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ABsTrACT. In 2012, Bartholdi, Siegenthaler, and Zalesskii com-
puted the rigid kernel for the only known group for which it is
non-trivial, the Hanoi towers group. There they determined the
kernel was the Klein four-group. In this note, we present a simpler
proof of this theorem. In the course of the proof, we also com-
pute the rigid stabilizers and present proofs that this group is a
self-similar, self-replicating, regular branch group.

1. INTRODUCTION

Since the construction of the first Grigorchuk group in 1980, the study
of branch groups has developed into an important area in group theory.
Branch groups derive their value from the unusual properties that groups
in this class can exhibit. Amenable but not elementary amenable groups,
groups of finite width, groups with intermediate growth, and finitely gen-
erated infinite torsion groups are a few of the types that can arise. As a
result, these groups have been heavily studied in recent years [I].

Showing that these groups have interesting properties and understand-
ing why are equally important tasks as the latter can be used to gain a
deeper understanding of these groups and eventually used to construct
groups with additional noteworthy properties. For this reason, construc-
tive proofs using the underlying geometry and properties of the group as
opposed to more abstract techniques are essential.
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ondary 20E18.
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In this note we give a short proof of the theorem of [3], namely that the
rigid kernel for the Hanoi Towers Group is the Klein four-group. Along
the way we establish various other properties of that group. Since this
is the only branch group thus far shown to have non-trivial rigid kernel,
acquiring a deeper understanding of the Hanoi towers group is desirable,
a task we seek to achieve here.

In section 2, we describe various properties of branch groups as well as
provide the necessary terminology and notation for the rest of the paper.
In section 3, we present the congruence subgroup problem for branch
groups. In section 4, we describe the “Towers of Hanoi” game and present
the Hanoi towers group which models this game for any number of disks.
And finally, in section 5, we prove a number of properties of this group
along with the main theorem.

2. BRANCH GROUPS

Branch groups are defined in terms of their actions on trees, so for this
reason we introduce some initial vocabulary and notation to aid in the
discussion of groups of this type.

For any vertex u in a rooted tree, its level will be defined as the length
of the geodesic from the root to u and denoted |u|. The tree is called
spherically homogeneous if every vertex on a given level has the same
valency.

An infinite, spherically homogeneous, rooted tree is fully determined by
a sequence of integers m = (my, ma,...) where each vertex of level n — 1
has m,, adjacent vertices of level n. T will denote the tree with defining
sequence m. The tree is called regular when the defining sequence is
constant, d := mj = mg = ---. Such a tree is referred to as a d-ary tree.
When the defining sequence is either arbitrary or clear from the context,
the subscript will be dropped. With this notation, we will write & for
the root and we will identify a vertex u of level n with a sequence of
integers u = (uy,us,...,u,) where 1 < u; < m; and where the prefixes
of the sequence correspond to the vertices on the geodesic between u and
. Then the set of vertices of level n in 7 can be ordered linearly using
the lexicographical ordering. Thus when convenient, we will number the
vertices of level n by the indexing set {1,2,...,mq---my,}.

When we wish to indicate that the tree is a d-ary tree, an alternate
notation will be used. We will use X for the set {1,2,...,d}, X" for for
sequences of length n in X (the vertices of level n in the tree), and X*
for the infinite d-ary tree.
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V(T) will denote the set of vertices of Tm. The automorphism
group of T, denoted Aut(7s), consists of bijections from V(T7) to
V(Tw) that preserve the root and preserve edge incidences. Thus, vertices
of the same level in 77 can only be permuted among themselves. Because
of this, an element g in Aut(77) can be regarded as a labeling of the

vertices of 7T by permutations v -y, where if |v| = n then
Yy P , 9 veV (Tm)
g(v) € Sp,,,, the symmetric group on m,, letters. Then for a vertex u =
(u1,us,...,uy), the action of g is computed as
w9 = (ug(g), ug(ul)7 o 7ug(u1,-~,unf1)).

We say a vertex v € V(Tm) is a descendant of u if the geodesic
from v to @ includes the geodesic from u to @. The set of descendants
of u forms the subtree rooted at wu, denoted 7,. If T is a spherically
homogeneous, rooted tree then for any n, each subtree of Tz rooted at
a vertex of level n is canonically isomorphic to Tyn ), where ¥"(m) =
(Mpt1,Mnt2,...). Asaresult, there is a natural isomorphism Aut(7z) =
Aut(%n(m)) ! M, = (HAut(%n(ﬁ))) x M, where M, = ((Smw !
Simy_1) Lo ) USm, with Sy signifying the symmetric group on k letters.
The iterated wreath product M, is the automorphism group of the finite
subtree of T consisting of vertices of level less than or equal to n. When
the tree is a regular d-ary tree, then the subtree rooted at any vertex is
isomorphic to the full tree and we get the natural isomorphism Aut(X*) =~
Aut(X*) v M,, with M, = (-+-(Sq2Sq)V-++)15q.

Following the notation of [3], for g €eAut(7z) and for u a vertex of
level n, we will denote by g@Qu the uth coordinate of g in the canonical
identification Aut(7m) = (Aut(Tynm)) X - Aut(Tyn(m))) U My, and we
will call it the state of g at u. Any element g eAut(77), can be described
as g = (g1,...,9m, )0 where o the permutation labeling at the root and
gi, 1 <1 < my, is the state of g at the ith subtree rooted at the first level.
In the case of the d-ary tree, for g € Aut(X™*), the states of g are also in
Aut(X*).

For any subgroup G of Aut(77), four families of subgroups arise nat-
urally. For a vertex u € V(Tz), the vertex stabilizer of u, Stabg(u),
is the set of elements in G which fix the vertex u. In terms of the label-
ing of the vertices by elements in a symmetric group, this consists of the
elements that necessarily have trivial labeling on all vertices on the path
between v and &, except possibly at u. For a non-negative integer n, the
nth level stabilizer, Stabg(n), is the normal subgroup ﬂ Stabg(u).

U|I=n
In terms of the labelings, this consists of the elements ofICIJ with trivial
labeling on all vertices v where |v| < n — 1. Note that for all n, Stabg(n)
has finite index in G.
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When g € Stabg(n), it can be defined by g = (g1, .., gm,.--m,, )n Where
each ¢g;, 1 < i < mq---m,, describes the state of g at the ith sub-
tree rooted at the nth level. In addition, we can canonically identify
Stabg(n)/Stabg(n + 1) with a subgroup of (Sy,,.,)™ ™. Hence ele-
ments in this quotient will be described by a m; - - - m,-tuple of permuta-
tions.

Next, the rigid stabilizer of a vertex u, Ristg(u), consists of the
elements of G which act trivially outside of the subtree rooted at u. In
terms of the labeling, this consists of elements that have trivial labeling
on all vertices outside of 7,. If G acts transitively on all the levels of Tz,
then for any two vertices u and v such that |u| = |v|, Ristg(u) = Ristg(v)
(and in fact are conjugate in G). And finally, for a non-negative integer
n, the nth level rigid stabilizer is the normal subgroup Ristg(n) =
(Ristg(u)| |u| =n) = 1_[ Ristg(u), the internal direct product of the

ul="n
rigid stabilizers of the Vlerltices of level n. For any group G acting faithfully
on T, Ristg(n) < Stabg(n).

A subgroup G of Aut(7) is said to be a branch group if G acts
transitively on each level of 7" and for all n, Ristg(n) has finite index in

G.

3. THE CONGRUENCE SUBGROUP PROBLEM FOR BRANCH
GROUPS

The congruence subgroup property for branch groups derives its name
from the congruence subgroup problem for SL(n,Z) which asks if every
subgroup of finite index in SL(n,Z) contains a principal congruence sub-
group, the kernel of the map SL(n,Z) — SL(n,Z/mZ) for some m. This
is false for n = 2 but was answered affirmatively for n > 3 in [4]. Similarly,
we say that a branch group G has the congruence subgroup property
if every subgroup of finite index contains the nth level stabilizer for some
n. We can restate this in terms of profinite completions as follows.

Since Stabg(n) has finite index in G for all n and since this
collection forms a descending collection of normal subgroups, taking
{Stabg(n)|n € N} as a basis for the neighborhoods of {1} produces a
profinite topology on G (see Section 3.1 [11]) called the congruence
topology. Likewise Rist(n) has finite index for all n, and in the same
way produces a profinite topology called the branch topology. Fur-
ther, G has a third natural topology, the full profinite topology where
N ={N <G ||G: N| < o} is taken as a basis for the neighborhoods
of {1}. Observe that the congruence topology is weaker than the branch
topology which is weaker than the full profinite topology. We can com-
plete G in terms of these topologies and obtain three profinite groups:



A CONSTRUCTIVE PROOF 5

G = limG/Stabg(n) the congruence completion
n=1

G = limG/Rista(n) the branch completion
n=1

G = lim G/N the profinite completion
NeN

As G is a subgroup of Aut(7), we see ﬂn21 Stabg(n) = {1}, G is
residually finite and embeds into G, CNT’, and G.

Thus G has the congruence subgroup property if and only if the con-
gruence kernel, ker(@ — @), is trivial. The congruence subgroup
problem for branch groups asks not only whether a branch group has
the congruence subgroup property but also to quantitatively describe the
congruence kernel. Since there is a third topology at play, namely the
branch topology, we can instead study two pieces of the congruence ker-
nel, namely the branch kernel, ker(C:Y — é), and the rigid kernel,
ker(é — (). Although a group may have many realizations as a branch
group, each of these kernels are invariants of the group and are not de-
pendent on the choice of realization [6].

Many of the most studied branch groups have been shown to have a
trivial congruence kernel, including the Fabrykowsky-Gupta group and
the Gupta-Sidki group [I], the Grigorchuk group and an infinite family
of generalizations of the Fabrykowsky-Gupta group [§], and GGS-groups
with non-constant accompanying vectors [10], [5].

Pervova [I0] constructed the first branch groups without the congru-
ence subgroup property. Nevertheless, the groups in her infinite family,
periodic EGS groups with non-symmetric accompanying vector, have non-
trivial branch kernel but trivial rigid kernel. Likewise, the twisted twin
of the Grigorchuk group was found to have non-trivial branch kernel but
trivial rigid kernel [2].

Despite the existence of infinite families of groups having either trivial
branch and trivial rigid kernel or non-trivial branch kernel but trivial rigid
kernel, only one group appearing in the literature has been shown to have
non-trivial rigid kernel. It is the Hanoi towers group on three pegs [3]. For
this reason, we explore the various properties of the Hanoi towers group.

Remark 3.1. Since the writing of this paper, the author has constructed
new examples of branch groups with non-trivial rigid kernel. They appear
as finite index subgroups of a generalization of the Hanoi towers group
[12].
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4. THE GAME AND THE GROUP

The Hanoi towers group I' was first introduced by Grigorchuk and
Sunik [9]. The action of T’ on the first n levels of the tree models the
“Towers of Hanoi” game with n disks, hence the name. We start by
describing the game.

The “Towers of Hanoi” game for three pegs and n disks works as follows.
It begins with 3 pegs and n disks each of varying size organized from
largest to smallest on the first peg. Figure 1 shows this initial game state
for n = 6. The goal of the game is to move each of the disks from the
first peg to the third peg through a series of moves. Each move consists
of taking the top disk from one peg and placing it atop another peg with
the restriction that at no point can a disk be on top of a smaller disk.

—

FIGURE 1. The beginning game state for the “Towers of Hanoi”.

The restriction on the moves in the game limits a player’s options to
three possibilities. The first move, which will be called move a, transfers
the smallest disk on pegs 2 and 3 between them. Likewise, move b transfers
the smallest disk on pegs 1 and 3 between them and move c transfers the
smallest disk on pegs 1 and 2 between them.

Any sequence of moves yields a game state which consists of the disks
distributed across the three pegs such that on each peg, starting at the
bottom and working up, the disks decrease in size. Thus, every game state
in the n-disk game can be encoded as a sequence of n integers between
1 and 3 in the following way: the first integer indicates the location of
the smallest disk, the second integer indicates the location of the next
smallest disk and so forth until the final integer indicates the location of
the largest disk. For example, the Figure 2 shows a possible game state
for the 6-disk game corresponding to the sequence (2,1,3,2,2,1).

Integer sequences of length n where the integers are between 1 and 3
can also be thought of as a vertex on the nth level in a rooted ternary
tree as described in Section [2] and as seen in Figure 3.
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—

FIGURE 2. The game state corresponding to (2,1,3,2,2,1).

FIGURE 3. The rooted ternary tree

Since any move in the game takes one game state to another game
state, i.e. takes one vertex on the nth level in the tree to another vertex
on the nth level, each move can be thought of as an automorphism of
the rooted ternary tree. Move a should search for the first time a 2 or
3 appears in the path, and then switch them. Moves b and ¢ should act
similarly but instead with the numbers 1 and 3 and the numbers 1 and
2 respectively. For example, move b takes the sequence (2,1,3,2,2,1) to
(2,3,3,2,2,1).

In the same way we can define elements a, b and ¢ acting on the whole
ternary tree X*. They are as follows:

a:=(a,1,1)o23 b:=(1,b,1)013 c:=(1,1,¢)012

where we are using the isomorphism Aut(X™*) = Aut(X™*)Ss.

Figure 4 shows the labeling of the vertices by elements in S5 for a, b,
and c respectively. Then the Hanoi towers group is I := {a,b,c). In [3]
a full presentation for I' is obtained. It is:

(4.1) T ={a,b,cla®,b*, %, 7"(w1), 7" (w2), 7" (w3), 7" (wy4) for all n = 0)
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FIGURE 4. The generators a, b, and ¢ of the Hanoi towers group

where 7 is an endomorphism of I" defined by the substitution

a—a b— b ¢ e

and where
wy = [b,a][b, c][c, a][a, c]’[a, b]°[c, b]
wo = [b, c]*[c, b][b, a][c, a][a, b][a, c]°®
ws = [c, b][a, b][b, c]*[c, b]?[b, a][b, c]*[b, c]*
wy = [b, c]*[a.b][b, a]*[a, c][a, b][c, a][c, b]

5. PROPERTIES OF THE HANOI TOWERS GROUP AND THE
PROOF OF THE MAIN THEOREM

In this section we compute the rigid kernel for I'. For any branch group
G, the rigid kernel is

ker(G — G) = lim Stabg (n)/Ristg(n)

n=1
where the maps py, n4k : Stabg(n+k)/Ristg(n+k) — Stabg(n)/Ristg(n)
come from the natural inclusions Stabg(n + k) < Stabg(n) and
Ristg(n + k) — Ristg(n). This is because, by definition, & is the sub-
group of H G/Ristg(n) consisting of sequences (g,Ristg(n)),>1 where
n=1

gn+1Ristg(n) = g Ristg(n)
for all n. Likewise, G is the subgroup of H G/Stabg(n) consisting of

n=1

tuples (h,Stabg(n)),>1 where
hp+41Stabg(n) = hyStabg(n)

for all n. Thus the kernel of the map G- Gis precisely those sequences
(gnRistg())n>1 where for all n, g, € Stabg (), i.e. lim Stabg (n)/Ristgn).

n=1
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Note that the maps p,, nt are far from being surjective and most of
our work in computing the rigid kernel for I' will be in determining the
image pp n+k(Stabr(n + k)/Ristp(n + k)) for all n and k.

First we observe that since each generator of I' has order 2, any element
in I' can be expressed as a word in a, b, and ¢ using only the positive
alphabet. Further, since each relator in can be written as a product
of commutators, I'/T" = (Cy)? where Cs is a cyclic group of order 2. Thus
a word in a, b, and c is in I if and only if the sum of the exponents on
each letter is congruent to 0 modulo 2.

Using the Reidemeister-Schreier method, we obtain a generating set
for Stabp(1):

a := acab = (a,cb,a)q B := abac = (a, a,bc)q
0 := bcba = (ca,b,b); v := babc = (b, b, ac);.

A group G <Aut(7) is level transitive if it acts transitively on each
level of Aut(7). If T = X*, the infinite d-ary tree, then G < Aut(X™*) is
called self-replicating if Stabg(u)Qu = G for any vertex u. If G is both
self-replicating and acts transitively on the first level of the tree, then G
is level transitive.

As T'/Stabr(1) = Ss3, T clearly acts transitively on the first level of the
ternary tree. Thus to show it is level transitive, it is sufficient to show it
is self-replicating.

Lemma 5.1. T is self-replicating.

Proof. From the generators obtained for Stabr(1) above we see

Stabr(u)@Qu =T for any vertex u of level 1. Now suppose for any vertex
v of level n, Stabp(v)@uv = T" and let w be an immediate descendant of
v. Then let p, ¢, r, and s be the elements in Stabr(v) that act as «, 3,
J, and v on the subtree rooted at v. Then, p, ¢, r, and s are in Stabp(w)
and pQuw, ¢Quw, rQw, and sQuw generate I'. Thus, Stabr(w)@Qw =T. O

G < Aut(X™*) is said to be self-similar if GQu is contained in G for
any u € V(X*).

For a vertex u € V(X*) and for an element g € Aut(X*), u = g will be
used to denote the automorphism of X * described by (1,...,1,g,1,...,1),
where n = |u| and g is in the uth coordinate; in other words u * g acts
as g on the subtree rooted at u and acts trivially outside this subtree.
For a subgroup K < Aut(X*), ux* K := {u = k|k € K}. Further, as X"
represents the set of vertices of level n in the tree, X™ « K will be used to
denote n u#* K where K < Aut(X™*). A group G < Aut(X™) is said

u|=n
to be rég‘ular branch if it is level transitive and there is a subgroup K
with finite index in G such that u = K < K for all u € V(X*) and such
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that X™ % K has finite index in G for all n. In this case, K is called a
branching subgoup. If a group is regular branch then it is also branch
as X™ x K < Ristg(n).

An important observation that will be used frequently in the remainder
of the paper is that if X™ « H < (G, then

(5.1) Stabg(n +m) n X"+ H = X"« Staby(m).

This is because X™+H describes a disjoint action on each subtree rooted
at the nth level, and so on each of these subtrees Stabg(n+m) N X"+ H
describes the collection of elements that are contained in H and stabilize
the mth level.

Lemma 5.2. T' is a self-similar, regular branch group with branching
subgroup T".

Proof. The definition of the generators of I' easily implies that I is self-
similar. We will show by induction that X" « I < T”. For n = 1, observe
that

(acbc)® = (abab,1,1); = ([a,b],1,1);
(abch)? = (acac,1,1); = ([a,c],1,1);
c(baca)?c = (bebe,1,1)1 = ([b, ], 1,1);

and (acbc)?, (abeb)?, and c(baca)?c are all in I since F/F’ is an elementary
abelian 2-group.

From the description of the generators for Stabr (1), we see that for all
g € T" there is an element § € Stabr(1) whose state in the first coordinate is
g. Conjugating (acbc)? by g produces the element ([a,b]9,1,1);. Likewise,
we can obtain the element that has any conjugate of [a,c] or [b,¢] in
the first coordinate and 1 in the second and third coordinates. As I is
transitive on all levels of 7, we obtain X = IV < I".

Now assume for some n > 1, that X" «IV < I". By the base case, each
copy of I contains a copy of X #I". Therefore, X™(X*I") < X™«[" < T".
But X" % (X I') = X"« T, O

Lemma 5.3. For alln > 1, Ristr(n) = X" =T".

Proof. The proof is by induction on the level. By Lemma X I
Ristr(1) < Stabr(1) < X #I'. Note that (X #T')/(X = T”) =~ (I'/T7)3
[(Z/27)3]® =~ (Z/2Z)°. Consider H, the rigid stabilizer of the first vertex
of level 1. The image H in (Z/2Z)° is contained in the subspace W
consisting of vectors which have 0 in the ith coordinate for i > 4. On the
other hand, the image U of Stabr (1) in (Z/2Z)? is spanned by the images
of a, B, §, and vy which are

lle /A
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& =(1,0,0,0,1,1,1,0,0)
4 =(1,0,0,1,0,0,0,1,1)
5= (1,0,1,0,1,0,0,1,0)
¥=1(0,1,0,0,1,0,1,0,1).

It is a simple exercise to see that W n U = {0}. It follows that H <
X #I” and thus Ristp(1) = X =T,

Now assume for some n > 1 that Ristr(n) = X™ =T, Then, again, by
Lemma 5.2 X" «I" < Ristr(n + 1) = Ristr(n + 1) n X"« TV = X" «
Ristr (1) < X™ = Ristp(1) = X" 1«7, giving X"« T’ = Ristp(n + 1).

]

Corollary 5.4. For all n, Ristr(n)Stabr(n + 1)/Stabr(n + 1) = (A3)*"
where As is the alternating group on 3 letters.

Proof. The projection I' — I'/Stabrp(1l) =~ S takes IV onto As, hence
I"/Stabr/ (1) = Asz. Further,

Ristr(n)Stabr(n + 1)/Stabr(n+1) =~ X" « IV/[(X™ * T") n Stabr(n+ 1)]
~ X"« /X" % Stabp (1) = (I'/Stabr (1))3" = (43)%".
0

Corollary 5.5. The rigid kernel for I is an elementary abelian 2-group.

Proof. Since Stabr(n) < X™ = I', we have
Stabr(n)/Ristr(n) = Stabr(n)/X™ =T’

is a subspace of X" «T'/X"+T” =~ (T/I")?" which is an elementary abelian
2-group. An inverse limit of elementary abelian 2-groups is an elementary
abelian 2-group. O

Corollary 5.6. |Stab[*(1)/RZ'8tr‘(1)‘ =16 and |Stabp/(1)/Ri5tpl(l)| =4.

Proof. We have seen in the proof of Lemma[5.3| that Stabr(1)/Ristr(1) =
Stabr(1)/X « I = U is a four dimensional vector space over Fy (the
images of «, 8, ¢, and ~ form a basis). Hence U has 16 elements.

Now, by Lemmas and we see that Ristr(n) = Ristp(n) =
X™ I, This gives Stabr/(1)/Ristr/(1) = (Stabp(1) n I")/Ristr(1) =
U n (I"/Ristr(1)). Moreover, since a word in a, b, and ¢ is in I if and
only if each generator appears in it an even number of times, a word in
a, B, 0, and v is in I if and only if the number of appearances of o and
[ have the same parity and the number of appearances of § and v have
the same parity. It follows that U n (I"/Ristp(1)) is the two dimensional

subspace spanned by & + ﬁ and & + . a



12 RACHEL SKIPPER

As T is self-replicating, if g € Stabr(u), then g@Qu must also be an
element of I". Corollary and the following lemma serve to elucidate
the action of I" on the top levels of 7.

Lemma 5.7. (1) T'/Stabr (1) = Ss, the symmetric group on three let-
ters.

(2) Stabr(1)/Stabr(2) considered as a subgroup of (S3)? is the kernel

of the homomorphism ¢ : (S3)® — Cy where ¢ sums the signs

of the permutation in each coordinate. This quotient has order

22 .33,

Proof. a) We have already observed that I'/Stabr(1) =~ Ss.
b) The images of «, 8, d, and v in Stabr(1)/Stabr(2) are

a = (023,0123,023) B = (023,023, 0132)

0 = (0123, 013,013) 7 = (013,013, 0132).
Thus @, /3,6, and 7 are in ker(¢). Further 5 = (0132,1,1) and, by
spherical transitivity, this implies that (43)% < Stabr(1)/Stabr(2). Also,
aff = (1,013,013) and 0y = (023,1,023). Collectively, these elements

generate ker(¢). O

Now we apply our knowledge of the permutations appearing on the top
levels of the tree to gain an understanding of action on subtrees rooted
at the lower levels.

Lemma 5.8. Forn > 1, we have isomorphisms Stabr:(n)/Stabr(n + 1) =
Stabr(n)/Stabr(n + 1) = X"~ ! % Stabp(1)/ X"~ % Stabr(2). In particu-
lar, all three groups have order 223" . 33"
Proof. Since

Stabr (n)/Stabr/ (n + 1) = Stabr(n)/(Stabr:(n) n Stabr(n + 1)),

the group Stabr/(n)/Stabr/(n + 1) can be considered as a subgroup of
Stabr(n)/Stabr(n + 1). By self-similarity, Stabr(n)/Stabr(n + 1) can be
considered as a subgroup of (X"~ !« Stabr(1))/(X" ! «Stabr(2)), a group
of order 223" . 33", Therefore it suffices to prove that

|Staby (n)/Stabp (n + 1) > 223" . 33"

Observe that I'/Stabr/ (1) = As, generated by the image of [a,b] =
(ab,a,b)o123 and recall that Ristr(n) = X™ « TV < TV. Tt follows that
Stabp/(n)/Stabp/(n + 1) contains (Xn * F/)Stabrv (TL + 1)/Stab1'v (TL + 1).
Note that
(X" «T")Stabr/(n +1)/Stabr (n + 1) =~ X" = I’ /(Stabp/ (n 4+ 1) n X™ % T")

= X"« I"/X"™ % Stabp (1) = (I'/Stabr (1))3" = (43)*".
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Therefore, Stabr(n)/Stabr (n + 1) has a subgroup of order 33".

Now, Stabr(n)/Stabr/(n + 1) also contains a subgroup isomorphic to
(X"=1 % T~ Stabr(n)) /(X" % TV n Stabr(n + 1)). Moreover, by
this subgroup is isomorphic to (Stabr(1)/Stabr(2))3" " which has order
223" by Corollary O

Now, we have all the tools needed to prove the main theorem.
Theorem 5.9. The rigid kernel ker(I' — T') is the Klein four-group.

Proof. By Corollary [5.5] the rigid kernel is an elementary abelian 2-group,
so we only need to show that it has order 4.

For notational simplicity, for all n > 1, define T',, := Stabr(n)/Ristr(n).
Further, under the natural map from I',, 4, to Iy, let Hy, ,, 4+ be the image
of I'py in I'y, let Ky, 511 be the kernel of this map, and let @y, 1% be
the cokernel of this map (note that Hy, p4, <T'y).

Recall that the rigid kernel is limI'y,. We will show that for all n,

n=1
Hy, 41 = Hy 42 and that both have order 4. This implies that for each
n, the maps Hy 1 n+2 — Hypi1 are isomorphisms and hence limI', =
n=1

lim H;, »+1 also has order 4, completing the proof.
n=1

The first step in doing this is to determine H,, ,,+1. We have the exact
sequence

(5.2) 1—>Kpnt1 = Unp1 =T = Qunyr — 1
Now
Ky nt1 = (Stabp(n + 1) n Ristr(n))/Ristr(n + 1)
= (Stabr(n 4+ 1) 0 X™ «T")/X" ™1 « T/ = X™ & Stabp(1)/ X"+ & TV
~ (Stabp(1)/Ristr(1))%",
hence |K,, nt1] = 223" from Corollary
Also, Qu,n+1 = Stabp(n)/Ristr(n)Stabp(n + 1) has 223"7" clements

by Lemma [5.8 and Corollary [5.4]

. . r, K gn-1
Since sequence 1D is exact, ‘ ‘F*‘l‘ = % = 243" Further, by

Corollary |T'1| = 16. Collectively, we obtain

IT,| =24 ﬁ 94:3'7% _ 92:(3" 71 +1)
i=2

. o |Taga]| 22GT+D
and the size of Hy, 5,41 is Krwa] = 223 = 4.
Now it remains to show that @, nt2 = @nn+1 as this would imply
H, ny2 = Hpy nt1 and moreover that H,, 41,42 maps isomorphically to

Hy, 541 for all n.
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Hence, Stabr(n + 1) = Stabr(n + 2)(X™ * Stabr/ (1)

(1]
2]
(3]
(4]

[5

[6

[7

(8]

[9

[10]
[11]

[12]

RACHEL SKIPPER

Now
Qn.n+i = Stabr(n)/(X™ * T")Stabr(n + i).
Thus showing Qr,.n+1 = @n,nt2 is the same as showing
(X™ «T")Stabr(n + 1) = (X" % I')Stabr(n + 2).

By Lemma [5.8
Stabr(n + 1)/Stabp(n + 2) = X™ = Stabp(1)/X™ * Stabr(2)
~ X"« Stabp/ (1)/X™ % Stabr/(2).
and we obtain

)
(X" = T")Stabr(n + 1) = (X" % I'")(X™ % Stabr (1))Stabr(n + 2)
= (X" = I")Stabr(n + 2). O
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