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ULTRA STRONG S-SPACES

JOAN E. HART AND KENNETH KUNEN

Abstract. A strong S-space is an S-space X such that Xn is HS
for all finite n. We consider replacing the “n” here with something
infinite.

1. Introduction

All topological spaces considered in this paper are T2 (Hausdorff).
A space X is hereditarily separable (HS ) iff all subspaces of X are sep-

arable, and hereditarily Lindelöf (HL) iff all subspaces of X are Lindelöf.
Also, X is strongly HS/HL iff Xn is HS/HL for all n ∈ ω. Then, X is an
S-space iff X is T3 and HS but not HL, and X is a strong S-space iff in
addition X is strongly HS.

S-spaces are consistent with MA(ℵ1) [13], but are refuted by PFA [14].
On the other hand, strong S-spaces are refuted by MA(ℵ1) [8], but exist
under CH [11, 3]. For more background, see [12].

In this paper, we use ♢ to prove the existence of ultra strong S-spaces,
satisfying a natural strengthening of strongly HS:

Definition 1.1. For topological spaces Q and X, let XQ denote the space
C(Q,X) of continuous functions with the compact-open topology. Call
X an ultra strong S-space iff X is an S-space and in addition XQ is HS
for all second countable compact Q.

Equivalently, an S-space X is ultra strong if XQ is HS, where Q is the
Cantor set; see Proposition 5.15.

2010 Mathematics Subject Classification. Primary 54D65; Secondary 54B20,
54D30, 54D45.

Key words and phrases. Hereditarily separable, S-space, Vietoris topology.
The authors are grateful to the referee for listing several minor errors in the original

manuscript, and for some helpful remarks on the exposition.
c⃝2017 Topology Proceedings.

87



This file contains only the first page of the paper. The full version of the
paper is available to Topology Proceedings subscribers.
See http://topology.auburn.edu/tp/subscriptioninfo.html for information.


