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A BANACH-STONE TYPE THEOREM FOR
C-FUNCTION SPACES OVER THE CIRCLE

KAZUHIRO KAWAMURA

ABsTrACT. We prove and apply an elementary theorem in calculus
to improve the Banach-Stone type theorem on C!-function spaces
over the unit circle on the complex plane proved in [8, Theorem
3.1].

1. INTRODUCTION

This is a continuation of the paper [8]. The Banach-Stone theorem
states that every linear isometry on the space of continuous functions
over a compact Hausdorff space (with the sup norm) is a weighted com-
position operator with a unimodular weight. Various extensions of the
theorem have been studied by many authors (see monographs [3],[4]).
Banach-Stone type theorems for the C'-function spaces over [0,1] have
been proved in [1], [6], [7], [11], [12], [13], [14] etc. Recently the author
obtained a similar theorem for C*(T), the space of C'*-function space over
the unit circle T = {z € C | |z| = 1} on the complex plane [8]. In [8,
Theorem 3.1] it was shown that every linear isometry T : C1(T) — C*(T)
with respect to a suitable norm is a weighted composition operator or its
variant if the isometry T satisfies an additional hypothesis:

(¥) T(idt) and T(idy) are C3-functions

where idy and idy denote the identity function on T and its complex
conjugate respectively. The above technical hypothesis was assumed only
to prove the following lemma.
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16 KAZUHIRO KAWAMURA

Lemma 1.1. [8, Lemma 3.12| Let ¢ : T — T be a C?-diffeomorphism and
let 3: T — T be a C*-map such that, for each C'-function f € C(T),
there exists a C*-function F € CY(T) such that

F'(z) = B(2)f (¥(2)), z€T.
Then B is a constant map and Y is an isometry.

In this note we prove the above lemma without the C!- and C?-
hypotheses of the maps 8 and 1. First we prove:

Theorem 1.2. Let §: R — C be a continuous function of period 1 and
let ¢ : R — R be a homeomorphism with a constant v € {£1} such that

Y(t+1)=v({)+y, teR.
Suppose that

(11) / B S ((8))dt = 0

for each periodic C'-function f: R — R of period 1. Then

(1) B is a constant function and
(2) there exists a constant ¢ such that (t) =yt +c, t € R.

Then we derive the same conclusion as that of Lemma 1.1 under a
weaker hypothesis. More precisely we have:

Proposition 1.3. Let 1 : T — T be a homeomorphism and let 5 : T — T
be a continuous map such that, for each C*-function f € C*(T), there
ezists a Ct-function F € C1(T) such that

F'(z) = B(2)f'(¥(2)), z € T.
Then B is a constant map and v is an isometry.

The above proposition enables us to generalize [8, Theorem 3.1]: re-
placing [8, Lemma 3.12] with Proposition 1.3, the argument in [8, Section
3, 3.1-3.2] works with no change to derive the same conclusion as that of
[8, Theorem 3.1] without the hypothesis (x). In order to state the general-
ization, we fix our notation and define some terminologies. Let 7 : R — T
be the standard covering map defined by 7(t) = exp(2nit) (¢ € R). For a
function f: T — C, let

1d

(1.2) fl(e*™?) = 5 0t p_g (EXP(2TIE)).

We say that the function f is a C'-function if the above derivative
exists and is continuous. The space of all complex-valued C'-functions
on T is denoted by C*(T). Let p; : T x T — T be the projection to
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the i-th factor ¢ = 1,2. For a compact connected subset D of T x T
with pe(D) = T, we define a norm || - |<p> on C(T) which induces the
C'-topology by:

(1.3) Ifll<p> = sup (If @)+ [f' W), f € CHT).

(z,y)eD
Theorem 1.4. (c¢f. [8, Theorem 3.1]) Let T : CY(T) — CY(T) be a
surjective C-linear || - || < p>-isometry and let I = P, (D).

(1) Assume that I = {a}. Then there exist constants B,k € T and an
isometry ¢ : T — T such that
(1.4) Tf(z) =Bf(p(2)) + (f(a) — Bf(p(a))), z€T

for each f € CH(T).
(2) Assume that I is not a singleton. Then there exist a constant
k € T and an isometry ¢ : T — T such that o(I) =1 and

(1.5) Tf(z) =rf(p(2), z€T
for each f € CH(T).

As a corollary we obtain structure theorems on isometry groups with
respect to some typical norms on C1(T) defined below. For a C*-function
f € CHT) and a point ¢ € T, let

Iflls = 1flloo + 110

Iflle = sup(If O]+ D,
teT
(1.6) Iflloe = LfI+11foo-
For a norm || - || on CY(T), U(|| - ||) denotes the group of all surjective C-
linear ||-||-isometries. The groups of isometries on T is denoted by Isom(T)

and, for a subset J of T, let Isom(T;J) = {¢ € Isom(T) | ¢(J) = J}.
Notice that Isom(T) = T X Zs.

Corollary 1.5. (cf. [8, Corollary 3.3].)
(1) U([l - ls) =U(] - le) =T x Isom(T).
(2) U(]| - lo,e) = T x T x Isom(T) for each c € T.

(3) For an interval I of T which is not a singleton, U(]| - ||<1xT>) =
T x Isom(T; I).

Recently Hatori and Oi [5] studied the space C'(T) with the norm ||-||s
in a much broader context. In particular they studied the function space
CH(T,C(Y)) of the C(Y)-valued C'-functions on T, where C(Y) denotes
the Banach space of continuous functions on a compact Hausdorff space
Y. In particular Corollary 1.5 (1) for the norm | - || follows from their
result.
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The present note is devoted to prove Theorem 1.2 and Proposition 1.3.
Although the proof of Theorem 1.2 belongs to elementary calculus, the
author could not find it in the literature and a proof is supplied in detail.

2. PROOFS

For amap ¢ : T — T, let ¢ : R — R be a lift of ¢, that is, a
map satisfying m o @ = pom. If ¢ is a homeomorphism, then ¢ is a
homeomorphism and there exists a constant d, € {£1} such that @(t +
1) =¢(t) +dy, teR.

Proof of Theorem 1.2. We assume at the outset that v = 1. The case
v = —1 can be proved similarly. Since ¥ : R — R is a homeomorphism,
we see that v is, under the assumption v = 1, a monotone increasing
function.

Step 1. First we show that 8 is a constant function. Applying (1.1) to

1 . 1
) = Py sin(2wnt), fo(t) = 9 cos(2mnt)
for n € Z\ {0}, we have

1 1
(2.1) /0 B(t) cos(2mnip(t))dt = /0 B(t) sin(2mny(t))dt = 0.

Suppose B(a) # [(b) for some a,b € [0,1] and let € = |B(a) — 5(b)| > 0.
For simplicity let p = ¢(a),q = 1(b) and take a 6 > 0 so small that
(i) [a—d,a+d]N[b—6,b+d] = 0 and ¢ ([a—0d, a+d])N([b—3, b+4]) = 0,
(ii) diamB([a — d,a + d]) < €/2 and diamB([b — §,b+ d]) < €/2.
Let I, = ¢¥(la — 6,a + 6] N [0,1]),I, = ¥([b — &,b+ 0] N[0,1]). Take a
real-valued smooth functions g, : I, =+ R and g, : I; — R such that
9as b > 0, g4|0I, = g4|0I, = 0 and

a+9d b+
(2.2 |t = [ awe -1

Let ¥([0,1]) = [A, A+ 1]. Then we have I, U, C [A.A+ 1]. Define a
Cl-function g : [A, A+ 1] — R by

ga(t) tel,
(2.3) g(t) =4q¢ —g(t) tel,
0 te¢I,Ul,

The function g naturally extends to a periodic C'-function, denoted by
g : R — R, of period 1 which satisfies

1 A+1
(2.4) /0 g(t)dt = / g(t)dt = 0.

A
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The function .
f(@) :/ g(s)ds, t e R
0

is a O''-function and has period 1 due to (2.4). Thus its Fourier series
converges uniformly on [0, 1]:

oo
ft) = Z ay, cos(2mnt) + by, sin(27nt)
n=0
with a uniform convergent series of the derivative:
oo
Z(—Qﬂ'nan sin(27nt) + 2mwnb, cos(2wnt))
n=0

= lim S,(?),

n— 00

Q
—~
~+
~—
I
~

X

—~
~+

~—

where S, (t) = Yi_,(—2mkay sin(2mwkt) + 2mkby, cos(2wkt)). Applying
(2.1) we have fol B(t)Sy (¢ (t))dt = 0 and by taking the limit we obtain

(25) | Bogwna—o.
0
On the other hand we see from (2.2) and (ii),
a+9d
(2.6) 7§5@MA¢UDﬁAwﬂ@
a+d

at+d
B0~ [ s

a—9§

a+d
/ () — Bla) gu(w(1))dt

-0

IN

a+d
< %/ ga((t))dt = €/2.

-0
Similarly we have

b+d

B(t)g(1(t))dt — 5(b)

b—o

We also have by (2.5) and (2.3)

(2.7) <e/2.

b+d

at+d
/ B(t)ga (b (£))dt —
a—4§ b—o

However since |S(a) — B(b)| = ¢, the last equality contradicts (2.6) and
(2.7), which proves that § is a constant function.

B(t)gn (1))t = / B(B)g( (1))t = 0.
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Step 2. We prove that ¢ takes the form as in the conclusion. Since f is
a constant map by Step 1, (1.1) is reduced to

1
(28) | rwna=o
0
for each C!-function f: R — R of period 1. Recall 9([0,1]) = [A4, A + 1].
We prove:
Claim. Let p,r be two points of [4, A+ 1] with p < r and let ¢ = %(p—i—r).
Then we have the equality

(29) 070 = 507 ) + 9 ).

First we show that Claim implies the desired conclusion. Let # = ¢~ and
note that 6 is a monotone increasing function such that 8([A, A + 1]) =
[0,1]. Fix p,q € [A, A+ 1] with p < g arbitrarily. Claim implies

p+q) 0(p) +0(q)
2 2 '

o(

By a straightforward induction, we can prove, for each n > 1, the following
equality

k k

0 (g (1= 300) = 5200 + (1= 500(0), 0 < <2

The continuity of 6 implies
O(tp+ (1 —t)q) = t0(p) + (1 —1)f(q), 0 <t < 1.

Since p and ¢ are arbitrary points in [A, A + 1], we see that 6 is an affine
function. Noticing #(A) = 0 we see that 6(t) =t — A (A<t < A+1)
and hence ¢¥(t) =t+ A (0 <t < 1), as desired.

For the proof of Claim we make a preliminary construction. For u < v

and § € (0, %E2) we define a function hy™ : [u,v] — [0,1] by

F(t— ) u<t<u+d,
(2.10) hy (t) =< 1 u+6<t<v—4,
sv—t) v-d6<t<w.
In what follows we assume that § = *7* for a large integer K > 0. For

a positive integer m > 0, we define a partition A, (u,v) of [u,v] into
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subintervals of equal length §/m:
(2.11)
d . .
Uu=1uy <uy < <Up=u+0, uj =u+—j, 0<j<m,
m
u+d=wy<wy << Wpk—2) = V-0,

)
wij=u+d+—j, 0<j<m(K -2),
m
1)
v=0=2v9 <V < < Uy =, vi=v—0+—7, 0<5<m.
m
We use the partition A,,(u,v) for an approximation of the integral

P~ (v) -
[ mr
Y1 (u)

by a Riemannian sum S,,(hs") as follows: let

a; =47 (uy), by =97 () (0 < j < m)

¢y = v (w;) (0<j<m(K-2)
and notice
ap =P (u), am =co =19 H(u+9),
Cm(K—2) = bO = 11)71(” - 5)7 b, = 1/171(7))
Let
(2.12) Sm(hy®) = > hy"(¥(a;))(a; —a;-1)
=1
’ m(K—2)
+ 3 hE () (e — ¢jm1)

+>hy (b)) (b — bj-1).
j=1
Using (2.10) and (2.11), we obtain

(2:13) 3R (lay)(a; o) = D050 —u)lay )

Jj=1
m
1.
= E E](aj aj-1)
Jj=1
1 m—1
= am — % aj.
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Similarly we have

m m—1
u,v ]'
(2.14) S B b)) by~ by1) = - S by = b,
j=1 j=0
and also
(2.15) S AYU(y —ci1) = Y (¢ —¢i1)
j=1 Jj=1

= Cm(k-2) — Co=bo — an.
Using (2.12), (2.13), (2.14) and (2.15) we obtain

m—1 m—1
1
bj — —
m <
j=0 j=0

(2.16) S (B2 = a;.

1
m

Proof of Claim. Fix p,q,r € [A, A+ 1] with
1
5 (p+7)
and let d = 1(r — p). Take a large positive integer K and let § = d/K.
Use (2.10) to define a continuous function gs : [A, A + 1] — [—1,1] by

hgi(t)  ifp<t<q,

gs(t) =< —hP"(t) ifg<t<r,
0 otherwise.

A<p<r<A+1, ¢qg=

Since gs(A) = gs(A+ 1) =0, gs naturally extends to a periodic function,
denoted by g5 : R — [—1,1], of period 1 such that fo gs(t)dt = 0. Define
a Cl-function f5:[A, A+ 1] — [0,1] by

£50) = [ as(s)ds, e 4, A4+1]

A

and again take its natural extension f5 : R — [0,1] as a C'-function of
period 1 so that f§ = gs;. By the hypothesis (2.8) we have

0= /Olfg(w(t))dt = /Olga(w(t))dt
(D B e ) B (O B
- /0 p +/z/)—1(pj +/w—1(q) +/1/’_1(7')

()] Ppi(r)
- / BP9 (3 (8) ) — / BT ((1) .
P—1

(») P=1(q)



A BANACH-STONE TYPE THEOREM FOR C!'-FUNCTION SPACES... 23

Defining a = ¢~ (p),b = v ~"1(q),c = ¥~ 1(r), we have

b c
(2.17) [ ey = [ wgrwa

a b
Fix an € > 0 arbitrarily and take a positive integer m so large that

b
B o
and hence we have
(2.18) 1S (RE?) — Sy (RET)| < .
Let

— gt + +
...<yj<...<yK(m_2):TO<...<7‘j...<fr’m:/]ﬂ

< <gn =g,

be the partitions A,,(p,q) and A,,(q,7) of [p,q] and [g,r] respectively
that appear in the definition of S, (hY'?) and S, (h{") (see (2.11)). By
(2.16) we have

1 m—1 m—1

(2.19) Sm(h5?) = — ) ¥7Hg) - — > v ),
7=0 j=0
m—1 m—1

(2.20) S (hET) = % ¢ (ry) — % v a)
7=0 Jj=0

Since 1y ~! is monotone increasing, we have ¢y ~!(p) < ¢~ (p;) < ¥~ (p+9)
and ¢! (q = &) < ¢~ (g; ) < ¢~ '(g), which imply

(2.21) vTHp) < %Zw*@j) <YTHp+),
(2.22) b g-06) < % Zzﬂ‘l(q;) <97 (q)-
Similarly we have

(223) 0N = ST S+,
Q) ) < 3w <v)
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Using (2.19) - (2.24) and (2.18), we obtain

@
b Hg=0) + v )~ (p+0) =T H(r)
LTS
LS ) - L ey
j=1

< S (h5) — S (hE") <€
Similarly we have

VM) + ¢ Hg+0) — v (p) — ¢ (r —6)

and hence

v g —0)+ v Hg) v Hp+8) + () +e,
v Hg) + ¢ g+ ) )+ —6) —e

Taking the limit K — oo, we have 6 = d/K — 0. Taking into account of
the continuity of ©/~! and taking the limit e — 0 we obtain

PTHp) +THr) S 27 Hg) 9T HR) YT (),

and therefore =1 (p) + ¢~ 1(r) = 2¢p"1(q), as desired. This proves Claim
and hence completes the proof of the theorem. O

<
2

Proof of Proposition 1.5. Let 1,3 be functions as in the proposi-
tion and take a lift 1 : R — R. Since 1 is a homeomorphism, 1
is a homeomorphism and there exists a constant v € {£1} such that
Y(t+1) =(t)+v (t €R). Let 3= Bor: R — C. For each C'-function
f:T — C, take a function F': T — C as in the hypothesis of the propo-
sition and let f = for : R - Cand F = For:R — C. Then f is a
periodic C'-function of period 1 and every C'-function R — C of period
1 is obtained in this way. By the choice of F' we have

RN
SR() = A5 (5(0)

and hence
Vo df - _ _
| 80wy = Fa) - o) = o.
0

Applying Theorem 1.2 we conclude that f and hence S is a constant
function and ¢ (t) = 4t + ¢ for some constant c. Recalling that v = +1,
we see that 1 is an isometry on T. This proves the proposition. O
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The above proof uses the metric feature of the unit circle T which
is locally isometric to the 1-dimensional Euclidean space R. It is not
known to the author whether a similar statement holds when the circle is
equipped with other metrics. The author recently proved a Banach-Stone
type theorem for C''-function spaces over compact Riemannian manifolds
in [9] under a “regularity-preserving-hypothesis” similar to (x). It is not
known whether the same result holds without the hypothesis. See also
[10] for isometries with respect to the || - |s-type norm.

Acknowledgement. The author is grateful to the referee for helpful
comments.
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