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A CO-LIFTING THEOREM FOR IMAGES OF ARCS

B. D. DANIEL AND MURAT TUNCALI

Abstract. Let X be a continuum and let G be an upper semi-
continuous decomposition of X such that each element of G is the
continuous image of an arc. If the quotient space X/G is the con-
tinuous image of an arc, under what conditions is X also the contin-
uous image of an arc? Examples demonstrate that one must place
severe conditions on G if one wishes to obtain positive results. Such
results that characterize those locally connected continua that ad-
mit a lifting of a map of an arc onto a decomposition space back
to the base space are often called lifting theorems. Such lifting
theorems have taken several forms and their proofs have utilized
a variety of methods. In this paper, we prove what we call a “co-
lifting” result, since we are not directly lifting a map of an arc to a
decomposition space to the base space. We then note that a num-
ber of typical lifting theorems from the literature follow somewhat
easily from this co-lifting theorem.

1. Introduction

The classical Hahn–Mazurkiewicz theorem asserts that a metric con-
tinuum is the continuous image of the closed unit interval [0, 1] if and only
if it is locally connected. In the non-metric case, the situation turns out
to be quite complicated. The case of continuous images of non-metric arcs
did not begin to be systematically studied until 1960. Characterizations
of continuous images of non-metric arcs are given by Witold Bula and
Marian Turzański [1], by Jacek Nikiel [6], and by L. B. Treybig [8]. For
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a survey of the problem, the reader is referred to the early survey paper
of Treybig and L. E. Ward, Jr. [9] or to the more recent survey of Sibe
Mardešić [5].

One natural question is if there exists an upper semi-continuous de-
composition G of a space X so that X/G is the image of an arc by
continuous surjection f and each g ∈ G is the image of some ordered
compactum by continuous surjection fg, then may the map f and the
collection {fg : g ∈ G} of maps be utilized so as to construct a continuous
surjection of an arc onto X? In general, the answer is no. Two instruc-
tive counter-examples are given in [7]. What are sufficient conditions on
the map f , the collection {fg : g ∈ G}, and the elements of G to ensure
that X is the image of some ordered compactum? The examples noted
above provide evidence that quite strong conditions are required in order
to obtain positive results on the central question. Earlier work in this and
related areas includes [3] and [4].

Such positive results that characterize those locally connected continua
that admit a lifting of a map of an arc onto a decomposition space to the
base space are often called lifting theorems. Such lifting theorems have
taken several forms and their proofs have utilized a variety of methods.
Herein, we prove a “co-lifting” theorem, which differs somewhat from those
lifting theorems that characterize locally connected continua that admit a
lifting of a map of an arc onto a decomposition space to the base space. We
also use our theorem to provide alternate proofs of some lifting theorems
in the literature.

2. Preliminaries

A compactum is a compact Hausdorff space. A continuum is a con-
nected compactum. An ordered compactum is a compact space X which
admits a linear ordering such that the order topology coincides with the
given topology. An arc is a connected ordered compactum. Each metric
arc is homeomorphic to the closed unit interval [0, 1] in the real line. It is
well known and easy to prove that each ordered compactum is contained
in an arc.

A Hausdorff space X is said to be an IOK if it is the continuous image
of some ordered compactum. If x ∈ X and x is in the open set O′, and
there exists an open set O such that x ∈ O ⊆ Cl(O) ⊆ O′ and Cl(O) is
an IOK, then X said to be locally an IOK at x. If K is an ordered space
and x, y ∈ K with x ̸= y, then the set {x, y} is referred to as a gap of K
if and only if {k ∈ K : x < k < y} is empty. A Hausdorff space X is said
to be an IOC if it is the continuous image of some arc.
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3. Main Results

We first give the aforementioned co-lifting result.

Theorem 3.1. The locally connected continuum X is an IOC if and
only if there exists an upper semi-continuous decomposition G of X into
continua and a continuous map f : [a, b] → X/G of an arc [a, b] (with
order <[a,b]) onto X/G such that

(1) f−1(g) is totally disconnected for each g ∈ G,
(2) each g ∈ G is an IOK,

(3a) for each x ∈ [a, b], there exist points lx and rx of gx = f(x) so
that lx ∈ limt→x− f(t) and rx ∈ limt→x+ f(t), where f(t) ̸= gx
(at x = a, only ra exists and at x = b, only lb exists), such that

(3b) if K is the ordered compactum K = {(x, rx) : x ∈ [a, b]}∪ {(x, lx) :
x ∈ [a, b]} with the order < defined by (x, lx) < (x, rx) and
(x, rx) < (y, ly) if and only if x <[a,b] y, then the (into) map
h : K → X defined by h((x, lx)) = lx and h((x, rx)) = rx is
continuous.

Proof. (⇒) Since X is IOC, there exists an arc [c, d] and a continuous
onto map F : [c, d] → X. For each x ∈ X, let h′x = F−1(x). Let H ′ =
{h′x : x ∈ X} and H = {hx : hx is a component of h′x for some h′x ∈ H ′}.
It is well known that H is then an upper semi-continuous decomposition
of X into continua.

We now show that [c, d]/H is an arc. Let ψ : [c, d] → [c, d]/H denote the
natural map. Let x, y ∈ [c, d]. Then ψ(x) < ψ(y) if and only ψ(x) ̸= ψ(y)
and x < y in [c, d]. Since this gives a linear order on [c, d]/H, it is an arc.

Let [c, d]/H be denoted by [a, b]. We define G to be the trivial upper
semi-continuous decomposition of X into points, and define f = F ◦ ψ.

We now demonstrate that each of the properties holds.
(1) Let g ∈ X = X/G and let C be a component of f−1(g). Then, by

definition of H, C = hx for some hx ∈ H. The components of f−1(g) are,
therefore, points of [a, b], and f−1(g) is totally disconnected.

(2) As a closed subset of X, each point in X is trivially an IOK.
(3a) By the continuity of f and by definition of G, lx ∈ limt→x− f(t)

and rx ∈ limt→x+ f(t), where f(t) ̸= gx and x ̸= a and x ̸= b. Set
lx = rx = f(x). The cases for x = a and x = b are similar.

(3b) With h : K → X as in the theorem, h((x, lx)) = h((x, rx)) = f(x).
So, if M ⊆ K, it follows from (3a),

h(Cl(M)) ⊆ {f(x) : (x, lx) or (x, rx) is in Cl(M)}
⊆ Cl({f(x) : (x, lx) or (x, rx) is in Cl(M)})
⊆ Cl(h(M)).
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Therefore, h is continuous.

(⇐) Suppose that there exists an upper semi-continuous decomposition
G ofX into continua and a continuous map f : [a, b] → X/G of an arc [a, b]
onto X/G such that properties (1)–(3b) hold. For each x ∈ [a, b], select
lx and rx in gx = f(x) satisfying (3a). Form K and define h : K → X
as in (3b). For each gx ∈ G, select an ordered compactum Kx and a
continuous onto map fx : Kx → gx. Suppose that the least element
of Kx is k1(x) and the greatest element of Kx is k2(x). Then we may
assume that f(k1(x)) = lx and f(k2(x)) = rx. For each gx ∈ G, select
y ∈ f−1(gx), and let Y denote the collection of y’s so selected. For each
y ∈ Y and y ∈ f−1(gx), select a copy Kx(y) of Kx so that if w, z ∈ Y and
w ̸= z, then Kx(w) ∩Kx(z) = ∅ and K ∩Kx(z) = ∅ for all z ∈ Y .

We now form an ordered compactum L. L = K ∪ {Kx(y) : y ∈ Y },
and if r, s ∈ L, then r < s in L if and only if

(i) r, s ∈ K and r < s in K, or
(ii) r, s ∈ Kx(y) and r < s in Kx(y), or
(iii) r ∈ K, s ∈ Kx(y), and r ≤ (x, lx) in K.

Define g : L→ X by

g(r) =

{
h(r), r ∈ K
fx(r), r ∈ Kx(y) for some y ∈ Y.

We now show that g is continuous; we consider two cases.

Case 1. Suppose r ∈ Kx(y), and g(r) ∈ V open. Select U open inKx(y)
so that fx(U) ⊆ V and r ∈ U . Since U is open in L, g is continuous at r.

Case 2. Suppose r ∈ K, and g(r) ∈ V open. Select U open in Kx(y)
so that h(U) ⊆ V and r ∈ U . Select t = (w, rw) ∈ K such that t ∈ U and
t < r; if no such t exists, set t = r. Similarly, select q = (z, lz) ∈ K such
that q ∈ U and q > r; if no such q exists, set q = r. Let O1 = {s ∈ L : t ≤
s ≤ q}. Then O1 is open in L. Select O2 open in Kx(y), where h(r) ∈ gx,
so that fx(O2) ⊆ V . Then (O1 ∪ O2) is open in L, r ∈ (O1 ∪ O2), and
g(U) ⊂ V .

X is then an IOK. Since X is connected and locally connected, it is
then an IOC by [8, Theorem 3]. �

Note that the assumption of property (1) that f−1(g) is totally dis-
connected for each g ∈ G is not, in fact, needed for the sufficiency of the
previous results. If f ′ is a continuous map f ′ : [a, b] → X/G of an arc
[a, b] onto X/G, then the decomposition of [a, b] into components of the
point inverses of f ′ clearly yields a continuous map of an arc onto X/G
with totally disconnected point inverses. We also note that, as indicated
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in the proof of the necessity, property (3b), in fact, follows from property
(3a).

Although our Theorem 3.1 is a stand-alone result, its real utility is
as a co-lifting theorem in that it provides a natural result by which to
approach (some) lifting theorems. As an initial example, we note that
the following corollary, which is [3, Theorem 3.1], follows relatively easily
from the previous theorem.

Corollary 3.2. Let X be a locally connected continuum and let G be an
upper semi-continuous decomposition of X such that

(i) each g ∈ G is connected and has zero-dimensional boundary, and
(ii) each g ∈ G is a continuous image of an ordered compactum.

If the quotient space X/G is the continuous image of an arc then so too
is X.

Proof. We need only show that property (3a) holds.
Suppose x ∈ [a, b] and consider f(x) = gx ∈ G. Then limt→x− f(t) and

limt→x+ f(t) both exist and must be singletons, else the zero dimension-
ality of the boundary of gx is contradicted. �

As a second example, we address a setting in which the zero-dimension-
ality of the boundary of the elements of the decomposition is not directly
hypothesized.

Corollary 3.3. Let X denote a locally connected continuum and let G be
an upper semi-continuous decomposition of X into continua such that each
g ∈ G is an IOK. If there exists a continuous onto map f : [a, b] → X/G
so that [a, b] is an arc and for each g ∈ G either f−1(g) is finite or g is a
point, then X is an IOC.

Proof. Suppose that each g ∈ G is an IOK. For x ∈ [a, b], let gx = f(x) ∈
G. If f−1(gx) is finite, let (ux, vx), ([a, vx), or (ux, b]) denote an open
(half-open) interval containing x but which intersects f−1(f(x)) only in
x. One can construct sequences (uαn) and (vβn), indexed by well-ordered
sets, such that ux < uα1 < uα2 < · · · < x < · · · < vβ2 < vβ1 < vx, and
uαn → x and vβn → x.

We first show that there is a point lx ∈ gx (rx ∈ gx, respectively)
so that if U (V , respectively) is an open set containing lx (rx, respec-
tively), then for each αi (βj , respectively), we have [∪f((uαn , x))]∩U ̸= ∅
([∪f((x, vβn))]∩V ̸= ∅, respectively). Assume that for every y ∈ gx, there
exists U open inX such that y ∈ U and an αi so that ∪f((uαi , x))∩U = ∅.
By the compactness of gx, there exists O open in X and an αm so that
gx ⊂ O and ∪f((uαm , x)) ∩O = ∅. Define R = {r : r ∈ G, r ⊂ O}. Then
R is open in X/G and ∪R is open in X. Then ∪f((uαm , x)) ∩ (∪R) = ∅
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and therefore ∪Cl(f((uαm , x)))∩ gx = ∅. Then since gx ∈ f([uαm , x]), we
have that f(Cl(uαm , x)) = f([uαm , x]) ̸⊂Clf((uαm , x)) which contradicts
the continuity of f . The case for rx is similar.

We now show that lx (rx, respectively) is unique. Suppose l′x ∈ gx,
lx ̸= l′x, and l′x has the property above. Let O and O′ and M and M ′ be
pairs of open connected sets such that

(1) ClX(O) ∩ ClX(O′) = ∅,
(2) ClX(M) ∩ ClX(M ′) = ∅,
(3) lx ∈ O ⊂ ClX(O) ⊂M ,
(4) l′x ∈ O′ ⊂ ClX(O′) ⊂M ′.

Let O denote a finite open cover of BdX(gx) such that each of O and
O′ is an element of O and the only element of O that contains lx is O and
the only element of O that contains l′x is O′. Then (∪O∪gx) is open in X
and S = {g ∈ G : g ⊂ (∪O ∪ gx)} is open in X/G. Select a subsequence
(u′αn

) of (uαn) so that

(1) [u′αi
, u′αi+1

] ∩ [u′αj
, u′αj+1

] = ∅ for all naturals i and j such that
(i+ 1) < j,

(2) f([u′αi
, u′αi+1

]) ⊂ S for each natural i, and
(3) for each n = 1, 3, 5, . . . , Cn = ∪(f([u′αn

, u′αn+1
]) is a continuum in

X intersecting both of O and O′.

The limiting set of the sequence (Cn) contains a continuum C in X which
intersects both O and O′. Therefore, gx− (O∪O′) intersects C in a point
p ∈ BdX(gx), a contradiction. The case for rx is similar, and property
(3a) then follows. �

As seen in the two previous results, it is relatively straightforward to
select the points lx and rx, form the ordered compactum K, and construct
the mapping h as in Theorem 3.1 in the setting that the elements g of G
have totally disconnected boundary. If this is not the case, Theorem 3.1
may still be applied but requires more effort. The following is proved in
both [2, Corollary 6] and [3, Theorem 4.1].

Corollary 3.4. Let X be a locally connected continuum and let Y be a
closed Gδ metric subspace of X. If X is locally IOK at each point of
X –Y, then X is IOC.

The techniques of [2, Lemma 4 and Theorem 5] may be modified
slightly to yield a mapping of an arc onto X/G where G is the decompo-
sition of X in which Y is the only non-degenerate element. The resulting
map then satisfies our Theorem 3.1 by construction. The details are left
to the reader.
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4. Remaining Questions

We close with some questions related to the results of this work. Some
of these we have not studied in depth but they are clearly related and are
of interest. Some are new and some are quite old.

Question 4.1. Let X be a locally connected continuum and let G be a
null cover of X such that each g in G is an IOC. Suppose also that if
h, h′ ∈ G are such that h ∩ h′ = ∅, then there exists an element g of G
and a closed subset A of g that separates h and h′ in X. Is X an IOC?
([4, Question 1])

Question 4.2. Let X be a locally connected continuum and let G be a
null cover of X by IOCs. Suppose g, h ∈ G with g ∩ h = ∅ implies there
exists an integer n and g1, g2, · · · , gn ∈ G such that a closed subset of
g1 ∪ g2 ∪ · · · ∪ gn separates g and h in X. If also for g, g′ ∈ G, g \ g′ is
contained in a component of X \ g′, is X an IOC? ([4, Question 2])

Question 4.3. Let X be a locally connected continuum and let G =
{g1, g2, . . . } be a sequence of closed pairwise disjoint Gδ subsets with
metric boundaries. Let G be the upper semi-continuous decomposition of
X whose elements are points and the elements gi ∈ G. Suppose that G is
a null family and X/G is IOC. Is X then an IOC? (See [3, Theorem 5.1].)

Question 4.4. Let X be a locally connected continuum which is not an
IOK. Must there exist an upper semi-continuous decomposition G of X
into continua so that N = {g ∈ G : X/G is not locally an IOK at g} has
uncountably many components? (See [2, Theorem 8].)

Question 4.5. Let X be a (first countable) locally connected continuum
which is not metrizable. Must there exist an upper semi-continuous de-
composition G of X into continua so that N = {g ∈ G : X/G is not
locally metrizable at g} has uncountably many components?

Acknowledgment. The authors acknowledge with gratitude the referee
for many helpful comments and suggestions.

References

[1] Witold Bula and Marian Turzański, A characterization of continuous images of
compact ordered spaces and the Hahn–Mazurkiewicz problem, Topology Appl. 22
(1986), no. 1, 7–17.

[2] Dale Daniel, Companion theorems for monotone normality and the Hahn–
Mazurkiewicz theorem, Topology Proc. 23 (1998), Summer, 75–92 (2000).

[3] D. Daniel, J. Nikiel, L. B. Treybig, M. Tuncali, and E. D. Tymchatyn, Lifting
paths on quotient spaces, Topology Appl. 156 (2009), no. 9, 1739–1745.



354 B. D. DANIEL AND M. TUNCALI

[4] D. Daniel, J. Nikiel, L. B. Treybig, M. Tuncali, and E. D. Tymchatyn, Continuous
images of arcs: Extensions of Cornette’s theorem, Topology Appl. 195 (2015),
63–69.

[5] Sibe Mardešić, Continuous images of linearly ordered continua and compacta,
Topology Appl. 195 (2015), 34–49.

[6] Jacek Nikiel, Images of arcs—a nonseparable version of the Hahn–Mazurkiewicz
theorem, Fund. Math. 129 (1988), no. 2, 91–120.

[7] J. Nikiel, H. M. Tuncali, E. D. Tymchatyn, A locally connected rim-countable
continuum which is the continuous image of no arc, Topology Appl. 42 (1991),
no. 1, 83–93.

[8] L. B. Treybig, A characterization of spaces that are the continuous image of an
arc, Topology Appl. 24 (1986), no. 1-3, 229–239.

[9] L. B. Treybig and L. E. Ward, Jr., The Hahn–Mazurkiewicz problem in Topology
and Order Structures, Part 1 (Lubbock, Tex., 1980). Ed. H. R. Bennett and
D. J. Lutzer. Math. Centre Tracts, 142. Amsterdam: Math. Centrum, 1981. 95–
105.

(Daniel) Department of Mathematics; Lamar University; Beaumont, Texas
77710 USA

E-mail address: dale.daniel@lamar.edu

(Tuncali) Department of Computer Science and Mathematics; Nipissing
University; North Bay, Ontario P1B 8L7 Canada

E-mail address: muratt@nipissingu.ca




