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WHEN THE PROPERTY OF HAVING A 7-TREE
IS PRESERVED BY PRODUCTS

MIKHAIL PATRAKEEV

AssTrACT. We find sufficient conditions under which the product
of spaces that have a w-tree also has a m-tree. These conditions
give new examples of spaces with a mw-tree: every at most countable
power of the Sorgenfrey line and every at most countable power of
the irrational Sorgenfrey line has a w-tree. Also we show that if a
space has a m-tree, then its product with the Baire space, with the
Sorgenfrey line, and with the countable power of the Sorgenfrey
line also has a w-tree.

1. INTRODUCTION

We study topological spaces that have a m-tree, see Terminology 2.5
in §2. The notion of a w-tree was introduced in [10] and is equivalent [10,
Remark 11] to the notion of a Lusin w-base, which was introduced in [§].
The Sorgenfrey line Rs and the Baire space N (that is, “w with the
product topology) are examples of spaces with a 7-tree [8]. Every space
that has a 7-tree shares many good properties with the Baire space. One
reason for this is expressed in Lemma 2.6 and Lemma 3.2; another two are
the following: If a space X has a m-tree, then X can be mapped onto N
by a continuous one-to-one map [8] and also X can be mapped onto N* by
a continuous open map [8] (hence, X can be mapped by a continuous open
map onto an arbitrary Polish space, see [1]| or [6, Exercise 7.14]). Every
space that has a m-tree also has a countable 7w-base, see Lemma 2.7.
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In this paper we study the following question: When does the product
of spaces that have a w-tree also have a mw-tree? We find several kinds
of conditions (see Theorem 4.1, Theorem 5.1, and Corollary 4.2) under
which an at most countable product of spaces that have a w-tree also has a
m-tree. We consider only at most countable products because an uncount-
able product of spaces that have a m-tree has an uncountable pseudochar-
acter; therefore, it has no w-tree (see [5, 5.3.b)] and lemmas 2.6, 2.7, and
3.2).

The above results give new examples of spaces that have a 7w-tree, see
Section 7. For instance, Corollary 7.2 asserts that if 1 <|A| <w and for
each a € A,

either X,=N or X,cRs with Rs\ X, at most countable,

then the product [T,e4 Xo has a w-tree. In particular, the powers Rs"
and Zs" (Zs denotes the irrational Sorgenfrey line Rs~ Q) have a -
tree for all natural n > 1, and the powers Rs* and Zs“ also have a
m-tree. (Note that no finite power of the irrational Sorgenfrey line is
homeomorphic to finite power of the Sorgenfrey line [2].) Other examples
of spaces with a m-tree can be obtained by using Corollary 7.4, which
says that if a space X has a m-tree, then the products X x A, X xR,
and X x Rs“ also have a w-tree.

2. NOTATION AND TERMINOLOGY

We use standard set-theoretic notation from [4] and [7]. In particular,
each ordinal is equal to the set of smaller ordinals, w = the set of natural
numbers = the set of finite ordinals = the first limit ordinal = the first
infinite cardinal, and n = {0,...,n — 1} for all n € w. A space is a
topological space; we use terminology from [3] when we work with spaces.
Also we use the following notation.

Terminology 2.1. The symbol := means “equals by definition”; the
symbol :«<— is used to show that an expression on the left side is an
abbreviation for expression on the right side;
N xcy «—> xSy and x *y;
S A=l By
A=Upea By and YA, N €A [)\-‘# X — Byn By ZQ];
% [A]":={BcA:|B|=x}, [A]*:={BcA:|B|<k}
(here k is a cardinal);
% 7 has the FIP  :«— Vée[y]\{a} [N+ 2]
(FIP means the Finite Intersection Property);
% cofin A= {ANF: Fe[A]“}
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nbhds(p, X) := the set of (not necessarily open) neighbourhoods
of point p in space X;

f 1A := the restriction of function f to A;

v 0 i+« v w-refines § +— VDedN{@} IGey{@} [G < D].

When we work with (transfinite) sequences, we use the following nota-

tion.

Terminology 2.2. Suppose n €w and s,t are sequences; that is, s and
t are functions whose domain is an ordinal.

(SN
S
SN
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length s := the domain of s;

note that sct iff lengths<lengtht and s=t]lengths;
(roy...,mn-1) = the sequence r such that lengthr =n and r(4) =
r; for all 7emn;

() := the sequence of length 0;

(roy .oy Tne1) (80, » Sm-1) = {10, - -+, Tn-1,50, - - -, Sm-1);

BA := the set of functions from B to A; in particular, °A = {()}7
“@A:=Ugeo A (here a is an ordinal).

Also we work with partial orders and then we use the following termi-

nology:

Terminology 2.3. Suppose P = (Q,<) is a strict partial order; that is,
< is irreflexive and transitive on Q. Let z,y€ @ and Ac Q.

0000060000

/N

nodes P = nodes(Q, <) := Q;

T<py = xdY;

T<pY <> T<pyY oOr T=YyY;

zip :={venodesP:v<pa}, xlp:={venodesP:v>pa};
zlp:={venodesP:v<pa}, x|p:={venodesP:v>pa};
Alp=U{vlpive A}, Alp:=U{vlp:veA};

sonsp(x) = {senodesP:x <p s and z}pNsip = T};
Aisachainin P «— VoweA[v<pw or v>pw];
P has bounded chains :«— for each nonempty chain C' in P,
there is v € nodes’P such that C cvlp;

max P := {m e nodes P : m}p = &};

minP := {m € nodes P : mf, = &};

Op := the node such that (0p)|p = nodesP

(here P is a partial order that has such node).

When a partial order is a (set-theoretic) tree, we use the following
terminology:

Terminology 2.4. Suppose 7T is a tree; that is, 7 is a strict partial
order such that for each x € nodesT, the set z{; is well-ordered by <7.
Let z enodesT, let a be an ordinal, and let x be a cardinal.
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height(x) := the ordinal isomorphic to (z{;,<7);

levely () = {v € nodes T : height(v) = a};

height 7 := the minimal ordinal S such that levely(5) = @;

B is a branch in T :«— B is a C-maximal chain in T;

T is k-branching <« Vv enodesT \max7 [|sonsr(v)| = x].

Finally, we work with foliage trees, which where introduced in [10].
Recall that a foliage tree is a pair F = (T,l) such that 7T is a tree and
[ is a function with domain! = nodesT. For each x € nodesT, the I(x) is
called the leaf of F at node X and is denoted by F,; the tree 7 is called
the skeleton of F and is denoted by skeleton F. We adopt the following
convention: If F is a foliage tree and e is a notation that can be applied
to a tree, then o(F) is an abbreviation for e(skeletonF'); for example,
x <p y stands for = <geletonF y- Also we use the following terminology:

Terminology 2.5. Suppose F is a foliage tree, v € nodesF, A C nodesF,
X is a space, « is an ordinal, and x is a cardinal.

9000009
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flesh F := U{F, : 2 € nodesF};
fleshp(A) :=U{F, :z € A};
shooty (v) := { fleshp(C) : C is a cofinite subset of sonsg(v)};
scopegp(a) := {x e nodesF : F, 5 a};
F has nonempty leaves :«— Vx enodesF [F, # @];
F is nonincreasing :«— Vax,yenodesF [y>p x> F, cF,];
F has strict branches :«— nodesF # @ and for each branch
B in F, the N,pF, is a singleton;
F is locally strict :«— Vx € nodesF \ maxF [F; = |sesonsy (x) Fs
F is open in X :«— VzenodesF [F, is an open subset of X];
F is a foliage a,k-tree :«—
skeleton F' is isomorphic to the tree (<“k,c);
F is a Baire foliage tree on X :«— F isan openin X locally
strict foliage w,w-tree with strict branches such that Fy, = X;
F grows into X :«—
VpeX VUenbhds(p, X) Jzescopeg(p) [shootF(z) > {U}];
F isa m-treeon X :«—
F is a Baire foliage tree on X and F grows into X;
S := the standard foliage tree of “w := the foliage tree such that
> skeleton S := (*“w,c) and
> S, :={pe“w:xcp} for every z e “uw;
N := the Baire space =
the space (“w, Ty ), where 7, is the Tychonoff product topology
with w carrying the discrete topology.

Lemma 2.6 ([10, Lemma 13]).

(a)
(b)

{Sy :x € “w} is a base for N.

S is a m-tree on N.
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(¢) S is a Buaire foliage tree on a space (“w,7) iff T27,.

Lemma 2.7. If F is a w-tree on a space X, then

> {F,:venodesF} is a countable w-base for X,
> each F, is closed-and-open in X, and
> ({F,:F,3p}={p} forall peX.

3. NEw NOTIONS: ISOMORPHISM AND SPECTRUM

The notion of isomorphism between foliage trees allows to simplify
proofs (see the proof of Theorem 4.1) in the following way: When we
have a m-tree F on a space X, we may (by using (c) of Lemma 3.2 and
(c) of Lemma 2.6) assume “without loss of generality” that F =S and
X = (Yw, ) with 72 7.

Definition 3.1. An isomorphism between foliage trees F and G is a
pair (¢,v) such that

> ¢ is an order isomorphism from skeleton F' onto skeleton G,
> 1) is a bijection from fleshF onto flesh G, and

> Y[F,] = Gy,,) forall zenodesF.

Lemma 3.2. Suppose that F is a foliage tree and X is a space.

(a) F s a locally strict foliage w,w-tree with strict branches  iff
F is isomorphic to S.
(b) F is a Baire foliage tree on X  iff
there exist an isomorphism (p,v) between F and S and a topol-
ogy T on “w such that
> 1) is a homeomorphism from X onto (“w,T) and
> S is a Baire foliage tree on (Yw,T).
(¢c) F isa w-tree on X  iff
there exist an isomorphism (p,v) between F and S and a topol-
ogy T on “w such that
> 1) is a homeomorphism from X onto (Yw,T) and
> S is a w-tree on (“w,T).

Proof. (a) Suppose that F is a locally strict foliage w,w-tree with strict
branches. Let ¢ be an order isomorphism from skeleton F' onto the tree
(*Yw,c) = skeletonS. For each p € “w, the set {r ¢ “w:xz cp} is a
branch in S, so since F has strict branches it follows that there is a
point x(p) in fleshF such that

{x(p)} = N{Fy1(s): v € “w and x Cp}.
Then it is not hard to prove that the function x:“w — flesh F' is a bijection

and (¢, x"!) is an isomorphism between F and S. The <« direction
follows from (b) of Lemma 2.6.
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(b) Suppose that F is a Baire foliage tree on X. Let (y,%) be an iso-
morphism between F and S, which exists by (a). Then v is a bijection
from X onto “w. Put

7:= {¢[U]: U is an open subset of X };

clearly, 7 is a topology on “w and % is a homeomorphism from X onto
(Yw,7). Tt follows that S is a Baire foliage tree on (“w,7) because F
is a Baire foliage tree on X. The <« direction is similar. Part (c) can be
proved by the same argument. O

Corollary 3.3. Suppose that F is a Baire foliage tree on a space X and
peX.

(a) F

(b) F, is closed-and-open in X and |F,|=2“ for all v e nodesF;
(c) scopeg(p) is a branch in F;

(d) VYnew Flvescoper(p) [heightF(v) = n]

is nonincreasing, fleshF =Fy., and heightF = w;

Proof. This corollary is a consequence of (b) of Lemma 3.2 and (c¢) of
Lemma 2.6. 0

Now we introduce terminology that we need to formulate Theorems 4.1
and 5.1.

Definition 3.4. Suppose F is a foliage tree and X is a space.
& spangp(p,U) = {heightF(v) : v e scopeg(p) and shootg(v) > {U}};
& spectrump(X) = {spanF(p, U):peX and Ue nbhds(p,X)}.

Example 3.5. spang(p,Spin) =wsn forall pe“w and new.

Lemma 3.6. Suppose that F is a foliage tree and X is a space.

(a) F grows into X iff @ ¢spectrump(X).
(b) If F isa w-tree on X and pe X, then
(b1) the family {spang(p,U): U € nbhds(p,X)} has the FIP,

(b2) ({spang(p,U) : U enbhds(p, X)} = @, and
(b3) spang(p,U) € [w]¥ for all U € nbhds(p, X).

Proof. Part (a) is trivial.
(b1) We must show that
if ee[nbhds(p, X)]* ~{@}, then [ spang(p,U)+a.
Uee
For each U €&, we have spang(p,U) 2 spang(p,Ne) because U 2 Ne #
@. Therefore
() spang(p,U) 2 spang (p,Ne)
Uee
and it follows from (a) that spang(p,Ne) # @ since Ne € nbhds(p, X).
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(b2) By (c) of Lemma 3.2, there exist an isomorphism (¢,) between
F and S and a topology 7 on “w such that i is a homeomorphism
from X onto (“w,7) and S is a w-tree on (“Yw,7). Put ¢:=1(p). For
each U ¢ X, we have spang(p,U) = spang (q,LZJ[U]) and

U enbhds(p,X) < [U] € nbhds(q, (“w,T)).
Then it is enough to show that

the set M, := ﬂ{spans(q, V) :V € nbhds (q, (“’w,r))} is empty.

It follows from Lemma 2.6 that S, € nbhds (q, (ww,T)) for all n e w, so
using Example 3.5 we have

M, < ﬂ{spans(q,sqm):new} = Hw \n:new} = @.

(b3) Tt follows from (b1)—(b2) that the set spang(p,U) is infinite for
all U e nbhds(p, X), and spang(p,U) € w because heightF =w by (a)
of Corollary 3.3. O

4. THE FIRST THEOREM

Theorem 4.1. Suppose that H(X) is a mw-tree on a space X, for every
A e A, where 2 < |A| < w. Suppose also that for each finite nonempty
IcA,

> if R;espectrumy;)(X;) forall iel,

> then Nier R; is infinite.
Then the product [Tyean Xx has a m-tree.

Corollary 4.2. Suppose that H(X) is a w-tree on a space X, and
cofinw > spectrumyg(y(Xx) for all A € A, where 1< |A| <w. Suppose
also that a space Y has a mw-tree. Then the product Y x [Tyep Xa also
has a T-tree.

Proof. Let G bea m-treeon Y and I € A be finite and nonempty. Now,
if R espectrumg(Y) and R; € spectrumy;)(X;) for every i€ I, then
R e [w]¥ by (b3) of Lemma 3.6 and it follows from (a) of Lemma 3.6 that
Nier Ri 2w~ n for some n €w. Therefore RnN;;r R; is infinite. O

Proof of Theorem 4.1. We may assume that 2 < A € wu{w}. By (c¢)
of Lemma 3.2, for each n € A, there exist an isomorphism (¢, %)
between H(n) and S and a topology 7, on “w such that ), is a
homeomorphism from X,, onto (“w,7,) and S isa w-tree on (Yw,7,).
It follows that

spectrumyy,,)(Xn) = spectrumg ((“w, 7)) for all neA.
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Now, for every ke A, we have the following:
if R; espectrumg ((“w,7;)) for every iek+1,

(4.1) A
then Njere1 R; is infinite.

And we must prove that the space [ cp(“w,7,) has a w-tree.

In this proof we use several specific notations. First, E-F :={euUf:
ecFE, feF}. We use this operation in situations when FE ¢ AC and
FcBC with AnB =g, so that

E-F = {peAUBC:prAeE and prBeF};

in particular, when B = @, we have F-9C = E because ?C = {@}.
Recall that

[lier Di = {{pidier € "(Uier D) = pie D; forall iel}.
When v e ““w and m € w, we put
(4.2) Sm .= U{S,y : L ew N mj.

Note that {S7":m € w} > shootg(v) for all ve <“w.

We build a 7-tree on the space [T,z (“w,7,) = (*(“w), ), where 7 is
the Tychonoff product topology, by using Lemma 4.3. This lemma states
that there exists an indexed family

(a(n,v,i) : new, ve M, ieAn(n+1))
such that

(al) Vnew Yve?w YieAn(n+1) [a(n,v,i) € "w];

(a2) Vnew Yve?"w Ymew

(( T St..o)~( T1 g;’z;ﬁv’i))).Aﬁ{n+l}(ww) _

ieAn(n+1) ieAn(n+1)

|_| H Sa(n#—l,v“(m,l),i) .

lew jeAn(n+2)
Let G(A) be a foliage tree with skeleton G(A) := (*Yw,c) and with
leaves defined as follows:
(bl) Vnew Yve?w
G(A)u = ( H Sa(n,v,i))'A\(n+1)(wW);
ieAn(n+1)
(b2) Vnew Yve?w Ymew
G(M)wmy = (( TT Shinwiy)N( TT Siilin)) D (40),
ieAn(n+1) ieAn(n+1)
Notice that the construction of G(A) doesn’t depend on topologies 7,
n € A; it depends only on the cardinality of A.
To complete the proof, we show that G(A) is indeed a w-tree on

(*(vw),7):
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@ G(A) is a foliage w,w-tree.
- G(A)OG(A) = A(ww)~

We have Og(a) = (), clause (bl) with n =0 says that
G(A)y = Sa. .0 M (W),
so using (4.8) (see the proof of Lemma 4.3) we have
G(Mog,, = I8y (Pw) = O (w)- NI (w) = A(w).
® G(A) isopenin (*(“w),7).

By (b) of Corollary 3.3, every set S, is closed-and-open in each of spaces
(Yw,7y), and the formula

S = Sy NU{Syqy:lem)

(which follows from (4.2)) implies that every set S”" is closed-and-open in
each of (“w,7,) too. Therefore every leaf of G(A) isopenin (*(“w), 7).

@ G(A) is locally strict.

Let t € nodesG(A). First, suppose that t € 2w for some n € w. Since
S. =S¢ for all ue<“w, then by (bl) we have

G = (T Shnisy) S (“w).

ieAn(n+1)

Note that for each u € <“w, the <§m>mew is a strictly decreasing sequence

of sets and Nyew ST = @. Then it follows from (b2) that
G(A): = L G(A)egmy-
mew

Now suppose that ¢ e 271

some w € 2"

w for some n € w, so that ¢t = u(m) for
w, mew. Then by (b2) we have

G(A)t = G(A)u"(m) =
(( H ~Zzn7u,i)) A ( H ’S’Zrz-;z%u,z))) ’ Aﬁ{n+1}(ww) AN n+2) (ww),
ieAn(n+1) eAn(n+1)
so (a2) implies

G(A)y = |_|(( [1 Sa(n+1,u‘(m,z>,i))'A\("”)(“’w)),

lew * jeAn(n+2)
and then using (b1) with v = u'(m, 1) € 2" Dy we have

G(A), = |_|Gr(/\)7f(m7[>7 that is, G(A); = |_|G(A)f(l>.

lew lew

@ G(A) has strict branches.
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Suppose that B is a branch in skeleton G(A), which means that B =
{zIn : n € w} for some z € “w. Since G(A) is a locally strict foliage
w,w-tree, then G(A) is nonincreasing, so

(4.3) N GA)y = M G(A)z2n
beB new
because the chain {z|2n:n ew} is cofinal in (B,c). By (bl) we have
(44)  G(A)zzn = (1 Sawmzren) AN (@) for all new.
ieAn(n+1)

Since G(A) is nonincreasing, it follows from (4.4) and (al) that

Sa(n,z12n,i) 2 Sa(n+1,212(n+1),) forall new and ie An(n+1)
— that is, for all 1€ A and n e€w \ 4. This implies

a(n, z12n,i) c a(n+1,zr2(n+1)7i) forall i€ A and new\i,

and then, for every i € A, there is y; € “w such that a(n,z2n,i) c y;
for all new\i. Then
(45) m Sa(n,zT?n,i) = {yl} for all 7€ A.
Put 3 = (y:)iea € *(“w). Now (4.4) and (4.5) imply Npew G(A) 2120 = {¥},
so the Npep G(A)p is a singleton by (4.3).

® G(A) grows into (*(“w), 7).
Suppose that

p=(pi)iea € *(“w) and U enbhds (p, (A(“’w),r)).

We may assume that

(4.6) U = ( H UZ')'A\(]HI)(WOJ)

iek+1
for some k € A and some U; € nbhds (pi,(“w,ri)) for every i € k+ 1.
Put R; :=spang(p;,U;) for every iek+1. Then N, R is infinite by
(4.1), so there is some 7 € Niepr1 Ri such that 7 > k. By definition of
spang(p;,U;), for each i€k +1, there is v; € scopeg(p;) such that

heightg(v;) =7 and  shoots(v;) > {U;}.
This means that for each i € k+ 1, we have p; € S,,, v; € T (hence
v; = p;ln), and Sot = Sg:im c U; for some m; € w. Let m be the
maximal element of {m; :i € k+1}. Then §g§m cU; forall iek+1,
and hence
H SZ:WL c H UZ

iek+1 iek+1
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Note that k+1=An(k+1) because k€ A, so using (4.6) we get

(4.7) ( TI Sp,) -2 (w) c U
ieAn(k+1)
We already know that G(A) is a Baire foliage tree on (A(“w),T), SO
using (d) of Corollary 3.3 we can take node ¥ € scopeg(py(p) such that
v € 2"y, Then, using (bl) with n =7 and v =%, we have
p = (pi)ieA € G(A)ﬁ = ( H Sa(ﬁ,@,i))'A\(ﬁ+l)(ww)a
ieAn(n+1)
S0 p; € Synp,iy for all i € An(n+1), and hence using (al) we get
a(n,v,i) =p;In for all ie An(n+1). Using (b2) and inequality 7 > k
we can write

G(A)gimy € ( TT Spia) V"D (w) <
ieAn(n+1)

( IT Spia) AN (@) for all m e w.
ieAn(k+1)

Therefore using (4.7) we get G(A)g~() €U for all m € w~m. This means
that we have found v € scopega)(p) such that shootga)(v) > {U}. O

Lemma 4.3. For each A € (w U{w}) N2, there is a family (a(n,v,i) :
new, ve®w, ieAn(n+1)) such that

(al) Vnew VYve®w VieAn(n+1) [a(n,v,4) € "w];

(a2) Vnew Yve?w Ymew

(C T Sina)~ (T i) M0 =

ieAn(n+1) ieAn(n+1)

|_| H Sa(n-*—l,?f(m,l),i) .

lew jeAn(n+2)
Proof. We construct this indexed family by recursion on n € w as follows:
When n =0, we have *"w = "w =% = {()} and An(n+1) = {0}
because A >2, so (al) with n =0 just says

(4.8) a(0,(),0) = ().

When n = 1, we must choose a(l,v,i) € 'w (for all v € 2w and
i€ An2) in such a way that (a2) with n =0 is satisfied. Since A > 2,
then An1={0} and An2={0,1}, so (a2) with n =0 says that
(“1800.0.0Suwln.0) P Cw) = L TT Saqiytma . for all mew.

lew §e{0,1}
Using (4.2) and (4.8), this can be simplified to

{0}S<m>.{1}(ww) = ll_l ‘{Igll}sa(]‘!(m’l)’i) for all Vm € w.
cw 4€{0,

2
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Then we can take a(1,(m,),0):=(m) and a(1,(m,l),1):=(l) for every
m,l €w.

When n > 2, the choice of a(n,v,i) can be carried out similar to the
case n =1 if we note that

“w=|] S, for all hew,

aehw

and that for every k> 2, every a = {(a;)ic € *(*"w), and every m € w,

(TIST)~(TTS2Y) = (IT U Sarwy)~(IT U Sary) =

ick ick iek lewsm iek lewN(m+1)
U { H Saf(li) = <li>i5k € k(w\m)}\ U { H Sai‘(li) = (li)ifk € k(w\(m”Ll))} =
ick iek

L] { [1Sarq) 1= {li)iek € Fwsm) ~ k(wx(m+1))}

iek
and the set *(w\m) k(w\(m+l)) is infinite. O

5. THE SECOND THEOREM

Theorem 5.1.

(a) Suppose that F(«) is a w-tree on a space X, for every a € A,
where 1 < |A| € w. Suppose also that for each a € A, there is v, C
power.set(w) such that

> 7, has the FIP, and
> o > spectrump,y (Xa).
Then the product [lnea Xo has a w-tree.

(b) Suppose, in addition to (a), that G is a m-tree on a space Y and
spectrumg (Y') has the FIP. Then the product Y x [Toes Xa also has a
m-lree.

Lemma 5.2. Suppose that 2< A ewu{w} and for each ne A, @+ 6, c
powerset(w) N~ {@} and NJ, = 3. Suppose also that oy has the FIP and
for each n e AN{0}, there is ~y, C powerset(w) such that
> |yl < w,
> 7y, has the FIP, and
> v, > 0.
Then there exists a sequence (ap)nepn of strictly increasing functions
Qpiw — w such that
(%) if ke A and A;e{;[D]:Ded;} forall i<k, then Ny A; is
infinite.
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Lemma 5.3. Suppose that F is a w-tree on a space X and q:w - w is
a strictly increasing function. Then there exists a w-tree H on X such
that

(¥) a[spanF(p, U)] cspang(p,U) forall pe X and Uenbhds(p, X).

Proof of Theorem 5.1. Note that part (a) follows from part (b).
Indeed, let 8¢ A, G :=F(5), and Y := Xg. Since g has the FIP,
vg > spectrumg (YY), and (by (a) of Lemma 3.6) @& ¢ spectrumg(Y),
then spectrumg(Y') also has the FIP. The case when |A| =1 is trivial,
so we may assume that A\ {8} # @, and then the space

HXa:Yx HXa

acA acAN{B}

has a m-tree by (b).

To prove (b) it is convenient to assume that A = A~ {0} and 2 <
A e wu{w}. Put X :=Y and F(0) := G; then we must prove that
the space [],cp X has a w-tree. Let 4, := spectrumF(n)(Xn) for every
n € A. Then using Lemma 3.6 we see that 4, S powerset(w)~{@} and
Nd, = @ for all n € A, so we can apply Lemma 5.2. Then we get a
sequence (o, )nea Of strictly increasing functions «,:w — w such that
condition (%) holds. Next, applying Lemma 5.3 to F,,, X,,, and «, for
every n € A, we obtain a sequence (H(n))n such that for every n €A,
H(n) is a m-tree on X, and

eA

an[ SpanF(n)(pa U)] S SPang(n) (pa U)

5.1
(5-1) for all pe X,, and U € nbhds(p, X,,) .

Now we can use Theorem 4.1 to show that the product [],.p X» has
a m-tree. Suppose that I ¢ A is finite and nonempty; then I <k +1 for
some ke A. Let R;€spectrumyy;)(X;) for every i€k+1; we must show
that the set Ny R; is infinite. For each i€k +1, R; =spang;(pi,U;)
for some p; € X; and U; € nbhds(p;, X;). Put A; := oy [spanF(i)(p,», Ui)]
for every i€k +1; then by (5.1) we have A; ¢ R;. Now,

A€ {ai[R] ‘Re spectrumF(i)(X,;)} = {Ozi[D] :De 51} for all iek+1,

so (by (%) of Lemma 5.2) the M;epi1 4 is infinite, hence the M;epi Ri
is infinite, and then the N;c; R; is infinite too. ]

Proof of Lemma 5.2. Tt is not hard to show that each ~, is not empty,
S0 we may assume that -, = {Gz(n) ti€ w} for every n e A~ {0}. Since
0o has the FIP and Ndy = @, then

(5.2) Ne is infinite for all €€ [do]< \ {@}.
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Also Ny, =@ for all ne AN {0} (because v, > 0,, @ ¢ 0, + @, and
N o, =2 ), so by the same reasons we get

(5.3) (1G;(n) is infinite ~ for all ne A\ {0} and i€w.

j<i
Now, using (5.3), for every n e AN{0} and 7€ w, we can choose f;(n) e
Nj<i Gj(n) in such a way that
(5.4) firr(n) > fi(n) for all ne AN {0} and View.
Put F(n) = {fl(n) tie w} for every m € A\ {0}; then {F(n)\m :
mew} > 7y, for all ne A~ {0}, and hence
(5.5) {F(n)xm:mew} » 4§, for all ne A\ {0}.
Let F(0) € dp; then F(0) is infinite by (5.2), so we may assume that
F(0) = {fi(0) :i ew} and f;1(0) > f;(0) for all i€ w. Put h_y:=-1
and f_j(n):=-1 for every n € A. By recursion on i € w, we can build

a strictly increasing sequence (h;)e, of natural numbers in such a way
that

(56) hl > hi—l"‘fi—j(j)_fi—j—l(j) for all 1€ew and jEAﬁ(’L+1)
Let (Bn)nea be a sequence of functions with
domain 8, := F(n)u{-1} = {f;(n) tlewu {—1}}
and such that
(5.7) Bu(fi(n)) =hpy  forall neA and lewu{-1}.
Note that (5.7) implies
(5.8) Bn [F(n)] = {h;:jewsn} for all n e A.
Now, for all ne A and lew, (5.6) with i =n+1, j=n says that
hn+l - hn+l—1 > fn+l—n(n) - fn+l—n—l(n) = fl(n) - fl—l (n)7
so by (5.7) we have
Bu(fi(n)) = Bu(fier(n)) > filn) = fiui(n)  forall neA and lew.
This means that for each n € A, we can choose a strictly increasing
function ay,:w - w such that a, | F(n) =6, F(n).

Now we prove that condition (%) is satisfied. Suppose that ke A and
forevery i€ k+1, A; =y [D(z)] for some D(%) € §;. Using (5.5), for each
i€ (k+1)~{0}, we can choose some m; € w such that D(¢) 2 F (i) \ m,.
Therefore, by (5.8), for each i € (k+ 1)~ {0}, we can find some [; € w
such that A; 2 {h;:jew~1l;}. It follows that

(1 Ai 2 {hj:jew~l}  for some [€w.
ie(k+1)\{0}
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Now, D(0) nF(0) is infinite by (5.2), ao [F(0)]={h;:jew} by (5.8),
and o is injective, therefore Agn{h; : j € w} is infinite. This means
that N1 A; 18 infinite too. a

Proof of Lemma 5.3. In this proof we apply the foliage hybrid operation,
see details in Section 8. Put «a(-1):=-1. Suppose that v € nodesF. Set

k(v) = of heightg(v)) - o heightp(v) - 1);

then k(v) € w~{0}. Let T(v) be a tree isomorphic to the tree
(<k()+1, ) and such that 07(v) = v and maxT (v) = sonsg(v). Let
G(v) be a foliage tree with skeleton G(v) := T(v) and with leaves de-
fined by recursion on i€ k(v) +1 as follows:

(base) If i =0 and t € levely(,) (k(v) —i) (thatis, if temaxT(v)),
then G(v)¢:=F;.
(step) If 1<i<k(v) and ¢ e levely(, (k(v) - i),
then G(v)y:= U{G(v)S iS€ sonsT(v)(t)}.
It is not hard to show the following (we use here the terminology of
Definition 8.2):
(c1) Og(yy =v and maxG(v) = sonsg(v) = levelg () (k(v)),
) G(U)v = Fv;
c3) G(v) is a foliage graft for F;
) cut(F,G(v)) = 2;
) G(v) is w-branching, locally strict, open in X, and has bounded
chains;
(c6) height G(v) = k(v) + 1;
7) shootg(y)(t) » shootp(v) for all ¢ € nodes G(v) \ maxG(v);
(c8) explant (F, G(v)) =g.

Now let ¢ := {G(v) : v € nodes F} We may assume that
implant G(v) nimplant G(u) = @ for all v # u e nodesF,

S0 ¢ is a consistent family of foliage grafts for F. Let H := folhybr (F, ¢);
note that loss(F,¢) = @ by (c4). By induction on heightg(v), we can
prove that

(5.9) height (v) = o heightg(v) - 1) +1 for all v € nodesF.
Indeed, if heightg(v) =0, then v =0r, so v =0q, and hence

heightg; (v) = 0 = a( heightg(v) - 1) + 1.
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If heightg(v) > 1, then let ¢ be the node in F such that v € sonsg(%),
and then inductively we can write

heighty; (v) = heighty (t)+heightg ) (v) = heighty (t)+( height G(t)-1) =

heightg (¢) + (k:(t) + 1) -1 = o heightp(t) - 1) +1+k(t)
o heightg (t) - 1) +1+ a( heightF(t)) - a( heightg (t) - 1)
o heightg(t)) +1 = o heightg(v) —1) + 1.
Now, (c4)—(c6) with Lemma 8.4 say that H is a Baire foliage tree on X
and (c7)—(c8) imply that each G(v) preserves shoots of F (see Defini-
tion 8.5), so H grows into X by Lemmas 8.6 and 8.7. Therefore H is
a m-tree on X.

Let us show that (¥) holds. Suppose that p € X, U € nbhds(p, X),
and 7 € spang(p,U). Then r = heightg(v) for some node v € scoper(p)
such that shootg(v) » {U}. Let s be the node in sonsg(v) such that
p € F, and let ¢ be the node in G(v) such that s € sonsg(,)(t). Then
t € scopey(p) and using (c7) and (a) of Proposition 8.3 we obtain

(5.10) shootp (t) = shootgy)(t) > shootg (v),

so shootg(t) > {U}, and hence heightg(t) € spang(p,U). Therefore to
complete the proof it is enough to show that a(r) = heighty (). Indeed,
using (c6) and (5.9) we have

heightgg (¢) = heightH(v)+heightG(v)(t) = heightH(v)+heightg(v)(s)—l =
heightg (v) + (height G(v) = 1) -1 = heightg(v) + (k(v) +1) -2 =
o heightg(v) - 1) + 1+ a( heightg (v)) — a( heightg(v) = 1) - 1 =
a heightp(v)) = a(r). O

6. NICE 7-TREE FOR A C0O-COUNTABLE SUBSPACE

In this section we prove Corollary 6.2, which states that if a space
X has a “very nice” m-tree (that is, a m-tree F such that cofinw >
spectrump (X)) and if A ¢ X is at most countable, then the subspace
X N\ A has a‘“nice” w-tree — that is, a w-tree that satisfies the conditions
of Theorem 5.1. This result allows to apply Theorem 5.1 to co-countable
subspaces of the Sorgenfrey line, see (c) of Lemma 7.1 and Corollary 7.2
in Section 7.

Proposition 6.1. Suppose that F is a Baire foliage tree on a space X
and A< X is at most countable. Then there exists a Baire foliage tree H
on the subspace X N\ A such that for every pe X \ A, there is a strictly
increasing function fpiw —w with a property
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(#) {2n+1 : new and fp(n)espanF(p,U)} ¢ spang(p,UNA)
for all U € nbhds(p, X).

Corollary 6.2. Suppose that F is a w-tree on a space X such that
cofinw > spectrumg(X) and A € X is at most countable. Then there
exists a m-tree H on the subspace X N~ A such that

(#) cofin{2n+1:new} > spectrumg(X \ A).

Remark 6.3. In statements of Proposition 6.1 and Corollary 6.2 the
sequence (2n + 1),¢, can be replaced by an arbitrary sequence (ky)new
of natural numbers such that ko >1 and k.1 >k, +1 forall new.

Proof of Corollary 6.2. Let H be a Baire foliage tree on the subspace
X N\ A from Proposition 6.1. First we show that condition (#) is satisfied.
Suppose that D € spectrumg (X \ A); that is, D = spang(p,U \ A) for
some pe X N A and U enbhds(p, X). Let fp:w —w be a function that
satisfies condition (#) of Proposition 6.1. Since F is a w-tree on X,
then spang(p,U) # @ by (a) of Lemma 3.6, so it follows from cofinw >
spectrump(X) that there is some m € w such that w N m < spanp(p,U).
Therefore, since f, is strictly increasing, there is some 7 € w such that
fp(n) espang(p,U) for all n>n. Then by (#) we have

{2n+1:nEW\ﬁ} ¢ spang(p,UNA) = D,

hence (#) is satisfied.

It follows from the above reasoning that D # &, so @ ¢ spectrumy (X ~
A), and hence H grows into X \ A by (a) of Lemma 3.6. This means
that H is a w-tree on X \ A. ]

In the following lemma we use terminology of the foliage hybrid oper-
ation, see Definition 8.2 in Section 8.

Lemma 6.4. Suppose that F is a Baire foliage tree on a space X, pe X,
and v € scopeg(p). Then there exists a foliage tree G such that

(d1) 0g =v and maxG =sonsg(0g);

(d2) G, = Fv\{p} = Umemaxa Fm;

(d3) G is a foliage graft for F;

(d4) implant G = g;

(d5) G is w-branching, locally strict, open in X, has bounded chains,

and height G = 2.
Proof. Put

B := U{ sonsg(u) i u € scopeF(p)nvlF} and MAX := B scopeg(p).
Let T be a partial order such that

nodes7 := {v}UMAX and <7 := {(v,m):meMAX}.
Then 7T isatree, 07 =v, maxT = MAX, and 7T is a graft for skeletonF.
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Now let G be a foliage tree with skeletonG := T and with leaves
G, = F,~{p} and G,, = F,, for all m € max7T. Then using (b) of
Lemma 3.2 and Corollary 3.3 it is not hard to verify that clauses (d1)-
(d5) are satisfied. O

Proof of Proposition 6.1. We may assume that A = {pi S |A|} and
pi # p; for all i # j € |A]l. First we build sequences (M;)iea|, (Zi)ica];
and (G(1)),
(el) Mo = {Or};
(e2) z; = the node in F such that {z;} = M; nscopeg(p;);
(e3) G(i) :=the foliage tree G from Lemma 6.4 with p=p; and v=z;;
(ed) M1 = (M;~{z}) u |J{sonsp(m) : memaxG(i)}.
The correctness of clause (e2) follows from (£3), see below.
It is not hard to verify that for each i € |A|, the following conditions
are satisfied:
(f1) M; is an antichain in F
(that is, u ¢r v and v £ u for all u,ve M;);
£2) M1 € (M;)lp;
f3) XN {pj rjei} = Umens; Fms
f4)
)

by recursion on i € |Al:

(

(

(f4) Og(iy € Mi;

(f5) cut (F, G(z)) ={pi};

(f6) {G(j) tjei+ 1} is a consistent family of foliage grafts for F.
Now it follows from (f6) that ¢ := {G(4):i€|A[} is a consistent family

of foliage grafts for F, so we can define H := folhybr(F, ). Then H is

a Baire foliage tree on X \ A by Lemma 8.4, (f5), and (d5). Also H

satisfies the following;:

(g1) H has nonempty leaves.
This follows from (b) of Corollary 3.3.

(g2) nodesH ¢ nodesF.
This follows from (d4).

(¢3) H,=F,\ A for all uenodesH.
This also follows from (d4).

(g4) heightgg(u) e {2n:new} for all we M; and i€ |A|.
We prove (g4) by induction on i € |A]. Obviously, heightg(u)
is even when u € My. Assume as inductive hypothesis that the
assertion of (g4) holds for all u € U;¢ M; and prove it for an
arbitrary w € Mgy, If u € My, then heighty(u) is even by
the inductive hypothesis. If w ¢ My, then (e4) implies that w €
sonsg(m) for some m € maxG(k). We have

max G (k) = sonsg ) (Ogr) and sonsga)(Og@) = sonsu (0 (k)
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by (d1) and by (a) of Proposition 8.3, so it follows from (f4)
and from the inductive hypothesis that heightg(m) is odd and
then, using (f4) and the inductive hypothesis again, we have m ¢
{Oc;(j) ijek+ 1}. Let us show that m ¢ {Og(j) 1] € |A|} If not,
then

me {OG(]') tj€ |A|\(l<;+1)}, so me U{MJ (g€ |A|\(k+1)}

by (f4). Then it follows from (f2) that m € (Mg41)]lgp — that is,
m >p t for some t € My,q. Since u € sonsg(m), then u >g m,
therefore w >g t. This contradicts (f1) because t,u € My,1. Now
it follows from (d4) and (a) of Proposition 8.3 that sonsg(m) =
sonsgg(m), so w € sonsg(m). Then heighty(u) € {2n : n € w}
because heightgy(m) is odd.

Now suppose that p e X \ A; we must find a strictly increasing func-
tion fpiw — w that satisfies (#). First, using (d) of Corollary 3.3, for
each n € w, we define m(p,n) to be the node in scopeg(p) such that
heightyy (m(pm)) =2n+ 1. Using (g3) we have
(6.1) Vnew [m(p7 n) e scopeF(p)].

Next, using (g2), we can define
fp(n) := heightg (m(p,n)) for every n € w;

then f,:w — w by (a) of Corollary 3.3. If n” > n/, then m(p,n”) >u
m(p,n’) (because scopey(p) is a chain in H by (c) of Corollary 3.3), so
m(p,n’") >r m(p,n’) by (g2) and (b) of Lemma 8.3. This implies that
fp is strictly increasing. Now, using (f4) and (g4), for every n € w, we
have

m(p,n) ¢ {Og(i) (i€ |A|}, SO sonsyg (m(p,n)) = Sonsg (m(p7 n))
by (d4) and (a) of Proposition 8.3. Then (g3) and (gl) imply
(6.2) shootys (m(p,n)) > shootp (m(p,n)) for all new.

To complete the proof it remains to verify (#); suppose that
U enbhds(p,X), new, and f,(n)espang(p,U).

The last formula means that f,(n) = heightg(v) for some v € scopegp(p)
such that shootg(v) > {U}. Then v = m(p,n) by (d) of Corollary 3.3,
by (6.1), and by definition of f,(n). It follows that

shootg (m(p,n)) > {U}, so shooty (m(p,n)) > {U}
by (6.2). Then (g3) implies shooty (m(p,n)) > {U \ A}, therefore
2n+1 = heighty (m(p,n)) € spang(p,U \ A)
by definition of spang(p, U \ A). |
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7. NEwW EXAMPLES OF SPACES WITH A 7w-TREE

Recall that N is the Baire space, Rs is the Sorgenfrey line, and
Zs :=Rs N Q is the irrational Sorgenfrey line.

Lemma 7.1.
(a) N has a w-tree F such that cofinw >» spectrumg(N).
(b) Rs has a w-tree G such that cofinw > spectrumg (Rs).
(¢) If X cRs and Rs\ X is at most countable,
then X has a m-tree H such that cofin{2n+1:new} > spectrumg(X).

Proof. Part (a) follows from (b) of Lemma 2.6 and Example 3.5; part (b)
can be derived from the proof of Lemma 3.6 in [8]; part (c) follows from
part (b) and Corollary 6.2. O

Using the above lemma and Theorem 5.1 we obtain the following state-
ment:

Corollary 7.2. Suppose that 1<|A|<w and for each a € A,
either Xo=N or X,SRs with |[Rs\Xa| € w.
Then the product [lnea Xo has a w-tree. 0

Corollary 7.3.

(a) Rs" and Zs" have a m-tree for all new ~ {0}.
(b) Rs” and Zs* have a m-tree. O

Note that if X ¢ N with |[A \ X|<w, then X is homeomorphic to N
(this can be easily derived from the Alexandrov-Urysohn characterization
of the Baire space and from the characterization of its Polish subspaces —
see Theorems 3.11 and 7.7 in [6]). Notice also that A™ is homeomorphic
to N for all new~ {0} and N“ is also homeomorphic to N.

Corollary 7.4. If a space X has a w-tree, then X xN, X xRg, and
X xRs¥ also have a w-tree.

Proof. This statement follows from Corollary 4.2 and Lemma 7.1. ]

8. APPENDIX. THE FoOoLIAGE HYBRID OPERATION

In the proofs of Lemma 5.3 and Proposition 6.1 we employ the foliage
hybrid operation, which was introduced in [10]. For completeness of ex-
position we list here definitions and results that we use. The definition
of graft, which we give below, slightly differs from the definition of graft
in [10], but these two definitions are easily seen to be equivalent. The
same can be said about our definition of hybrid(7T,~), see details in [10,
Remark 20]. To ease comprehension of notions from Definition 8.2, you
can look at pictures that illustrate this definition in [9].
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Notation 8.1.
% Voryed o(z,y) =« Va,yeAlzzy-o(z,y)];
Szlpy = wfpyand zipy.

Definition 8.2 ([10, definitions 15, 17, 19, and 25-27 and Remark 20]).
Suppose that 7, G are trees and F,G are nonincreasing foliage trees.
G is a graft for T 1«
> |nodes§G| > 1,
> G has the least node,
> nodesGnnodes7 = {0g}umaxG, and
> Va,yenodesGnnodesT [z <gy < x <7yl
& If G is a graft for 7, then:
> implantG := nodes@ \ ({OQ} U maxg);
> explant(T,G) i= (0g)by ~ (maxg)l-
D v is a consistent family of grafts for T :«—
> VYGevy [Gis a graft for T ],
> VD#Eey [implantDnimplant€ = @ |, and
> VD#Eey [0p |l Og or Op € (max&)lr or Og € (maxD)]7].
& If v is a consistent family of grafts for 7, then:
> support(7,~) := nodesT ~ |J explant(T,G);

Gevy
> hybrid(7,~) := the pair (H,<) (actually, a tree) such that
H := support(7T,y)u J implantG and

€
< := the transitive closgu;ye of relation (<7ulJ<g)n(HxH).
Gey
% G is a foliage graft for F :«—
> G is nonincreasing,
> skeleton G is a graft for skeletonF,
> GOG c FOG, and
> YmemaxG [G, = F,].
& If G is a foliage graft for F, then
> cut(F,G) :=Fo, \ G-
& ¢ is a consistent family of foliage grafts for F :1«—
> YGey [G is a foliage graft for F],
> VYD +Eep [skeleton D # skeleton E], and
> {skeleton G : G € ¢} is a consistent family of grafts for
skeleton F'.
& If ¢ is a consistent family of foliage grafts for F, then:

> loss(F,p) := U cut(F, G);

Ge
> folhybr(F, ) 2 the foliage hybrid of F and ¢ :=
the foliage tree H such that
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skeleton H := hybrid (skeleton F, {skeletonG : G ¢ <p}) and
G, N loss(F, ), if xeimplantG for some G € p;
F, \loss(F,¢), otherwise.

T T

Lemma 8.3 ([10, Lemma 21 and Proposition 23|). Suppose that v is a
consistent family of grafts for a tree T, H =hybrid(T,v), and G €~.
(a) nodesG S nodesH and Vz,yenodesG [z <y y < x<gy].
(b) support(T,~) = nodesH nnodesT and
Va,ye support(T,v) [z < y < x <7 y].
(¢c) For each x € nodes™M,
sonsg(x), if z€{0g}uimplantG for some G €~;
sonsy(x) = )
{sonsT(m), else (i.e., when x esupport(T,7)\{0g: Gev}).

Lemma 8.4 ([10, Lemma 30]). Suppose that F is a Baire foliage tree on
a space X and ¢ is a consistent family of foliage grafts for F such that
every G in @ is w-branching, locally strict, open in X, has bounded
chains, and has height G <w. Then the foliage hybrid of F and ¢ is a
Baire foliage tree on X \ loss(F, ).

Definition 8.5 ([10, Definition 31 and Definition 33]). Suppose that H, F
are nonincreasing foliage trees and G is a foliage graft for F.
% H shoots into F :«—
Vpe fleshH Vye scopep(p) Iz e scopeg(p) [shootH (x) > shootg (y)]

% G preserves shoots of F :«—
Vp e fleshG Vy € scopep(p) n ({0g} Uexplant(F,G))
3z € scopeg (p) N ({0c }uimplant G) [shoot(;(x) > shootF(y)].

Lemma 8.6 ([10, Lemma 34]). Suppose that F is a nonincreasing foliage
tree, ¢ 1is a consistent family of foliage grafts for ¥, the foliage hybrid
of F and ¢ has nonempty leaves, and each G € ¢ preserves shoots of
F. Then the foliage hybrid of ¥ and ¢ shoots into F.

Lemma 8.7 ([10, Lemma 32]). Suppose that a foliage tree H shoots into
a foliage tree F and F grows into a space X. Then H grows into the
subspace X nfleshH of X.
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