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µ-EXPANSIVE MEASURE FOR FLOWS

ALIREZA ZAMANI BAHABADI

Abstract. In this paper, we show that if X is in the C1-interior
of the set of µ-measure expansive divergence free vector fields, then
X admits a dominated splitting. We also show that in dimension
3, the above result would be Anosov by considering δ-µ-measure
expansiveness.

1. Introduction

Let M be a closed, connected, and smooth Riemannian manifold
endowed with a volume form, which has a measure µ, called the Lebesgue
measure. We denote by X 1

µ(M), the set of divergence-free vector fields
endowed with the C1 Whitney topology.

Let X ∈ X 1
µ(M) and let x ∈ M be a regular point. Let Nx = X(x)⊥ ⊂

TxM denote the normal bundle of X at x.
We define the linear Poincaré flow

P t
X(x) := ⊓Xt(x) ◦DxX

t,

where ⊓Xt(x) : TXt(x)M −→ NXt(x) is the canonical orthogonal projec-
tion.

A vector field X has an associated flow, denoted by Xt, t ∈ R. Denote
by Sing(X) the union of the singularities of X and by Crit(X) the set of
the closed orbits and the singularities of X. For x ∈ X, the set OX(x) =
{Xt(x) : t ∈ R} is said to be the orbit of Xt through the point x.

2010 Mathematics Subject Classification. 37A05, 37C20.
Key words and phrases. Anosov, dominated splittings, free divergence vector field,

measure expansive.
c⃝2018 Topology Proceedings.

341



342 A. ZAMANI BAHABADI

Let Λ be a compact, Xt-invariant, and regular set. If NΛ admits a P t
X

invariant splitting NΛ = Ns
Λ ⊕Nu

Λ , such that there is l > 0 satisfying

||P l
X |Ns

x
|| ≤ 1

2
and ||P−l

X

(
X l(x)

)
|Nu

Xl(x)
|| ≤ 1

2

for any x ∈ Λ, then we say that Λ is hyperbolic. A vector field X is said
to be Anosov if the whole manifold M is hyperbolic.

We say that a vector field X without singularity admits an l-dominated
splitting if there exists a continuous P t

X invariant splitting N = N1 ⊕N2

and an integer l > 0 such that

||P l
X |N1

x
||.||P−l

X

(
X l(x)

)
|N2

Xl(x)
|| ≤ 1

2
.

The notion of measure expansivity for flows is introduced in [9] by
D. Carrasco-Olivera and C. A. Morales and they extend some properties
of measure expansive homeomorphisms to flows. Jumi Oh [10] shows
that C1-stably measure expansive flows satisfy quasi-Anosov. Let X ∈
χ1
µ(M) and Λ ⊂ M be a compact invariant set. A flow Xt on Λ is

called expansive if for any ε > 0 there is δ > 0 such that if x, y ∈ X
satisfy d

(
Xt(x), Xh(t)(y)

)
≤ δ for every t ∈ R and for some h ∈ B, then

y ∈ X [−ε,ε](x) where B = {h : R → R is an increasing continuous map,
h(0) = 0}. For δ > 0, put

Γδ(x) =
∪
h∈B

∩
t∈R

X−h(t)(N [Xt(x), δ])

where N [x, δ] = {y ∈ M,d(x, y) ≤ δ}.
Denote by M(M) the set of Borel’s probability measures on M

endowed with weak∗ topology.

Definition 1.1. Let MX∗(M) = {µ ∈ M(M) and µ(OX(x)) = 0 for
any x ∈ M}. Let µ ∈ M(M). We say that X is δ-µ-measure expansive
if µ

(
Γδ(x)

)
= 0 for every x ∈ M and X is µ-measure expansive if X is

δ-µ-measure expansive for some δ > 0. If X is µ-measure expansive for
all µ ∈ MX∗(M), then X ∈ χ1

µ(M) is said to be measure expansive.

Jiweon Ahn, Manseob Lee, and Oh [1] show that the C1-interior of
measure expansive divergence free vector field is Anosov.

In this paper we work with the following definitions.

Definition 1.2. Let µ ∈ M(M) and µ be positive on every open subset
of M , and let δ > 0 be given. We say that X ∈ χ1

µ(M) belongs to the C1-
interior of the set of µ-measure (δ-µ-measure) expansive if there exists a
C1-neighborhood W of X in χ1

µ(M) such that every Y ∈ W is µ-measure
(δ-µ-measure) expansive.



µ-EXPANSIVE MEASURE FOR FLOWS 343

Denote by Int(µ)
(
Int(µ, δ)

)
the set of all vector fields belonging to the

C1-interior of the set of µ-measure (δ-µ-measure) expansive.
The following theorems are the main results of this paper.

Theorem 1.3. If X ∈ Int(µ), then X admits a dominated splitting.

Theorem 1.4. If dim(M) = 3 and X ∈ Int(µ, δ), then X is Anosov.

Remark that µ-measure expansivity is strictly weaker than measure
expansivity.

2. Proofs of Theorem 1.3 and Theorem 1.4

The following proposition is proved in [4] and is the volume-preserving
version of [8].

Proposition 2.1. Let X ∈ χ1
µ(M) and ε0 > 0 be given. There exist

π0, l ∈ N such that, for any closed orbit x with period π(x) > π0, we have
either

(i) that ptX has an l-dominated splitting along the orbit of x or else,
(ii) for any neighborhood U of

∪
t X

t(x), there exists an ε-C1-pertur-
bation Y of X, coinciding with X outside U and on

∪
t X

t(x) and
such that pπ(x)Y (x) has all eigenvalues equal to 1 and –1.

Let X ∈ χ1
µ(M) and let p ∈ M be a regular point of X. Consider a

linear differential system [5] as follows:

st : Rd
p → Rd

Xt(p)
,

such that
• st ∈ sl(d,R) for every t;
• so = id and st+r = st ◦ sr for every s and t
• st is differentiable in t.

For the proof of Lemma 2.2 we use “good coordinates” obtained in [5,
subsection 2.2] to get the following local linear representation of the flow
Y , ε-C1-perturbation of X:

(2.1) X̂t(q) = tv + st(q),

where q ∈ Np = X(p)⊥, st represents the action of the linear Poincaré
flow ptY .

Lemma 2.2. If X ∈ Int(µ), then any Y ∈ χ1
µ(M) sufficiently C1-close

to X does not contain closed orbits with trivial real spectrum.

Proof. By contradiction, we assume that any Y which is C1-close to X has
a non-hyperbolic closed orbit q of period π and with trivial real spectrum.
We consider X̂t the linear coordinate given in (2.1). Thus, there exists an
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eigenvalue λ with |λ| = 1 for Sπ(p). So X̂2π(q) = 2πν+Sqπ(q) = id holds
in a neighborhood vp of p in Np. We consider an open neighborhood w

of p such that diam(w ∩ vp) <
diam(vp)

2 and

d
(
X̂t(q), X̂t(p)

)
<

δ

2
for every q ∈ w and 0 ≤ t ≤ 2π where δ is the expansivity constant of
Y . One can see w ⊂ Γδ(p); therefore, µ

(
Γδ(p)

)
> µ(w) > 0, which is a

contradiction with X ∈ Int(µ). �
Proof of Theorem 1.3. Let X ∈ Int(µ). Since topologically mixing vector
fields are residual in χ1

µ(M) (see [3]), there exists Xn ∈ χ1
µ(M) which is

C1-close to X which is topologically mixing. We can find Zn ∈ χ1
µ(M) C1-

close to Xn having a closed orbit O(pn) such that dH
(∪

t Z
t
n

(
O(pn)

)
,M

)
< 1

n where dH is the Hausdorff distance. By Lemma 2.2 and Proposition

2.1, O(pn) admits an l-dominated splitting. Since Zn
C1

−→ X and, in
the Hausdorff metric,

∪
t Z

t
n

(
O(pn)

)
converges to M , we obtain that M \

Sing(X) has an l-dominated splitting. By [9], Sing(X) = ϕ, so the proof
is complete. �

A C1-divergence-free vector field X is said to be a divergence-free star
vector field if there exists a C1-neighborhood U of X in X 1

µ(M) such
that if Y ∈ U , then every point in Crit(Y) is hyperbolic. The set of
divergence-free star vector fields is denoted by G1

µ(M).
The following theorem is proved in [6].

Theorem 2.3. Let M be a three-dimensional closed manifold. If X ∈
G1
µ(M), then X is Anosov.

In [7], Mário Bessa and Jorge Rocha obtain an upgrade of the C1-
pasting lemma for vector fields [2] as follows.

Lemma 2.4. Let M be a compact Riemannian manifold without boundary
with dimension n ≥ 2.

Given ε > 0, X ∈ X 1
µ(M), K a compact subset of M , and an open

neighborhood U of K, there are δ > 0 and an open set K ⊂ V ⊂ U such
that if Y ∈ X 2

µ(M) is δ-C1-close to X in U , then there exists Z ∈ X 1
µ(M)

satisfying
(a) Z = Y in V,
(b) Z is ϵ-C1-close to X, and
(c) Z = X outside U.

Proof of Theorem 1.4. Let X ∈ Int(µ, δ) and let p ∈ Crit(X) be an
elliptic closed orbit of period π. Consider a small open neighborhood
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vp of p such that d
(
Xt(p), Xt(q)

)
< δ

2 for every q ∈ vp and 0 ≤ t ≤ π+1.
Remark that we can take vp sufficiently small such that for every q ∈ vp,
τ(q) ≤ π+1, where τ(q) is the first time that Xt(q) meets Np. We set k a
small compact neighborhood of orbit p (a tabular neighborhood) such that
diam(k ∩ vp) <

diam(vp)
8 and, also, the linear flow induced by the periodic

orbit restricted to k is C1-close to X. Use Lemma 2.4 to obtain a vector
field Y C1-close to X which is DX(p) inside an invariant neighborhood w

where diam(w ∩ vp) <
diam(vp)

2 . By choosing vp and since w is invariant,
one can see that w ∩ vp ⊂ Γδ(p). Therefore, µ

(
Γδ(p)

)
≥ µ(w ∩ vp) > 0,

which is a contradiction. Hence, since X has no singularities, we have
X ∈ G1

µ(M). By Theorem 2.3, X is Anosov. �
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