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ABsTRACT. Let fgnyk denote the space of k-dimensional, oriented
isotropic subspaces of R?™, called the oriented isotropic Grass-
mannian. Let f: fgnyk — Tgmyl be a map between two oriented
isotropic Grassmannians of the same dimension, where k,[ > 2.
We show that either (n,k) = (m,l) or degf = 0. Let RémJ
denote the oriented real Grassmann manifold. For k,l > 2 and
dim Tgnyk = dimRC:'myl, we also show that the degree of maps

g9: RGpy — Tgn,k and h: Bn,k — RémJ must be zero.

1. INTRODUCTION

It has been proved in [5] that maps between two different oriented real
Grassmann manifolds of the same dimension cannot have non-zero degree,
provided the target space is not a sphere. A similar result is obtained for
complex Grassmann manifolds in [4], when the map is a morphism of
projective varieties. For arbitrary maps, this result has been verified for
the complex Grassmann manifolds for many cases in [5] and [6].

In this paper we consider the analogous question for the space I~2n7k of
oriented k-dimensional isotropic subspaces of a symplectic vector space of
dimension 2n. The oriented isotropic Grassmannian was considered in [3]
and its cohomology was computed with real coefficients. Their method
involves identifying Io, ; as a homogeneous space Ia,, 1 ~ U(n)/(SO(k) x
U(n —k)). One may similarly consider Iy, j, the isotropic Grassmannian
of k-dimensional isotropic subspaces of a symplectic 2n dimensional vector
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space, which is ~ U(n)/(O(k) x U(n —k)). It turns out that the isotropic
Grassmannian is orientable if and only if k is odd ([1]). In this paper
we consider maps between oriented isotropic Grassmannians of the same
dimension and prove (see Theorem 3.1)

Theorem 1.1. Let n,k,m,l be integers such that 2 < | < m and
dim Iy, = dim Iop, ;. Let f: Iop g — Iom . Then either (n,k) = (m,l)
or deg f = 0.

Note that fgn’l ~ §27=1 and so it is possible to get maps of arbitrary,
non-zero degree, ¢ : Io, . — Izp 1 whenever dim(Ig, ) = 2m — 1. We
also prove

Theorem 1.2. Consider maps h: fgnk — Rém’l and g: Rém,l — _ffgnyk,
where 2 <1 < 3, 2 <k <n and dim Iz, x = dimRGy, ;. Then degg =
degh = 0.

The main technique used to prove the statements above is the classical
result that if f: X — Y (with dim X = dimY’) is a map of non-zero
degree, then f*: H*(Y;Q) — H*(X;Q) is a monomorphism. We rewrite
the known cohomology ring of fgn , in a convenient form to deduce the
above theorems.

The paper is organised as follows. In section 2 we recall the description
of the isotropic Grassmannians and compute their cohomology. In section
3, we prove the main theorems.

2. ISOTROPIC GRASSMANNIAN

In this section we set up the relevant notation and describe the isotropic
Grassmannian as a homogeneous space. Most of the ideas are discussed
in [2] and [3]. Let U(n) := U(n;C) denote the group of unitary linear
transformations C" — C", and O(n) := O(n;R) denote the group of
orthogonal linear transformations R" — R™.

Endow R?" with the standard symplectic form and define the isotropic
Grassmannian, sy, to be the space of k-dimensional isotropic vector
subspaces of R?”. Then one may identify this as the homogeneous space
U(n)/(O(k) x U(n —k)) as in [1]. We recall this description briefly. The
group U(n) acts on R?" via symplectic morphisms, so this induces an U (n)
action on Ig, j which may be checked to be transitive. Let V}, denote the
k-dimensional isotropic subspace generated by the basis vectors ey, - - - , €.
Any isometry A € U(n) with A(Vy) = Vi, is the complexification of an
orthogonal matrix on the subspace Vi +¢Vy. Thus such an isometry splits
as a sum of isometries Vi, ®1Vy — Vi @1Vj and (Ve @1Vi)+ — (Vi @aVi) L.
Therefore, the stabilizer of V;, is O(k) x U(n — k).
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From the above identification of I, j as a homogeneous space, it fol-
lows that dim Io,, ; = 2k(n — k) + @ In fact, for k = 1, Iz, 1 is the
real projective space, RP*"~!. One notes that Iy, 1, is orientable if and
only if k is odd ([1]).

We consider fgmk, the space of k-dimensional, oriented, isotropic sub-
spaces of R?", called the oriented isotropic Grassmannian. We may anal-
ogously deduce that I, = U(n)/(SO(k) x U(n — k)) and dim I, , =
2k(n — k) + @

Next we turn to the cohomology of the oriented isotropic Grassman-
nian. The cohomology with R coefficients was computed in [3] using
formulas for the real cohomology of homogeneous spaces. We compute
the same algebraically, fixing appropriate notation along the way. We use

the Serre spectral sequence and the following fibrations:
Innx — BSO(k) x BU(n — k) — BU(n)
U(n) — Inp — BSO(k) x BU(n — k)

One notes that the cohomology expressions (Proposition 2.2) may be de-
duced directly from the computations in [3]. This approach identifies a
subring of the cohomology as the cohomology of certain real and complex
Grassmannians. This fact is exploited again in Section 4.

The first fibration induces the Serre spectral sequence with E? term
given by

(2.1) E}® = HP(BU (n); Q) @ H(To 1; Q)
which converges to H?T4(BSO(k) x BU(n — k); Q).

The second fibration induces the Serre spectral sequence with E3
term given by

(22)  EPY=HYU(n):Q) ® H?(BSO(k) ® BU(n — k); Q)

which converges to Herq(fzn,k; Q).

The following expressions are well-known ([2])
H*(BU(n - k); Q) = Qler, e, -+ 5 eni];
H*(U(n); Q) = NAglz1, 23, -, T2n-1],
H*(BSO(2m +1);Q) = Q[p1,p2, -+ , P

H*(BSO(2m); Q) = Q[p1,p2, -+, Pm—1, €2m]
where ¢; € H* BU(n) stand for universal Chern classes of the canonical
bundle v,, p; € H¥BSO(n) for the Pontrjagin classes of the canonical
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bundle &, and e; € H*(BSO(k); Q) for the Euler class. The classes x;
lie in grading 2¢ — 1.

Note that the inclusion SO(k) x U(n — k) C U(n) is induces on classi-
fying spaces BSO(k) x BU(n — k) — BU(n) which classifies the complex
bundle &, ® C & 7,—. This leads to a commutative diagram of fibrations

U(n) Ion i BSO(k) x BU(n — k)

l l(§k®c)@7nk

U(n) —— EU(n) ——— > BU(n)

which gives a diagram of spectral sequences. Let A* denote the homo-
morphism from the spectral sequence Ag(z1,23- ) ® Qler, ¢, -] =
H*(pt; Q) to 2.2. As the classes x9;_1 are transgressive with do;(z2,-1) =
¢i, so are the classes \*(x2;_1). Therefore we obtain

d(z2i-1) = N(c)
= Cz((ék & (C) D Yn— k)
(2.3) = i—0 Cj (6x @ C)ci ]('Yn k)

_f/

= _] OpJCZ 2j
¢+ ZJ 1 PjCi—2j
Proposition 2.1. Let 2 < k < n. If k < n, the cohomology groups
Hi(Iznx) are 0 if i < 3 and H* (Ignk) 1s generated by p1. In the case

k =n, the cohomology group H* (127, n) 18 isomorphic to Z and H4(Ign n)
s zero.

Proof. For k = n, the space fgnk = U(n)/SO(n), thus the fundamental
group and hence H' is = Z. Otherwise in the spectral sequence 2.2 one
has a class ¢; in ES’O. In degrees < 3 the spectral sequence 2.2 is =
A(z1,23) ® Qlc1] and from 2.3 we get that da(x1) = ¢1. Hence the only
possible class in H*<3 is z3.

Note that 2.3 also gives d4(x3) = co + p1 if & > 2 and dy(x3) = o
if k = 1. Thus we conclude that H*<3 is 0 if k¥ < n, and if in addition
n >k > 2 then H4(ff2n,lc)(g Q) generated by p;. In the case k = n,

d4(x3) = p1, and hence H4(Ign7k) becomes zero. O

We may compute further in the spectral sequence 2.2. Notice that the
formula 2.3 is of the form d(z9;—1) = ¢;+--- and so the class ¢; is not zero
ifi <n—Fk. Thus the elements d(z1), d(x3) ... d(23(;,—k)—1) form a regular
sequence in E;’O. It follows that no multiple of x5;_1, for j <n —k, can
be a permanent cycle. Therefore any positive degree classes surviving
to the FE..-page must have degree > 2(n — k) + 1. In fact we have the
Proposition:
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Proposition 2.2. Suppose 2 < k < n. The cohomology algebra
H* (fgn’}c;(@) has algebra generators pi,--- ,pm in degrees 4,8, --- when
k=2m+41 is odd. If k = 2m there is an additional generator e, in
degree 2m that satisfies €2, = p,. Other algebra generators are in degrees
>2(n—k)+1.
Proof. In view of the discussion above it suffices to prove the first two
statements for the horizontal O-line E*;°. Note that for j odd, the equation
2.3 gives
[5/2]
d(x9j-1) = ¢j + Z pICj-21
1=1
Inductively we conclude that doj(z2;-1) = ¢;. We have da(x1) = 1
and thus ¢y is 0 in the E3-page. Inductively ¢;_; is 0 in the group E;j:;l’o.
Hence, the equation above implies dy;(x2;—1) = ¢; as the other coqq<j—1
are 0 in Ey;. It follows that ¢; is 0 in Eoj 1.
The remaining classes in the horizontal O-line are p; , co; and e, if k
is even. The remaining differentials are generated by

J
d($4j—1) = ZPICQj—Ql
1=0
Hence the horizontal 0-line is the graded algebra A(n,k) below. The
Proposition now follows from Lemma 2.3 and [5]. O

Define the graded algebras A(n,k) for n > k as (with notations as
above)

Q[p1, - ,Pm,C2,C4, " ,Cn—2m —2]

(d(z3),....,d(z2n—1))
Q[p1, - ,Pm,C2,C4, " ,Cn—2m—1]

A(n, k) = (@(z5),:-d(@2n—3))

’ - Q[plv”'7pn1717€m7c27c47"‘7cn72m]

(d(z3),..,d(z2n—1))
Q[p1, - sPm—1,€m,C2,C4," " ,Cn—2m—2]

(d(z3),-..,d(z2n—3))

if niseven, k =2m+1
ifnisodd, k =2m +1
if n is even, k = 2m
if n is odd, k =2m

Let Rémk denote the oriented real Grassmannian of all k-dimensional
oriented subspaces of R™. As a space this is ~ SO(n)/SO(k) x SO(n —
k). Let CGy  denote the Grassmannian of k-planes in C™. We readily
observe the following from known expressions about the cohomology of
Grassmannians.

Lemma 2.3. There are isomorphisms of graded algebras
a) A(2s,2m +1) = H*/?(CGy_1.m; Q)

b) A(2541,2m + 1) = H*/?(CGy,m; Q)

c) A(2s,2m) = H*(RG25+,1,2TTL; Q)

d) A(2s +1,2m) = H*(RGas+1.2m; Q)
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Remark 2.4. One may compare this to the expression obtained in [3].
Observe that the ring of characteristic classes A of the principal bundle

U(n) — an,k matches the graded algebra A(n, k) above. Note that the

cohomology of Iy, 1 is A® A where A is an exterior algebra on classes in
degrees d € Sy, 1, ([3], Theorem 1.7) with

g . = {4[2=2*1) 4+ 1,4[2=E+H] +3,--- ,2n — 3}  if both n and k are even
k= {A[2=242] 4+ 1,4[2=FH] + 3, ;2n — 1} otherwise

It follows that the Poincaré polynomial of an,k is given by

P, () = Pagnry (@) aes, , (1 + 29)

which may be computed from the known formulas for complex and real
Grassmannians.

Recall that height of a nilpotent element, x, in an algebra, is defined
to be the least positive integer n, such that 2™ # 0 but 2" = 0.

We have identified that A(n, k) is a subalgebra of H*(’Ivgmk), and the
Lemma 2.3 implies that A(n, k) is sometimes the cohomology of complex
Grassmannians and sometimes of real Grassmannians. The cohomology
ring of Grassmannians are well studied objects and the literature contains
a lot of results about them. We may use this to deduce the height of
the elements p; in A(n, k). In the cases where we encounter the complex
Grassmannian, this simply follows from the fact that ¢, is the cohomology
class of a Kahler form and so its height is half the dimension. For the
other cases we refer to the Proof of Theorem 1 of [5]. Thus we obtain the
following result.

Proposition 2.5. The height of the element, py in H* (En,k) ist(s —t)
for (n,k) € {(2s +2,2t +1),(2s + 1,2t + 1), (2s,2t), (25 + 1,2t)} .

3. MAIN RESULTS

In this section we consider the question of possible Brouwer degrees
of maps f: Ign k= Ile , where Izn r and IZml are oriented isotropic
Grassmannians, such that dim Ign r = dim Igml

Note that when [ = 1, the space Ing ~ U(m)/U(m —1) ~ §*m~1
Also note that dim I, (= 2k(n — k) + 258 §s odd if and only if
k = 1,2 (mod 4). In these cases (dim I~2n7k = 2m — 1) given any X € Z,
there exists a map fy: En’k — §?m~1 with deg fx = A. We prove that
these are the only possible cases of non zero degree.

Theorem 3.1. Let n,k,m,l be integers such that 2 < k < n and 2 <

[l < m and dlmfgnk = dlmfgml Let f: Ignk — Igml Then either
(n,k) = (m,l) or deg f = 0.
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Proof. Suppose n = k and m = [. Then dim ]A:Qn’k = dim jtng implies
n(n+1)/2 =m(m+1)/2 and it follows that n = m. Note that the space
I~472 ~ U(2)/S0(2) is an oriented manifold of dimension 3. Observe that
k > 2 and n # k implies dimfg,L,k > 4. Hence dimﬂfgn’k = dim 727”,1
implies (n,k) = (m,l) if n = k,;m = [ or one of (n,k) or (m,l) equals
(2,2).

Consider the case where n = k, n > 2 and m # [. We use the fact that
if deg f # 0 then f* is a monomorphism on cohomology with rational
coefficients. By Proposition 2.1, H4(f2n,,l) =0and H4(f2m,l) # 0. Hence
degf = 0. In the case n # k, m = [ and m > 2, we have, again
by Proposition 2.1, that Hl(_fom7m) ~ 7 and Hl(fzn’k) = 0. Therefore
deg f = 0.

Now we proceed to the more general case 2 < k < nand 2 <1 <
m. Consider f*: H*(fgm,l;(@) — H*(fgnk,(@) Since p, is the gener-
ator of H4(f2m7l;@) we must have (denote by p;i(m,l) the class p; €
H4(12m,l;(@))

fp1(m,l) = Ap1(n, k)
By Proposition 2.5 the height of p; (n, k) is [k/2][(n — k) /2] and the height
of py(m,1) is [1/2][(m —1)/2].} (Here, [t] denotes the integral part of t.)

If deg f # 0 then f* is a monomorphism and so A # 0. Moreover

pl(m,l)[%”mT_l] # 0 implies

m—1

Fp1(m, DT = Ay, (n, )BT £ 0

= /") < 3] =)

Since f* is a ring homomorphism, we have

m—1

0 = fpi(m, DT 1L = \EIEE 1L, (g f)lallm 1

=[5 [%7) < 3] ["=

Therefore [g][”T_k] = [é][mT_l] Together with the equation 2k(n — k) +
@ = 2l(m —1) + @ we prove that it leads to a contradiction.
Assume that k& < I (there is no loss of generality in doing this, as k and
[ are symmetric in the two equations above.) The first equality implies
Im—=10)—4 < k(n—k) <lIl(m—1)+4. Rearranging terms we obtain
—16<(—k)(k+1+1)<16.

I This argument about the height of elements has been used in [5] while analyzing
the analogous Theorem for Grassmannians.
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As both k > 2 and [ > 2 we have £k + 1+ 1 > 5 and so the above
inequality can hold only when [ — k = 0,1,2. Observe that k = [ implies
n = m so that (n, k) = (m,1). Note also that (I—k)(k+1+1) must also be
divisible by 4 being equal to 4(I(m —1) — k(n — k)) in the second equation
above. If I = k4 2, we have (I — k)(k + 1+ 1) = 2(2k + 3) is not divisible
by 4. If | = k+1 we have (I —k)(k+1+1) = 2k+2 which is divisible by 4
only when k is odd. Together with the inequation 2k +2=k+1+1 <16
we observe that the allowed values of k are 3,5, 7.

Case k = 3: We havel = 4 and the equation 8(m—4)4+10 = 6(n—3)+6
which implies 4m = 3n + 5. This implies n = 4s + 1, m = 3s + 2 for some
positive integer s. The equation [§][72=!] = [E][2ZE] implies 25 — 1 =
2[222]. But the LHS is bigger for s = 1 and the RHS is always bigger
for s > 1.

Case k = 5 : We have | = 6 and the equation 12(m — 6) + 21 =
10(n — 5) + 15 which implies 6m = 5n + 8 which has the only solution
n = 6s+ 2,m = 5s + 3. The equation [£][25E] = [L][™=!] implies
3[253] = 2(3s — 2). The LHS is always bigger for s > 0.

Case k = 7 : We have | = 8 and the equation 16(m — 8) + 36 =

14(n — 7) 4+ 28 which implies 8m = 7n + 11 which has the only solution

n = 8s+3,m = Ts+4. The equation [5][25E] = [L][™-!] implies
4[] = 3(4s—2). For s = 1, the LHS is 4 and the RHS is 6. For s > 1
the LHS is bigger. O

The arguments in the above case can be extended to prove the follow-
ing:

Theorem 3.2. Consider maps h: fgnk — Réwl and g: Rém,l — f2n7k,
where 2 <1 <%, 2 <k <n and dimly, = dimRG,,,;. Then degg =
degh = 0.

Proof. Note that when [ = 1, Rémyl ~ §™~1 Hence there exists a map
hy: Tgnk — Réml of any degree A € Z whenever dim(INka) =m— 1.
Similarly, we have a map gy: Rém,l — Tgml of any specified degree A
whenever dim(RémJ) =2n— 1.

Iftn =%k =2, dimfgnyk = dimRém,l = 3 implies either [ = 1 or
m—1=1. Since RémJ is diffeomorphic to Rémm_l, both these cases
reduce to the cases discussed in the previous paragraph.

Now consider the case where n = k > 2. Then, by Proposition 2.1,
we have H4(.’f2n’n) = 0 and Hl(:fgnn) # 0, which respectively imply
degh =0 and degg = 0.
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Hencefogth we restrict ourselves to the cases 2 < k < n. Consider
h*: H*(RGp ;3 Q) — H*(I2n1; Q). Recall that H*(RG,, ; Q) is gener-
ated by p; which has order [I/2][(m —[)/2]. By Proposition 2.5, order of
p1 € H*(Izn Q) is [k/2[(n — k)/2) . And, h* takes py € H*(RGr1:Q)
to some multiple of p; in H4(T2n,k; Q).

Therefore, as in the proof of Theorem 3.1, we have that if degh # 0,
(m—1)—4 <k(n—k) <Il(m—1)+4. Observe that dim I, = dimRG,, ;
implies 2k(n — k) + k(k + 1)/2 = I(m — [). Hence the bound gives us
k(n — k) + k(k + 1)/2 < 4 which is not possible if & > 2 and n > k.
Therefore we have deg h = 0. The proof that deg g = 0 is similar. ]
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