :t e L} C X, and
choose R as in the proof of Lemma 5.8. Here, R is submetrizable because
it maps homeomorphically onto L, which is a subspace of the Sorgenfrey
line {t~: -1 <t <1},

In L x L, there is an uncountable discrete set D = {(t7,(—t)7) : 0 <
t<1&te L} Then (Rx R)N(p x @) (D) is discrete. Likewise, [R]?
has an uncountable discrete set obtained by replacing D by {{t—,(—t)"} :
O0<t<lé&telL}. O

Section 4 described a general method for constructing S-spaces X that
are locally countable and locally compact. Furthermore, we showed that
we can build X so that even /(X)) is HS, which implies that X is strongly
HS. Section 7 will show that such an X can be strongly HS without C(X)
being HS.

We can also ask whether we can get our X with the still stronger
property that K(K(X)) is HS. But this turns out not to be stronger.
Theorem 5.17 will show that if I(X) is HS, then K(K(X)) is HS, as is
K(K(K(X))), KK(K(K(X)))), ete.

We begin by discussing some properties that pass from X to K(X).
We may think of K£(X) as an extension of X, since the map = — {xz}
embeds X into K(X).
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Proposition 5.10. (1) For infinite X, w(K(X)) = w(X).
(2) If X is locally compact, then K(X) is locally compact.

(3) If X is locally second countable, then IC(X) is locally second count-
able.

Proof. (1) is clear from Lemma 2.3.

For (2): Fix K € K(X). Then, since K is compact, there is an open
U D K with U compact. Then, in K(X), N'(U) is an open neighborhood
of K and N'(U) C K(U), which is compact.

The proof of (3) is exactly the same as that for (2), replacing “compact”

by second countable. O

On the other hand, “locally countable” does not extend upward from
X to K(X). Our S-space is locally countable, but if X contains a closed
copy of w+ 1 (as does our X), then (X)) will contain a Cantor set, and
hence fail to be locally countable.

Definition 5.11. Let “SM” abbreviate “submetrizable”, and then say
that X is wSM iff there is a coarser topology T on X such that (X,T)
is a separable metric space.

Thus X is wSM iff there is a countable point-separating subfamily of
C(X,R).

Proposition 5.12. If X is SM then K(X) is SM; if X is wSM then
K(X) is wSM.

Proof. Assume that X is SM, and let 7 denote the original topology on
X and let p be a metric such that (X, p) is coarser than (X, 7\') Note that
K(X,T) € K(X,p). Let pf : K(X,p) x K(X,p) = R be the Hausdorff
metric on (X, p). Let TV be the Vietoris topology on K(X, 7A') Then
(K(X,T),p™) is coarser than (K(X,T),TV), so (K(X,T),TV) is SM.
Furthermore, if (X, p) is separable then (K(X, p), p¥) is separable, so that
(K(X,T),TV) is wSM. O

We now relate (X)) to K(K(X)).
Lemma 5.13. If £ € K(K(X)) then JE € K(X).

Proof. Suppose that £ C (X)) and £ is compact in the Vietoris topology.
Then |J€ C X, and we must show that | J £ is compact. So, let U C P(X)
be an open cover of |JE& such that U is closed under finite unions. We
must produce a U € Y with [ JE C U.

In (X)), we have, for each U € U, the open set N'(U) = {H € K(X) :
HCU}.
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For each F € £&: E C|JE C UU, and U is closed under finite unions,
so there is some Ug € U such that E C Ug, and hence E € N (Ug). So,
ECUN(U) : U € U}. Since € is compact, fix n < w and U; € U for
i < n such that &€ C U{N(U;) : i < n}. Let U = Y{U; : i < n}. Then
U e U and & C N(U), which implies that | JE C U. O

So, U maps KC(K(X)) onto K(X); it is onto because | J{E} = E. It
is not one-to-one if |X| > 2, since |J ' ({z,y}) is the five-element set

{{z. v} l=h {wth {{ah {o b b ot {Hah {ud {os -

Lemma 5.14. The map | : K(K(X)) — K(X) is continuous, and its
point inverses are compact.

Proof. For continuity, it is sufficient to show that R := {€ € K(K(X)) :
JE € W} is open whenever W is a subbasic open subset of C(X). There
are two cases for each open U C X:

W={H:HCUh R={EcKIKX)):EC{FeK(X):FCU}},
which is a subbasic open subset of K(K(X)).

W={H:HNU #0}: R={Ec LK(X)):EN{F e K(X): FNU #
0} # 0}, which is a subbasic open subset of K(K(X)).

For each H € K(X), its preimage {£ € K(K(X)) : U = H} is a
closed subset of the compact {€ € K(K(X)):JEC H} =2 K(K(H)). O

The proofs of Proposition 5.15 and Lemma 5.16 use that fact that every
non-empty second countable compact space is a continuous image of the
Cantor set (see Engelking [5], Problem 4.5.9(b)).

Proposition 5.15. If X is an S-space and X is HS, where Q is the
Cantor set, then X is ultra strong.

Proof. This is like the proof of (A®) — (A®) in Lemma 5.3. If P is
any second countable compact space and ¢ : @ — P is a continuous
surjection, then X embeds into X via the map f — fo g, so XF is
HS. O

Lemma 5.16 is a variation on Lemma 5.3, which compares spaces of
images of and functions on compact P that embed into compact Q.

Lemma 5.16. Assume that X is SM, locally compact, and zero-dimen-
sional. Let Q be the Cantor set. Then X% is HS iff K(X) is HS.

Proof. We may assume that X is HS, since both X? and K(X) contain
a copy of X. Then, observe that X is wSM (since it is SM and HS) and
locally second countable (since it is wSM and locally compact).
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For —: Since X is locally second countable, all compact subsets of X
are second countable, and hence [X]<¢ = K(X). But [X]S9 = &(X?),
where @ : X¢ — K(X) is the continuous map of Lemma 5.2. Thus, if
X @ is HS, then its image K(X) is HS.

For <—: From now on, use T for the topology on X and 7T for the coarser
separable metric topology; so our X becomes C(Q, X, ?) Note that if
FCXisT compact, then F' is also 7 compact and (F, ’f‘) >~ (F,T). Let
B be a countable open base for (X, T), closed under finite unions.

Assume that C(Q, X, 7A') is not HS, with left separated sequence (fy :
a < wy). We shall find a left separated sequence in K(X, 7\')

Let N, be the left separating neighborhoods; so, fo € M, and a <
B = fo ¢ Ng. By Lemma 5.7, we may assume that the N, are tubular
basic clopen sets in C(Q, X, T).

Thinning the sequence, we may assume that N, = N(Hy/U§,...,
H,,—1/U2_), where m is independent of «, and the H; form a clopen
partition of @ (independently of «, since there are only R, such partitions).
Also, since X is zero-dimensional and locally compact, we may assume
that the U® are compact and clopen in (X, ’?')

Then the U® are also compact in the coarser topology (X, T), so, since
B is closed under finite unions, we can find Gy, ..., G,,_1 € B such that in
(X,T): The sets Go,...,G,,_1 are pairwise disjoint and each U® C G;.
Since |B| = Xy, we may assume WLOG that the G; are independent of «.

Let U* = |J, UQ. Note that each f,(Q) € K(X, 7).

Since fo € No = N(Ho /U, ..., Hp—1/US_,), each fo(H;) C UP, so
fa(Q) C U Also, if o < 8 then fo ¢ N(Ho/US,. .., Hy1/U? ), so
some fo(H;) & Uf. Because of the separating sets G, ..., Gpn_1, this
implies that f,(Q) € U”.

So, (X, T) is not HS because the sequence {fo(Q) : o < wy) is left
separated by the Vietoris neighborhoods {B : B C U“}. O

Theorem 5.17. Assume that X is SM, zero-dimensional, and locally
compact, and K(X) is HS. Then K(K(X)) is HS.

Proof. Apply Lemma 5.16 to X to see that X< is HS, and hence (X @)%
is HS, since (X@)@ = X@*Q = X@. TFor the first “=", see Engelking [5],
Theorem 3.4.7.

To see that (K (X)) is HS, apply the same lemma to (X)), which is
also wSM and locally second countable and zero-dimensional and locally
compact. As in the proof of Lemma 5.16, the continuous map ® : X —
K(X) is surjective. Here, it induces ®* : (X?)? — (K(X))?, making
(K(X))¥ a continuous image of the HS (X®@)?. O
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6. REMARKS ON THE SCSP

Here, we relate our construction to the SCSP, defined in [6]. There,
we said that a compact space X has the w;—SCSP (Strong Closed Set
Property) iff there are non-empty closed H,, K, C X for o < wy with all
H,NK,=0suchthat « #5 — H,NKg#0 & HgN K, #0.

Observe that if Y € X and Y has the w;—SCSP then X has the wi—
SCSP. Also, if X has the w1—SCSP then w(X) > X;. So, the negation,
—(w1—SCSP), might be considered to be a notion of smallness. But unlike
other notions of smallness (small weight, small density, HS, HL, etc), this
—(w1—SCSP) is, under <, not closed under finite disjoint unions. As an
example, let X = wy U {00}, where w; has the topology T defined in
Section 4 and X is its one-point compactification. Then X x {0,1} has
the w1—SCSP but X does not.

To prove the first statement, choose a clopen compact F, C w; with
a = max F, and let Hy, = F, x {0} U (X\F,) x {1} and K, = (X x
{0,1)\ Ha.

To prove the second statement, suppose that we had closed H,, K, C
X as in the definition of the w;—SCSP. Expanding them, WLOG they are
clopen, and expanding further, WLOG all H, U K, = X. Then, thinning
the sequence and swapping H/K if necessary, WLOG oo € K, for all
a. Then each H, C w; and is clopen and compact and countable. Also,
a#B— Hy ¢ Hg. Let Ng = {F € K(wy,T): F C Hg}. Then Nj is a
neighborhood of Hg in K(wl,?), and « #  — H, ¢ N3, contradicting
the fact that K(wy,7) is HS.

7. EXAMPLES

Since the point of this paper was to produce ultra strong S-spaces, we
need to show that “ultra strong” does not just follow from “strong”. So,
we shall produce (under CH) two examples of strong S-spaces X such that
[X]“*1 is not HS.

Trivial Example. Let X =Y & Z, where Y is any strong S-space and Z
is a countable space such that [Z]*T! is not HS. X is strongly HS because
Z is countable.

Such a Z exists by:

Lemma 7.1. There is a countable Ty space Z such that [Z]“t1 has an
uncountable discrete subset and [Z]71 =0 for all v > w + w.

Proof. Let Z = IU{oco}, where I is a countably infinite set. To define the
topology, start with A, C, € [I]N for a < w; satisfying the following:
1. A, N Cg is finite for all o, 3.
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2. Ay N Ag and C, N Cg are finite for all o # B.
3. A,NCy =10 for all a.
4. A, ﬂCﬂ#@foralla#B.

Let F be the filter on I generated by all cofinite sets plus {I\ A, : & < w1 }.
Define U C Z to be open iff either co ¢ U or U\{occ} € F. Then Z is T3
and all z € I are isolated, whereas oo is not isolated. Since there is only
one non-isolated point, [Z]7*! = () when v > w + w.

Let K, = Cy U{oo}. Then K, = w+ 1 by (1). Furthermore, by (3),
{H € K(Z): HC (I\A,) U{o0}} is a neighborhood of K, that, by (4),
does not contain any Kz for 8 # a. So, {K, : a@ < wi} is a discrete set
in K(Z).

Sets Aq, C, satisfying (1)(2)(3)(4) form a type of Luzin gap. They
may be constructed as follows (51m11arly to Todoréevié [15]): Let I =
{0 1}<\{@}. For o € I, let L(o) = lh(c) — 1. Define & by: 1h(5) =

lh(o) & 61L(c) = olL(c) & 6(L(c)) =1 —0o(L(0)) (just change the last
element of the sequence o). Fix any distinct f, € {0,1}* for o < w;. Let
Ay ={oc€l:ocC fotand Cp={0€1:6 C fuo}. O

Less Trivial Example. We can get X to be locally compact and locally
countable (and hence first countable). Note that any Z satisfying Lemma
7.1 cannot be first countable. Also, if we let Z be uncountable, it is
possible that Y & Z will not be strongly HS, even if both Y and Z are
strongly HS. But we can still prove:

Theorem 7.2. Assuming CH, there is a locally compact locally countable
strong S-space X such that [X]*T! and X“*1 are not HS and X U {0}
satisfies the wy-SCSP.

In the proof, we shall focus on getting [X]“*! to be not HS; then X«+!
also will not be HS by Lemma 5.3.

Our fundamental space (X, 7T) will be related to the Sorgenfrey topol-
ogy (Definition 4.25) on a set of real numbers. It will be strongly HS,
but ([X]“*+!, T) will not be HS. Then, (X, 7) will also be strongly HS by
Corollary 4.23, while ([X]“*+!,T) will not be HS by Lemma 4.24.

Now if X C R and X is n-increasing for all n (Definition 4.26) and T
is the Sorgenfrey topology, then (X, T) is indeed strongly HS by Lemma
4.27, but the same proof will show that ([X]“*!,T) is HS, as is even
K(X,T). So, our actual (X,7) will be a bit more complicated.

We begin with two simple lemmas on increasing sets. The following is
easily proved from the definitions:

Lemma 7.3. Suppose that E C R is n-increasing and E is partitioned
into disjoint sets E; for j € w. Let D; for j € w be disjoint subsets
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of R such that each D; is order-isomorphic to E;. Then Uj Dj is also
n-increasing.

In particular (assuming CH), if C' C R is a Cantor set, then we may
start with an £ C C such that E is n-increasing for all n € w, and
also F is Ri-dense in C; then partition E into disjoint sets I; for j € w
so that each Ej; is also Ni-dense in C. We may now let C; for j € w be
disjoint Cantor sets such that every open interval contains infinitely many
of them. In each Cj, we may place an isomorphic copy E7 of E;. Then
U ; £ is n-increasing for all n € w, and also N;-dense in R. Re-indexing
(our Cy becomes the C of Lemma 7.4):

Lemma 7.4. Assuming CH: Let C C R be any Cantor set. Then there
is an EE C R such that E is n-increasing for all n € w, and E is Ny-dense
i R, and also ENC is Xi-dense in C.

Proof of Theorem 7.2. Fix an N;-dense F C R with Q C E. The
fundamental space X will be the set (w+ 1) x F with a topology T that
we shall now describe.

First, let 7~ denote the Sorgenfrey topology on E. So, an open base
for 7~ consists of all (x,y] such that © < y and x,y € F; then these sets
are clopen as well.

Let 7~ also denote the natural product topology on X, formed giving
w + 1 its usual topology. This has as a clopen base all sets {n} x (z,y]
and ((w+1)\n) x (z,y], with < y and z,y € E. We shall now refine
(X,7T7) to a space (X,7T), and we shall use (X,7) as our fundamental
space.

For o < wi, choose K, C X with the following five properties: @
Each Ko = {(pt) : p < w} and t € Q for p < w, while t§ € E.
So, K, is actually a function from w + 1 to R; K,(p) = t;. @ The
sequence (t;; : 1 < w) is strictly increasing and converges to ¢ in the real
numbers; that is, ¢5; = sup, tj;. @ a # [ = 1 # t3. Note that each
(K&, T7) 2 w+1, and this will remain true with respect to 7 and T the
set {Kg : a < wy} will be discrete in (K(X), T), proving that ([X]“*+1,T)
is not HS. Let K| = {(1,2) € X : z < t5}; so, each K, C Kol and
K, is T~ closed but not open. But, K,|\ {(w,t%)} is T~ open because
(thp<w) St

Now, refine (X,7 ) to (X,7T) by declaring each K,| to be clopen.
Note that each (K,,7T) = w + 1 because a # 3 — t& # t2. Also, note
that for each p < w, {u} X E has the same topology in 7 asin 7.

@ The set E is n-increasing for all n. It follows (see Lemma 4.27) that
in T, all finite products of these {u} x E are HS, which implies that X™
is HS for all n € w.
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® The K, are chosen so that also there exists p < w [tfj > tﬁ} whenever
a # (. This is obvious when ¢2 > ¢, since then ¢ > ¢/} for all but finitely
many p. It is a bit tricky when t& < t2] since then ty < tﬁ for all but
finitely many p, but ® can be done, as explained below.

Requirement ® implies that o # 8 — K, € Kgl, so that (K, : a <
wi) is a discrete sequence in ([X]“*1 T).

We now refine 7 to 7. Here, (X, T) is our fundamental space, which
we enumerate as {5 : 0 < wi} and then apply the construction in Section
4 (identifying x5 with ¢) to obtain 7. Choose the enumeration as given
by Lemma 4.24. Then (passing to a subsequence), we can make (K, :
a < wy) discrete in ([X]“,T) as well.

But it follows from Corollary 4.23 that (X, '7') is strongly HS.

Regarding the SCSP and working in (X, 7\') Each K,/ is clopen, so
choose a compact clopen countable H, with K, € H, C K,J). Then
the H, remain compact clopen in X U {oo}, and @ # 8 — H, € Hag,
establishing the w;-SCSP for X U {co}.

We are now done if we explain how to obtain Requirement ®.

Apply CH plus Lemma 7.4, where the Cantor set C' is the set of real
numbers of the form 3, f(5)1077=1 where all f(j) € {5,7}; these are
the numbers in (0,1) whose decimal expansion contains only 5s and 7s.
So, choose F so that Q C £ C R and F is Nj-dense in R and ENC' is
Ni-dense in C' and F is n-increasing for all n € w.

Now, it is sufficient to show that for each y € C, we can choose t¥ € Q
for n < w such that y < z = In t¥ > t7 and (t¥ : n € w) is a strictly
increasing sequence converging to y. The following illustrates our choice
of t¥:

v |
.b575--- | .3 | .53 | .b51 | 5573
D757+ 1 .31 .51 | .B73 | 5751
D755+ | 3| .51 | .573 | 5753
J575--- | 1| .73 | .TH1 | 7573

More formally, define 5 = 3 and 7 = 1. Then, if y = ZjEw f(iHro—i-1

we let ¢t =3, f(5)1079=1 4 f(n)10~"~!. Now suppose that y < z,
with y = 3., f(7))10777" and z = 37, g(j)1077~1. Let n be least

—_

such that f(n) # g(n); so f(n) =5 and g(n) = 7. Then f(n) > g(n), so
o>tz O
Another remark on strong S-spaces:
If X is an S-space and X = X x X then X" = X foralln > 1, so X is

a strong S-space. This suggests a new way of building a strong S-space —
except that we do not see how to build a homeomorphism from X onto
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X? directly into our construction in Section 4. We describe below a way
of getting X = X2 after we have built a strong S-space.

Call X good iff | X| = RX; and X is T3 and locally compact and locally
countable (and hence also scattered and zero-dimensional). All the S-
spaces constructed in this paper are good. If X is good then X is not
HL, since using the Cantor-Bendixson sequence, one can list X as {z, :
o < w1}, where {z ¢ i1 € w} lists X(© \ XE+HD | This listing is right
separated.

Note that the product of two good spaces is good.

CH implies that there is a good S-space X such that X = X x X. Proof.
Let Y be any good strong S-space. Let X = @, _ w xY™. Note that YO
is a one point space. Since wxw = w, we have X* =@, |, wxY"H" =
X.

The X that we build in this manner may or may not have K(X) HS.
If we start with [Y]**! not HS (as in Theorem 7.2), then [X]“*! will also
not be HS, since Y embeds into X. But if we start with £(Y) HS, and
assume that Y is also wSM, then K(X) will also be HS; this is easily
proved using Lemma 5.16.

Question. Can we also get a good strong S-space X such that X 2
X x X7

8. ON COMPACT S-SPACES

Our ultra strong S-space X was locally compact but not compact. The
one-point compactification X U {oco} is compact and a strong S-space,
since adding one point does not destroy the property of being strongly
HS.

It is not clear whether X U{oo} is ultra strong. In fact, we do not know
whether (X U {oco})*T! is HS. But (X U {oo}) is not HS. This follows
easily from:

Lemma 8.1. IfY is compact and not HL, then K(Y) is not HS.

Proof. Since Y is not HL, there is a sequence of sets, (F, : o < wy),
such that each F, is closed (and hence compact) and o < 8 — Fg G Fi.
Choose po € Fo\Fut1. Let Ny = {K € K(Y) : po ¢ K} = {K €
K(Y): K C Y\{pa}}. Then N, is open in the Vietoris topology and
No N {Fe 1 € <wi} ={Fe:a <& <w}, so {Fe: & < a} is relatively
closed in {F¢ : £ < wy} for each o, so {F¢ : £ < wy} is not separable. O

9. ON ITERATED EXPONENTIALS

Despite results such as Lemma 5.3 which emphasize the similarities
between [X]|SF and XT, there is a significant difference between them.
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For example, let P = w + 1 and consider A, B € [R]“*! C K(R), where

A={0,1}U{1075 " :new}and B={0,1} U{1—-107°"":n € w}.
Then A, B are “close” as elements of X(R) since d(A, B) = 0.00001, where
d is the Hausdorff metric. But if A = ran(f) and B = ran(g) for some
f,9 € R*TL then || f — g|| = 1 (since f(w) — g(w) = 1), so A, B are not
“close” if viewed as arising from functions in R“*!. Also, although (X®)¥
has an obvious identification with X**9, and hence with X9*¥ and
(xX? )Q, we shall see below that even when P, Q) are countable compacta,
there is no such identification of [[X]S?]=F with [X]=(F*?) and the two
spaces [[X]S9]=F and [[X]SF]=9 can be significantly different from each
other.

In the following, P,(Q denote arbitrary compact spaces. Note that
[X]S@ C K(X) and X C YV — [X]SF C [Y]SP. So, [X]=9sF C
K(X)EP € K(K(X)).

We may also apply the continuous map |J : K(K(X)) - K(X) (see
Lemma 5.13). But now consider its restriction |J : [[X]S@]<F — K(X).
Note that for finite m,n, |J maps [[X]="]<™ onto [X]<™*". But for more
general P, @, what is the range of the |J map on [X]S9]<F ? We shall
see that it need not be contained in [X]SF*? even in the “trivial” case
that P2 Q 2w+ 1.

Another view of the [ map and computing | J £, where £ € [[X]<@]|=F:
Say &€ = {K, : p € P}, where each K, € K(X), and each K, is a
continuous image of ), and the map p — K, is continuous from P into
K(X). Then we know that (J& = J, K, is a compact subset of X.

Ezample. |J& = Up K, is compact scattered if P and ) are compact
scattered (see Lemma 9.4). Then, Theorem 9.5 will produce a bound on
the rank of (J, K.

A related simple explicit example illustrates the difference between a
continuous f : P — [X]¥, where each f(p) chooses a continuous home-
omorphic image of @, and a continuous g : P — X%, where each g(p)
chooses a continuous function in X% that produces such an image. With
P =Q = w+1, such a g yields a continuous map from P x @ into X,
which, using f(p) = g(p)(w + 1), would imply rank(J, f(p)) < 2. Work-
ing in (R x R), using the Hausdorfl metric induced by the standard
Euclidean metric on the plane, we shall define f : w +1 — [R x R]“*! so
that rank(lJ, f(p)) = 3.

Let f(w) = {0} x E,, where E,, = {0}U{27% : k < w}. So, f(w) & w+1,
with limit point (0,0). For n < w, let f(n) = {27"} x E,. Choose
E, C [0,1] with the following properties:

®. B, 2w+ 1, with limit point y,, = 277, with j, € w.

®@. d(E,, E,) < 27", where d is the Hausdorff metric on K£(R).

®. Vk € w 3°n [j, = k]
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Just using @@, d(f(n), f(w)) < 27" +27",s0 f:w+1— [Rx RwH!
is a continuous map. Let H =, f(p) = U,<, f(¥) € R xR. Then
each point (27",277») € H’, so applying ®, each (0,27%) ¢ H”, so
(0,0) € H"; so, rank(, f(p)) = 3. Therefore, no continuous choice
function g : P — X© corresponds to this f.

Next, we list two basic lemmas that will be relevant for the rest of this
section.

First, we prove the following well-known fact about maps on scattered
compacta:

Lemma 9.1. Suppose that f € C(X,Y) maps X onto Y and X is com-
pact scattered. Then Y is compact scattered and f(X(o‘)) DY@ for all
a and rank(Y) < rank(X).

Proof. Tt is enough to prove f(X(®) D Y (@) The rest follows trivially.
We induct on a. The case a = 0 is trivial.

For a = 1: We need to prove that f(X’) O Y’. Suppose that y €
Y\ f(X"). Since f(X’) is compact, let U be an open neighborhood of y
with U N f(X') = 0. Then f~1(U) is compact and disjoint from X', so
f71(U) is a finite set of isolated points of X, so that U = f(f~1(U)) is
finite.

For the induction, the successor steps uses the o = 1 case. For limit
7, and assuming the result for a < v, use f(X) D ﬂa@{ f(X@) D
ﬂa<7 Y@ = Y. The first “D” follows by compactness and the fact

that X (@) N\, X, O

Remark. There are no similar bounds for the ranks of individual points.
That is, rank(2) might be < or > or = rank(f(x)).

Second, we shall use the following interpolation lemma in the plane,
with L = R?:

Definition 9.2. Let L be a normed linear space, and fix A, B € [L]<%0\
{0}, and 6 € [0,1]. Then the interpolant C = Z(A, B,0) is defined as
follows: First, let G = {(a,b) € A x B : d(a,b) < d(A,B)} (the good
pairs). For (a,b) € G, let ¢(a,b) = (1—6)-a+60-b. Then let C = {c(a, ) :
(a,b) € G}.

Note that A, B need not be disjoint, so a might equal b for some (a,b) €
G. By the definition of the Hausdorff metric, dom(G) = A and ran(G) = B
(but G need not be a function); it follows that [Z(A, B, 6)| < |A|-|B|, and
max(|Al|,|B]|) < |Z(4, B, 0)| for 6 € (0,1).

Lemma 9.3. Let L, A, B,6,C =Z(A, B, 0) be as in Definition 9.2. Then
d(A,C)=6-d(A,B) and d(C,B) = (1 —0) - d(A, B).
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Proof. Note that if ¢ = ¢(a, b), then both d(a,c) =0 -d(a,b) < 6-d(A, B)
and d(c,b) = (1 —0) - d(a,b) < (1 —0)-d(A,B). Now let C' = {c(a,b) :
(a,b) € G}.

Then d(A,C) < 6 -d(A,B). Proof. This follows if we can show that
we have both Ve € C' Ja € A [d(a,c) < 0-d(A,B)] and Va € A Jc €
C [d(a,c) < 0-d(A,B)]. For the first statement, choose a such that
¢ = c(a,b) for some b € B. For the second statement, choose ¢ such that
¢ = c(a,b) for some b € B.

Likewise, d(C, B) < (1 — ) - d(A, B), by essentially the same proof.

Now, by the triangle inequality, d(A, B) < d(A,C) + d(C, B), which
implies that d(A,C) = 0 - d(A, B) and d(C,B) = (1 — 0) - d(A,B). O

Our intended application will be in the plane, with L = R x R and
Ac{u}xRand BC{v} xRand p<p<wv. Let 0= (p—p)/(v—p).
Then (1-0)-u+6-v=0-(v—u)+p=p,s0Z(A B)C {p} xR

We now return to the following general situation, where P, Q) are com-
pact and scattered, and we are considering elements of the set
U(IX]=9=F). So, we have K, € K(X) for p € P such that each
K, is a continuous image of ) and the map p — K, is continuous
from P into K(X). We shall bound the rank of |J, K, as a function
Y(rank(P), rank(Q)). After proving an upper bound, we shall show
that, at least for countable P, (), that bound is best possible. We shall
also see that our bound is sometimes strictly larger than the “obvious”
rank(P x Q) = rank(Q x P). In fact our ¢(«, 8) is not commutative; that
is, 1(a, ) # ¥(B, a) for some a, .

Actually, we shall obtain our upper bound under the weaker assumption
that the map p — K, is only weakly continuous. This means that for all
open U C X, the set {p: K, C U} is open.

The following simple example shows that weak continuity does not
imply continuity:

Fix W C P, where W is open and not closed. Fix a,b € X with a # b.
Consider the map p — K, € [X]=2, where p € W — K, = {a} and
p ¢ W — K, ={a,b}.

This map is weakly continuous, since for any U C X, {p: K, C U} is
either § (ifa ¢ U) or W (ifa €U and b ¢ U) or P (if a,b € U).

But it is not continuous: Say a € U and b € V and U,V are open and
disjoint. Then {p: K, € N(U,V)} = P\W, which is not open.

Lemma 9.4. Assume that the map p — K, is weakly continuous from
the compact space P into X, where X is any (Hausdorff) space. Let
H = U,ep Kp. Then H is compact. Furthermore, if P and all the K,
are scattered, then H is scattered.
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Proof. To prove that H is compact: Let {U, : a < k} be a family of open
subsets of X closed under finite unions such that H C Ua U,. We shall
get a finite subcover. For each «, let W, = {p € P : K, C U,}; this is
open by weak continuity. Also (J,., Wa = P because each K, is compact
and the U, are closed under finite unions, so Vp Jo K}, € U,. Now, fix
F € [k]<% such that J,cp Wa = P. Then H C |J,cp Ua because for
each p, there is an a € F' such that p € W, and hence K, C U,.

Now, assume also that P is scattered and all K, are scattered. If P
is countable, then H is obviously scattered because then H is a compact
union of countably many compact scattered subsets, so H cannot have a
perfect subset.

In the general case, let V[G] be a generic extension of the universe in
which P becomes countable. In V[G], P and all the K, remain compact
scattered, so H becomes scattered in V[G]. But that implies that H is
scattered in V. (]

We now prove our upper bound.

Theorem 9.5. To the assumptions of Lemma 9.4, add the assumption
that rank(P) < « and all rank(K,) < 8. Thenrank(H) < (f+1)-a+ 8.

Proof. WLOG, X is zero-dimensional. This will simplify the argument.
In fact, WLOG X = H, so WLOG X is compact and scattered.

We now induct on «.

For a = 0: P is finite, and then rank(H) < § because H is a finite
union of sets K, of rank < 3. To handle such finite unions: Note that
for compact scattered A, B: (AU B)" = A’ U B’, and then, by induction,
(AU B)® = A© U B for all ¢, which implies that A U B is scattered
and rank(A U B) = max(rank(A), rank(B)).

From now on, assume that o > 0 and that the result holds for all
o <a.

Note that 0 < |[P®| < Ry. Let F = |[J{K, : p € P®}. This is a
finite union, so rank(F') < f. From now on, assume that F ; H, since
F =H — rank(H) < 8.

Now, consider any clopen W C X with W O F and W 2 H. Let
Uy ={p e P: K, CW}. Thisis open in P by weak continuity. Also
P C Uy G P (since W 2 H).

Let Py = P\Uw and let o = rank(Pw ). Then o’ < « because Py
is a non-empty closed subset of P disjoint from P(®. Also, H \W C
UPEPW Kp'

By the inductive hypothesis, rank(H\W) < (8 + 1) - o’ + 8. So,
rank(H\W) < (8 + 1) - a. Then, H(B+DeNW = (H\W)(B+1)e) —
(since W is clopen), so that H((B+D)-2) C W, Now, W was arbitrary and
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X is zero-dimensional, so, intersecting all possible such sets W, we have
H((B+1)a) C |,

We now have H((5+1)-a+5) € F(8) which is finite because rank(F) < f3,
so that rank(H) < (B+1) - a+ 8. O

We shall show below that for countable «,, this rank(H) <
(B+1)-a+ B is best possible. That is, we shall produce an example
where rank(H) = (6 + 1) - a+ . As pointed out above, WLOG X = H,
so if there is an example at all, there is one with X compact scattered,
but it will be convenient to start out with X = R2.

Let (o, ) = (B+1)-a+ 3. Note that ¢ is not commutative, although
Y(a, B) =¥(8,a) = af + a+ B for finite o, 8 and ¥ («,0) = ¥(0,a) = «
for all . But ¢¥(w,1) =w+1# w+w =19Y(l,w). So,if P =w*+1 (of
rank w) and Q = w+ 1 (of rank 1), then one cannot identify a P-limit of
Qs with a Q-limit of Ps.

We shall now show that the upper bound (8 + 1) - a 4+ 8 derived in
Theorem 9.5 is best possible when «, 8 are countable. And, we get a
continuous map, not just weakly continuous. Question. What happens
with uncountable a, 87

First, a preliminary lemma, relating ranks in subsets to ranks in the
whole space:

Lemma 9.6. Assume that X,Y are compact scattered and X CY and
rank(z,Y) > £ whenever x € X\X' (i.e., x is isolated in X). Then
rank(z,Y) > & 4+ rank(z, X) for all z € X.

Proof. We have z € Y© for all z € X\X’. Then X C Y (© because
X\ X' is dense in X. Then, X C y(E+n holds for all 1 by induction
on 7. In particular, if = rank(z, X) then z € X so 2 € Y&+, 50
rank(z,Y) > &+ 1. O

Theorem 9.7. Fix countable compact scattered spaces P,Q, and let a =
rank(P) and f = rank(Q). Then there is a continuous one-to-one map
p = K, from P into K(R?) such that all K, = Q and rank(U, ;) =
(B+1)-a+p and p1 # ps — K,, N K, = 0.

Proof. Some preliminaries: Let H = Up K,. We already know that H is
compact and scattered and rank(H) < (8 + 1) - @ + 8 by Theorem 9.5,
so it will be sufficient to get rank(H) > (5 + 1) - o + 8. We shall always
assume that a # 0 and S # 0, since if one of «, 8 is 0, then we can just
let H = P x Q. Note that if « = § = 1 then rank(P x Q) = 2, and we
need rank(H) = 3, so we cannot let H =2 P X Q.
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Since P and ) are homeomorphic to successor ordinals, they can be
embedded into R, so we shall always assume that P is a well ordered
subset of R such that P is compact in the standard real topology. We
shall think of P as an ordinal, and use letters like u, v to range over P.
Each K, will be a subset of {u} x R, so H = J,cp K, C R*.

Let @ = Q) this is the (finite) set of elements of @ of largest rank
(i.e., B). Let @ = Q\Q'; this is the set of isolated points of @; then
|@| = Ny because 8 # 0. Once we have constructed K,, we shall let
K, = (K,)® and K, = K,\(K,)'-

We let <@ be a well-order of P in type w, where the first element is
min(P) and the second element is max(P). In the following, all state-
ments about order will refer to the real order <, not <1, unless otherwise
mentioned. But, we shall construct the K, by recursion on the order <,
not <. When explaining the recursion, we shall sometimes write K, as
{u} x E,. We start by letting Enin(p) = Emax(p) = Q. Of course, we
cannot let all the F, be the same, or we would just have H = P x Q.
Along with the K, we shall fix a homeomorphism ¢,, from E, onto Q.

The key idea in the proof is: For each p € P\P’, each (isolated) point
(n,y) € I/(\',L will be a limit of a sequence of points from |J{K, : v €
PN (—oo,u)}. This will force (i, y) to have high rank in H, even though
it has rank 0 in K.

Before we start the recursion, to aid in constructing these sequences:
For each i € P’ (so rank(p, P) > 1) and y € @, choose a sequence
(T}, :n € w) with the following properties. We let T}, , = {7}/, : n € w}:

1,y
L All 7}, € PN (min(P),p) and (7}, : n € w) is strictly ~ and

converges tg’l/!;.
2. sup,, (rank(7)},,, P) + 1) = rank(u, P).
3. If rank(y, P) is a limit, then (rank(r)
increasing.
4. If rank(y, P) is a successor, then all rank(7;
5. T,y NT, . =0 unless both p = v and y = 2.
6. u <7y, forall u,y,n.
To get these T}, ,: First, ignore the y, and restate (1---6) replacing the
“u,y” by just “u”. Then, obtain the re-stated (1)(2)(3)(4). Here, we
ignore the <1 and we work with each u separately. Then, note that by (1),
the sets T}, are almost disjoint, so, since P is countable, we may discard
finitely many elements from each 7}, and assume that the 7}, are pairwise
disjoint. Likewise, for each u, p <0 7} must hold for all but finitely many
n because < has type w, so discarding finitely many more elements from
each T),, we may assume that p < 7,/ holds for all p, n. Finally, re-insert

g P) i n € w) is strictly

P)+1 = rank(y, P).
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the y and obtain the sets T}, , by splitting each T}, into countably many
infinite subsets.

The point of (6) is that if we define a function f on P by recursion on
<, then we shall always come to 7/}, after we have defined f(y).

n n
Once we have constructed K, and ¢, we shall use 7, for Teon(y)?

where y € Eu-
Re-stating the key idea: For each (isolated) (u,y) € K, (where u € P’),
we have the 7}, n p, and we shall also have points (7}, 2, ) € H with

n

(T/tys Z1y) € f(ﬂ’f,y (largest rank points) such that (17,,25 ) —n (1Y)
Using these, we shall prove below:

(*) Vy € E, [rank((n,y), H) = (B +1) - rank(p, P) + rank((u,y), K,.)] -

Once we have proved (x), we are done: Fix p with rank(u, P) = « and
then fix y with rank((u,y),K,) = 6. By (%), H has a point of rank
> (B+1)-a+pB,sothat rank(H) > (B+1) - a+ B.
More on the key idea: As before, d is the Hausdorff metric on K(R?),
induced by the standard Euclidean metric on R%2. We shall get:
T.u#v—|p—v| <dK, K,) < 2|p—v|. This implies that the
map p +— K, is continuous. Note that the < is obvious, but the
< will require some work.
8. d((T:},y, zZy) , (1,9)) <2|p—7};,|. This implies that (7}, z:}y)—m
(1)
We shall explain below how to get (7)(8), but briefly: to ensure (8) at
stage v of the recursive construction: If v = 7,/ for some n, yi,y, then
these n, 1,y are unique, and we ensure this instance of (8). If not, then
(8) says nothing for this v.
Assuming (7)(8), we prove (x) by induction on rank(u, P). If rank(u, P)
=0, then p is isolated in P, so rank((u,y), H) = rank((u, y), K,.).
Now, assume that rank(y, P) > 0. By Lemma 9.6, with X,Y,x,¢&
replaced by K, H, (i, y), (8 + 1) - rank(u, P), it is sufficient to prove (x)
when (u,y) € I?H (that is, (p,y) is isolated in K,). Then, we need to

~

prove, for (u,y) € K,:
rank((u,y), H) > (8+1) -rank(p, P) e, (p,y) € HIHDmankGuP)

Now we have (1,,2,,) € H with (7} 2} ) € IZ’TLL‘?] (largest rank

oy Fpy 1y
points) such that (7,7, 2 ) —n (1,y). Since rank(7},, P) < rank(u, P),

we may inductively apply (x) to (7),,2,,). Using the fact that

rank((7)} . 2, ,,), Krn ) = B, (x) gives us:

rank((TZ},y, ZZLy), H)>(B+1) ~rank(7‘ﬁ7y, P)+ 8 .
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There are now two cases, referring to (3)(4) above:

If rank(u, P) is a limit: Then (rank(7},, P) : n € w) is strictly increas-
ing, converging to rank(u, P). Then, just using rank((7},,z},), H) >
(B+1) -rank(r};,, P), we get rank((u, y), H) > (8 + 1) - rank(p, P).

If rank(u, P) = § + 1: Then all rank(r;,,P) = 6, so (1, ,,2,) €
H((B+D048) for each n. Since (T ys 2 y) —n (1,y), we have (u,y) €
H(BHD)-0+8+1) 5o that rank((u,y), H) > (B+1)-6 +B+1=(6+1)-
(64+1)=(8+1) - rank(y, P).

We are now done if we can show how to get (7)(8) to hold. To do this,
we construct the K, = {u} x E, in w steps by recursion on the order
<. As indicated above, we let Eyinp) = Enaxp) = Q. So far, with
u, v € {min(P), max(P)}, (7)(8) are obvious.

Now, fix p € P\ {min(P), max(P)}, and assume that we have con-
structed K for all m < p, and we describe how to construct K,. Let u
be the < largest element of {7m : 7 < p & ™ < p}. Let v be the < least
element of {m: 7 < p & p < 7}. So, u < p < v. Now we wish to make
sure that all the instances of (7)(8) that involve p and the points < p
hold. Since we have just fixed p, v, we restate (7)(8) with &, n:

7. & #n = [€—n| < d(Ke, Ky) < 2/¢ — 1.

8. d((7y,2¢,), (&y) <20§ =7, |-
Now (7) is symmetric in &, 7. If we let £ = p, then note that, since we are
assuming inductively that (7) holds below (w.r.t. <) p, we get (7) for all
values of 1 <1 p if we just get if for n = p and n = v. Regarding (8), note
that £ < 77, by (6), so if we let  be p, then (8) involves a point that is
not < p. So, (8) is only relevant when p = 7, for some £ <1 p (so p < ¢)

and y € IAQ and n € w. Then, by (5), this triple £, y, n is unique, so there
is only one instance of (8) to consider. If there is no such triple, then (8)
is vacuous here. Our requirements are now:

7. d(K,,K,) <2|p—u|and d(K,, K,) < 2|v— p|.

8. p=1g, = d((p,z¢,), (§y)) <2[§—pl.
We shall show next that for a suitably small € > 0, the following procedure
will construct K, satisfying (7)(8):

First, fix finite non-empty A C K,, and B C K, such that d(4, K,) < ¢
and d(B,K,) <e. Let 0 = (p—p)/(v—p);s01—0=(v—p)/(v—p).
Then, let C = Z(A, B,0) (applying Definition 9.2 with L = R?). Then
d(A,C) =0-d(A,B) and d(C,B) = (1 —10) -d(A,B), and C C {p} xR
(see Lemma 9.3 and the following remarks).

Then, if p = 7¢',, then that n,{, v is unique; choose z¢, so that
(p,2¢,) € Candd((p, 2{,,), (§ y)) is the least element of {d((p, 2), (§,y)):
(p,2) € C}. If pis not equal to any 7', then (p, z{, ) can be an arbitrary
element of C.
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We shall choose K, C {p} x R such that K, = @ and K, D C and
d(K,,C) < e and rank((p, 2¢ ), K,) = rank(K,) = rank(Q) = B.
Define § by: d(K,,K,) = 2(v —p) — 6. So, 6 > 0 and ¢ is “small”.
Then d(A, B) < 2(v — u) — § + 2e. We now have:
d(A,C) = 0d(A, B)
<2(p—p) — (6 — 2)
<2(p—p)— 06+ 2¢
d(C,B) = (1 —0)d(A, B)
<2(v—p)— (1-6)(5—22)
<2v-p)—(1-6)5+2¢

Then, if ¢ < min(#6/4, (1 — 6)d/4), choosing K, so that d(K,,C) <
gives us the following, ensuring (7):

d(Ky, Kp) <2(p—p) — 00 +4e < 2(p— p)
d(K,, K,) <2(v—p)— (1 —0)0+4e < 2(v — p)

For (8), assume that p = 7¢',; otherwise (8) is vacuous. Then & < p and
v < ¢ and

d(C,K¢) <d(C,B)+d(B,K,) +d(K,,K¢) <
2v—p)—(1—-0)¥0+2e+ec+2(—v)=2¢—p) — (1 —60)5 + 3¢

Now (§,y) € K¢, so choose 2f, so that (p, 2f,) € C and
d((p, z¢,), (§y)) <26 —p) = (1= 0)0 + 3¢ .

Finally, choose K, as above so that also C C K, and (p, Z?'y) € IN(p. This
yields (8) as long as we have 3¢ < (1 — 6)0. O
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