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COVERING PROPERTIES OF HYPERSPACES

LIANG-XUE PENG*, YUAN SUN, AND SHANG-ZHI WANG

ABsTrACT. We study topological games, D-spaces and covering
properties of hyperspaces with the upper (lower) Vietoris topology
V+(V7). Let C be the class of all compact spaces. Let W be the
class of all countable spaces. Let 1 denote the class of all one point
spaces and empty set. We get the following conclusions:

If X is a 1-like Ti-space, then the hyperspace (2%,V ™)
((C(X),V 7)) is a 1-like space. If X is a nc-W-like Ti-space, then
(2%, V™) ((C(X),V7)) is a nc-W-like space. If X is a D1-like
Ti-space, then (2X,V ™) ((C(X),V ™)) is a D1-like space. If X is
a Ty-space and (C(X), V) is ne-1-like, then X is C-like. If X is
a Ti-space and (C(X),V ™) is nc-1-like, then X is C-like. If X
is a hemicompact Hausdorff space, then (C(X), V™) is a nc-1-like
space. We finally show that if X is a Hausdorff topological space
such that every closed compact subset of X is a G-set of X, then
(C(X),VT) is a nc-1-like space if and only if X is a hemicompact
space. We point out that there exists a o-compact (1-like) T-space
X such that the hyperspace (C(X), V1) is not a nc-1-like space.

If X is a T1 D-space, then (2X,V ™) is a D-space. If X is a T}-
space, then X is a D-space if and only if (C(X), V™) is a D-space. If
X is a Th-space and (2%,V ™) is a bD-space, then X is a bD-space.
If X is a paracompact space, then (2X,V ) is metacompact. If X,,

is a T1-space for each n € N such that [] (C(Xn), V") is Lindeldf,
neN
then [] X, is Lindelof.
neN
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INTRODUCTION

Some properties of hyperspaces over a space X can be described by
properties of the basic space. In [§], Maio and Koéinac studied covering
properties of hyperspaces with the Vietoris topologies, as well as its lower
and upper parts. The following notations and notions follow form [8] and
[9].

Given a topological space, we define its hyperspaces as the following
sets:

2X = {A C X : Ais closed and nonempty},

C(X) = {A € 2% : Ais compact}.

2% is topologized by the Vietoris topology defined as the topology gen-
erated by B = {(Uy,---,Uyg) : Uz, -+ ,Uy are open subsets of X, k is a
positive integer}, where (Up,--- ,U) = {A € 2% : A C U§:1 U; and
ANUj # 0 for each j € {1,--- ,k}}. The topology on 2% generated by B
is usually called the Vietoris topology, denoted V. If A is a subset of X
and A is a family of subsets of X, then we write

A= ={Fe2X :FNA#0}and A~ ={A~: Ae A};

AT ={Fe2X . FC A} and At ={AT: Ac A}

The upper Vietoris topology V*t on 2% is the topology whose base
is the collection {U* : U is open in X}. The lower Vietoris topology
V'~ is generated by all the sets U~, U C X nonempty, open. (C(X),V™T)
denotes the hyperspace C(X) which is a subspace of (2X,V*). (C(X),V ™)
denotes the hyperspace C(X) which is a subspace of (2%,V ™). Let X be
a topological space and A C X. In the hyperspaces (C(X),V ™) and
(C(X),V™), we denote A= ={F € C(X): FNA# (0} and AT = {F €
C(X) : F C A}. In this note, we study topological games, D-spaces
and covering properties of hyperspaces with the upper (lower) Vietoris
topology V1T (V™).

Let K be a class of spaces which are hereditary with respect to closed
subspaces. The notion of a K-like space was introduced and studied by
R. Telgarsky in [12]. The notion of a nc-K-like space was introduced by
Peng and Shen in [11] is similar to the notion of a K-like space. The
difference of the two definitions is that the sets that player ONE chooses
in a play of a nc-K-like space may not be closed. Let C be the class of
all compact spaces. Let W be the class of all countable spaces. Let 1
denote the class of all one point spaces and empty set. In this note, we
study topological games, D-spaces and covering properties of hyperspaces
with the upper (lower) Vietoris topology V1 (V™) and get the following
conclusions:
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If X is a 1-like Ty-space, then the hyperspace (2%, V™) ((C(X),V ™))
is a 1-like space. If X is a nc-W-like Ti-space, then (2%,V7)
((c ( ) V7)) is a ne-W-like space. If X is a D1-like Tj-space, then
(2%, ) ((C(X),V7)) is a D1-like space. If X is a Tj-space and
(C(X),VT) is nc-1-like, then X is C-like. If X is a Tj-space and
(C(X), V™) is ne-1-like, then X is C-like. If X is a hemicompact Haus-
dorff space, then (C(X), V™) is a nc-1-like space. We finally show that if
X is a Hausdorff topological space such that every closed compact subset
of X is a Gs-set of X, then (C(X), V™) is a nc-1-like space if and only if
X is a hemicompact space. We point out that there exists a o-compact
(1-like) To-space X such that the hyperspace (C(X), V™) is not a nc-1-like
space.

If X is a Ty D-space, then (2X,V ~) is a D-space. If X is a Ty-space,
then X is a D-space if and only if (C(X),V ™) is a D-space. If X is a
Ty-space and (2%,V ) is a bD-space, then X is a bD-space. If X is a
paracompact space, then (2%, V7) is metacompact. If X,, is a Tj-space
for each n € N such that [] (C(X,),V, ) is Lindelof, then [] X, is

neN neN
Lindelof.
The set of positive integers is denoted by N and w= NU{0}. In notation
and terminology we will follow [6].

MAIN RESULTS

Let K be a class of spaces which are hereditary with respect to closed
subspaces. The notion of a K-like space was introduced and studied by
R. Telgarsky in [12].

A sequence (FE, : n € w) of subsets of a space X is a play of G(K, X)
if B9 = X and for each n € w

(1) Esp41 is the choice of player ONE;
2) Es,42 is the choice of player TWO;
) Bany1 € K;
) E, € 2X U {0}:
) Eant1 C Eap;
) Banyo C Eap;
) Eopyo N Eopyy = 0.
The player ONE wins the play if (J{E2, : n € w} = (. A finite sequence
(B + m < n) is admissible for G(K,X) if Ey, Ex, ..., E, satisfy the
above conditions (1)-(7). A function s is a strategy for player ONE if the
domain of s consists of admissible sequences (Fy, E1, ..., E,,) with n even,
and if E, 11 = s(Fo, E1, ..., Ey), then (Eg, E, ..., By, E,y1) is admissible
for G(K, X). The strategy s is a winning strategy for player ONE if it
wins every play (Eo, F1, ...) of G(K, X), where Fa,, 11 = s(Ey, E1, ..., Fay,),
n € w. If player ONE has a winning strategy in G(K, X), then X is said
to be a K-like space [12].

NN N N N

3
4
5
6
7
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In [11], Peng and Shen introduced the notion of nc-K-like which is
similar to the notion of K-like. The difference of the two definitions is
that the sets that player ONE chooses in a play of a nc-K-like space may
not be closed.

A sequence (E, : n € w) of subsets of a space X is a play of Gp.(K, X)
if g = X and for each n € w

(1) E2p41 is the choice of player ONE;
(2) Esp42 is the choice of player TWO;
(3) Eony1 € K;

(4) Ey, € 2X U {@},

(5) Eopnt1 C Eap;

(6) E2n+2 C E2n;

(7) EaopyoN Eopyr = 0.

Player ONE wins the play if ({Ea, : n € w} = 0. A function s is a strat-
egy for player ONE in G,.(K, X) if the domain of s consists of admissible
sequences (Ey, F1, ..., E,) with n even, and if F,,41 = s(Fo, E1, ..., Ep),
then (Eg, E1, ..., E,, Fpt1) is admissible for G,.(K, X). The strategy s
is a winning strategy for player ONE in Gp.(K,X) if it wins every play
(E07E17--~) of GnC(K,X), where E2n+1 = S(Eo,El,...,EQn), n € w. If
player ONE has a winning strategy in G,.(K, X), then X is said to be
a nc-K-like space. Every K-like space is a nc-K-like space. In [11], it is
pointed out that there is a space X which is a nc-1-like space but not a
1-like space.

For a class K and a topological space (X, T), let B be a base of T. We
denote B(z) = {B € B : x € B} for each z € X. The concept of weak
K-like was introduced by Peng in [10]. Let WG(K, X) be the following
positional game with perfect information. There are two players, player
ONE and player TWO. They choose alternatively consecutive terms of
a sequence (E, : n € w) of subsets of X, so that each player knows
K, Ey, E, ..., E, when he is choosing F, ;1.

A sequence (E, : n € w) of subsets of X is a play of WG(K, X), if
Ey = X and if for each n € w

(1)  Esp41 is the choice of player ONE;

(2)  Egp42 is the choice of player TWO;

(3) Eznt1 €K

4) E, e2XU{0};

(5) Eony1 C Eop;

(6) For each z € Es,11, player TWO chooses a member U(z) € B(z),

and E2n+2 = Foy, \ U{U(LL') T e E2n+1}.
If N{F2n:n € w} =0, then the player ONE wins the play (E,:n € w).



SOME TOPOLOGICAL GAMES, D-SPACES AND COVERING... 223

A finite sequence (E,, : m < n) of subsets of X is admissible for
WG(K, X) if the sequence (Eo, F1,...,En,0,...,0,...) is a play of
WG(K, X). A function s is a strategy for player ONE in WG(K, X)

if the domain consists of admissible sequences (Ey, ..., E,) with n even,
such that s(Ey,...,E,) = E,y1 and (Ey, ..., E,, E,11) is admissible for
WG(K, X).

A strategy s is said to be winning for player ONE in WG(K, X), if
player ONE wins each play of WG(K, X) by s. WI(K, X) denotes the set
of all winning strategies of player ONE in WG(K, X). It WI(K, X) # 0,
then X is called a weak K-like space. If B =7 and X is weak K-like with
respect to B, then X is a K-like space. The definitions of K-like spaces
and weak K-like spaces are very similar. In [10], Peng proved that K-like
and weak K-like are equivalent. Some results on topological games can
be found in [7], [13] and [15].

Lemma 1. (10, Theorem 1]) A space X is a K-like space if and only if
X is a weak K-like space.

Similar to the concept of WG(K, X), we can give a notion of
WG*(K, X). Let T be the topology of the space X and let B be a base of
T. For each x € X, let B*(x) be a subfamily of B(z) = {B € B: z € B}
such that B*(x) is a base of neighborhoods of the point = in X. If B(x)
is replaced by B*(z) in the definition of weak K-like, then we denote
the new game by WG*(K, X). If player ONE has a winning strategy
in WG*(K, X), then X is said to be a *K-like space. Similar to [10,
Theorem 1], we have:

Lemma 2. A space X is a K-like space if and only if X is a *xK-like
space.

Similar to the notion of weak K-like (+K-like), we have a notion of weak
ne-K-like (xnc-K-like). The difference of weak K-like (xK-like) and weak
nc-K-like (xnc-K-like) is that the sets that player ONE chooses in a play
of a weak nc-K-like (xnc-K-like) space may not be closed.

For a class K and a topological space (X, T), let B be a base of 7. For
each x € X, let B*(z) be a subfamily of B(x) = {B € B: z € B} such
that B*(x) is a base of neighborhoods of the point z in X.

Let WG,.(K, X) (WG .(K, X)) be the following positional game with
perfect information. There are two players, player ONE and player TWO.
They choose alternatively consecutive terms of a sequence (E, : n € w)
of subsets of X, so that each player knows K, Ey, 1, ..., E, when he is
choosing F,, 1.

A sequence (E, : n € w) of subsets of X is a play of WG,.(K, X)
(WaG: (K, X)), if Eg = X and if for each n € w



224 L.-X. PENG, Y. SUN, AND S.-Z. WANG

(1) E,41 is the choice of player ONE;

(2)  Eap4o is the choice of player TWO;

(3)  Eany1 € K;

(4) By, €2XU{0};

(5) E2n+1 C E2n;

(6) For each x € Eap,41, player TWO chooses a member U(x) € B(z)
(U(x) € B*(x)), and Eapta = Eop \ J{U(2) : @ € Eapt1}-

If {E2n : n € w} =0, then the player ONE wins the play (E,, : n €

w).
A finite sequence (E,, : m < n) of subsets of X is admissible for
WG (K, X) (WG (K, X)) if the sequence (Eg, E1, ..., En,0,...,0,...)
is a play of WG,.(K, X) (WG} (K, X)). A function s is a strategy for
player ONE in WGL(K, X) (WG (K, X)) if the domain consists of
admissible sequences (Ey, ..., E,) with n even, such that s(Ey, ..., F,) =
E,y1 and  (Eo,...,FEn,Epp1) is  admissible for WG,.(K, X)
(WG3,(K, X)).

A strategy s is said to be winning for player ONE in WG,,.(K, X)
(WG (K, X)), if player ONE wins each play of WG,.(K,X)
(WG:.(K, X)) by s. If there is a strategy s which is winning for player
ONE in WG,.(K, X) (WG}, (K, X)), then X is called a weak ne-K-like
(xnc-K-like) space. If B =T and X is weak nc-K-like with respect to B,
then X is a nc-K-like space.

Similar to [10, Theorem 1], we have:

Lemma 3. A space X is a nc-K-like space if and only if X is a weak
nc-K-like space.

Lemma 4. A space X is a nc-K-like space if and only if X is a *nc-K-
like space.

Proposition 5. If X is a Ty-space, then {{x}} is closed in (C(X),V ™)
((2%,V 7)) for each z € X.

Proof. We just prove the case of (C(X),V ™). The proof of the case of
(2%,V ™) is similar. Let z € X and let C' € C(X) such that C # {x}.
Then there exists some y € C'\ {z}. Since X is a Tj-space, the set {z} is
closed in X. So V = X \ {z} is open in X. Since y € C'\ {x}, the point
ye CNV. Thus C € V- and V- N {{z}} = 0. So {{z}} is closed in
(C(X), V7). O

If X = R with the usual topology, then {0} € C(X) and [-1,1] € C(X).
Since every open neighborhood of [—1,1] in (C(X), V™) contains {0}, the
set {{0}} is not closed in (C(X),V™).

If A is a countable subset of a Tj-space X, then {{z} : 2z € A} is a
countable subset of (2%,V 7).
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Theorem 6. Let (X, T) be a Ty-space and K be a class of sets such that
if E C X isin K, then the set {{z} : 2 € E} C2X isin K. If X isa
K-like space, then the space (2X,V ™) (C(X),V ™) is nc-K-like.

Proof. We just prove that (2X,V ) is a nc-K-like space. The proof of
the case of (C(X),V ™) is similar. Let B be a base of (2%, V™), which is
generated by ¢ = {W~: W € T\ {0}}. Since X is a Ty-space, {z} € 2%
for each x € X. Foreach x € X, let B*({z}) ={V- :ze€VandV e T}
It is obvious that B*({z}) is a base of neighborhoods of the point {z} in
2%,V =) and B*({z}) C B({z}) = {B € B: {x} € B} foreachz € X. To
prove (2%, V) is a ne-K-like space, we just need to prove that (2%, V™)
is a *nc-K-like space by Lemma 4.

Let s be a winning strategy for player ONE in G(K, X). Let By = X
and let Ag = 2X. In what follows, we define a winning strategy for player
ONE in WG (K, 2%).

Let By = s(Ep). Thus By € K. So {{z} : 2 € E1} € K and {{z} :
x € E1} C 2%, Define t(Ag) = Ay = {{z} : € E1}. For each x € Fy,
let V,~ be any element of B*({z}). If Ay = 2%\ J{V,” : = € E;}, then
As is closed in 2%, If y € X \U{V, : @ € E1}, then {y} € As. If B3 =
X\U{Vs: : € E1}, then E5 is closed in X. So (Ep, E1, E2) is admissiable
for G(K, X) and (Ag, A1, A2) is admissiable for WG (K, 2X).

Let n € w (n > 1). Assume that we have an admissiable sequence
(Eo, -+, Eap) for G(K,X) and an admissiable sequence (Ao, ..., A2,)
for WG (K, 2%) with the following properties for each k < n:

(1) Eapy1 = s(Eo, ..., Ba);

(2) A2k+1 = t(Ao, Ce ,Agk) = {{JZ} T e E2k+1};

(3) For each x € Egpy1, V, € B*({z}) and Aggq2 = Ao \ U{V, :
x € Eapi}s

(4) Eopiz = Eo \U{Vz 1 7 € Bagy1 }5

(5) If x € Eog10, then {l‘} € Asjya.

If Eopy1 = s(Fo, ..., Fap), then Fo, 11 € K and {{z} : 2 € Fa,q1} €
K. Since Eony1 C Eap, the set {{z} : @ € Ea,y1} C Aap by (5). If
A2n+1 = t(Ao,...,AQn) = {{I} S E2n+1}; then A2n+1 € K and
Asgpy1 C Agy,. For each x € Fyp,41, let Vo be any element of B*({z}).
Thus ¢ € V, and V,, is open in X for each x € FEg,y1. If Fopio =
Eon \ (U{Ve : © € Es,41}), then Fo, 1o is closed in X. If Agpio =
Aoy \ UV, i @ € Egpq1}, then Ay, o is a closed subset of 2% such that
A2n+2 C AZn and A2n+2 n A2n+1 = (). Thus (1407 A ,Agn) is admissiable
for WG (K, 2X) and (Ep, ..., Fa2,) is admissiable for G(K, X).

If y € Egpqa, then y € Es,. Thus {y} € Ag,. Since y € Ey, 49, the
point y ¢ V,, for each © € Fap,1 1. Thus {y} € Ao, \U{V, iz € Fopi1} =
Agpya-
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So we get a play (Ey,...,FEan, Eoapy1,...) of G(K,X) and a play
(Ao, ..., Asp, Aoyt . ..) of WGE (K, 2X) with the following properties:
(1) E2n+1 = S(l;()7 e ,Egn);
(2) A2n+1 = t(Ao, .. .,Agn) = {{l‘} S E2n+1};
(3) V7 € B*({z}) for each z € E3,11;
(4) Eanio = Eop \U{Vz : 7 € Egpia};
(5) Agny2 = Ao \U{V, 7 € Bapya )
(6) If x € Egn, then {J?} (S Agn.
Since s is a winning strategy for player ONE in G(K,X), the set
N E2n=0. So X = UU{U{Ve : 2 € E2p11} : n € w}. For any E € 2%,

ncw

there exists some n € w such that EN (({Vy : € Eapy1}) # 0. Thus
E € V7 for some x € Eapi1. So () Azp, = 0. Thus ¢ is a winning

new
strategy for player ONE in WG (K, 2%), Thus (2%,V ") is a *nc-K-like
space. So X is a nc-K-like space by Lemma 4. O

Similar to Theorem 6, we have the following Theorems 7 and 8:

Theorem 7. Let (X,T) be a Ti-space and K be a class of sets such
that if E C X is in K then {{z} : x € E} C 2% is in K and closed in
(2%, V™) ((C(X), V7). If X is a K-like space, then the space (2X,V ™)
((C(X), V7)) is K-like.

Theorem 8. Let (X,T) be a T1-space and K be a class of sets such that
if EC X isin K, then {{z} :x € E} C 2% is in K. If X is a nc-K-like
space, then the space (2%, V=) ((C(X),V ™)) is ne-K-like.

Then by Proposition 5 and Theorem 7, we have:

Corollary 9. If X is a 1-like Ty-space, then the hyperspace (2%X,V )
((C(X), V7)) is a 1-like space.

By Theorem 8, we have:

Corollary 10. If (X,T) is a nc-W-like Ty space, then the hyperspace
(2%, V™) ((C(X), V7)) is a ne-W-like space.

It is obvious that (2%, V*) is a 1-like space for any space X. Proposi-
tion 31 in this article shows that there exists a 1-like Hausdorff space X
such that (C(X),V ™) is not a nc-1-like space.

Lemma 11. Let X be a Ti-space. Then D C X is a closed discrete
subspace of X if and only if D* = {{d} : d € D} is a closed discrete
subspace of (2%, V=) ((C(X),V7)).

Proof. We just prove the case (2%,V ™), the proof of the other case is
similar.
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Assume that D C X is a closed discrete subspace of X. Since X is a
Ti-space, the set D* = {{d} : d € D} C 2%. To show that D* is closed
discrete in (2%,V ™), it is sufficient to show that any subset F of D* is
closed in (2%,V 7). Let F be any subset of D*. Then F = {{d} : d € F}
for some subset F' of D. If |F| = 1, then F = {p} for some p € D.
Thus F = {{p}} and F is closed in (2%, V ~) by Proposition 5. In what
follows, we assume that |F| > 1. Let A be any point of 2% \ F. Then A
is a nonempty closed subset of X.

Casel. A¢Z F. Let a € A\ F. Since F C D and D is a closed discrete
subspace of X, the set F' is closed in X. If O, = X \ F, then O, is an
open neighborhood of ¢ in X. Thus O is an open neighborhood of the
point A in (2%, V) such that O, N F = 0.

Case 2. Now we assume that A C F'. Since A ¢ F and A C F, we know
that |A| > 2. Let z,y be any distinct points of A. If O, = X \ (F'\ {z})
and Oy, = X \ (F'\ {y}), then O, and O, are open neighborhoods of
and y in X, respectively. Thus O4 = O, N O, is an open neighborhood
of the point A in (2%,V 7). Since O, N F = {z} and O, N F = {y}, the
set O4 NF = . Thus F is closed in (2%, V7).

So D* is a closed discrete subspace of (2%,V 7).

Now we prove the sufficiency. Assume that D* = {{d} : d € D} is
closed discrete in (2%,V 7). Let F be any subset of D and let z be any
point of X \ F. Since {{y} : y € F} is closed discrete in (2%,V ™) and
{z} ¢ {{y} : y € F}, there exists an open neighborhood V, of z in X
such that V, N{{y} :y € F} =0. So V; N F = (. Thus F is closed in
X. So D is closed discrete in X. O

Let D1 be the class of discrete spaces. By Theorem 7 and Lemma 11,
we have;

Corollary 12. If X is a D1-like Ty-space, then (2%, V=) (C(X),V ™) is
a D1-like space.

Proposition 13. Let X be a T, -space. Ifi: X — 2% is a mapping such
that i(z) = {z} for each x € X and the topology of 2 is V~, then the
mapping i is an embedding.

Proposition 14. Let X be a T)-space. If i : X — 2% is a mapping such
that i(x) = {x} for each x € X and the topology of 2% is V*, then the
mapping i is an embedding and i(X) is dense in 2.

Proposition 15. If X is a Hausdorff space, then X is homeomorphic to
a closed subspace of (2°,V 7).

Proof. Let i : X — (2%,V~) be a mapping such that i(x) = {x} for each
2 € X. Then X is homeomorphic to i(X) by Proposition 13. In what
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follows we show that i(X) = {{z} : # € X} is closed in (2X,V ™) if X
is a Hausdorff space. Let E € 2% \ i(X). Then |E| > 2. Let p,q € E
and p # ¢g. Since X is a Hausdorff space, there are disjoint open subsets
U,V of Xsuchthat pec Uandqe V. f i =U" NV, then U is an
open neighborhood of E in (2%, V) such that ¢« Ni(X) = (). Thus i(X)
is closed in (2%,V 7). O

Corollary 16. Let P be a topological property which is hereditary with
respect to closed subsets. If X is a Hausdorff topological space such that
(2X,V =) has property P, then X has property P.

In [11, Lemma 21], it is proved that if « is an ordinal then a + 1 with
the order topology is a 1-like space. Thus w; 4+ 1 is a 1-like space. If
X ={a:a < w}, then X is a subspace of w; + 1. Since X is not a
Lindel6f space, X is not 1-like. This shows that a subspace of a 1-like
space cannot be 1-like. To study K-like properties of a space X by its
hyperspace 2%, we firstly study separation axioms of hyperspaces.

Proposition 17. If (X, T) is a Ty -space, then (2X, V1) and (C(X),V ™)
are Ty-spaces.

Proof. We just prove that (2%, V1) is a Ty-space. The proof of the other
case is similar. Let A and B be any distinct points of (2%, V*). Then
A # B and A, B are closed subsets of X. Thus there is some point
x € A\ B or there is some point y € B\ A. If there is some point
z € A\B, then let Ug = X \ {z}. Thus B € U} and U} is open in
(2%, V') such that A ¢ Uj. If there is some point y € B\ A. Then let
Ua = X \ {y}. Thus U} is an open neighborhood of A in (2%,V*) and
B ¢ Uf. Thus (2X,V71) is a Ty-space. O

Proposition 18. If (X,7T) is a topological space, then (2%,V~) and
(C(X), V™) are Ty-spaces.

Proof. If A, B € 2% and A # B, then A\ B # () or B\ A # (). If A\ B # 0,
then U = X \ B is an open subset of X and UN A # (). Thus A € U™
and B¢U . If B\A#0,then V =X\ Aisopenin X and VN B # 0.
Thus B€ V™ and A ¢ V~. So (2%X,V ™) is a Ty-space. Similarly, we can
show that (C(X), V™) is a Tp-space. O

The spaces (2%, V+) and (C(X), V') are not Ty-spaces. The reason is
that if A, B € 2% (C(X)) and A C B with A # B then every open set U
in (2%, V*) ((C(X),V™1)) which contains B must contain A. Similarly,
the spaces (2%,V ™) and (C(X), V™) are not T}-spaces.

Theorem 19. Let (X,T) be a Ty-space. If (C(X),V™T) is a nc-1-like
space, then X is a C-like space.
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Proof. Since (C(X),V ™) is a nc-1-like space, let s be a winning strategy
for player ONE in G,(1,C(X)). Let Ey = C(X) and let Ag = X. In
what follows we define a winning strategy ¢ for player ONE in G(C, X).
Let By = s(Ey) = {B1}, where By € C(X). Thus B; is a compact closed
subset of X. Define t(Ag) = Ay = By. Let Ay be any closed subset of X
such that A2 n A1 = @ Let E2 = C(X) \ (X \ A2)+, Then (Eo,El, E2) is
admissible for G,,.(1,C(X)) and (Ao, A1, A2) is admissible for G(C, X).

Let n € N. Assume that we have an admissible sequence (4g, - - - , Aay,)
for G(C, X) and an admissible sequence (Ey, - , Eay) for G.(1,C(X))
with the following properties for each k < n:

(1) E2k+1 = S(Eo, s ,Egk) = {BQk+1}, where Bop41 € C(X),
(2) Agpy1 =t(Ao, -, Asi) = Bapy1 N Ao # 0

(3) Uzpy1 = X \ Aogya;

(4) Bort1 € Ugyyy;

(5) Earya = Ear \ Uspy -

Let E2n+1 = S(Eo,"' ,Egn) = {B2n+1}; where B27L+1 S C(X) So
E2n+1 C FEs, and hence Bgn+1 € FEs,. Since Fs, = E5,_o \ U2J;z—1 =
E2n—2 \ (X \ Agn)+7 the pOiIlt B2n+1 §é (X \ Agn)+. So the set Bgn+1 ¢
X\ Ag,. Thus B, 1N Agy, # 0. Since Asy, is closed in X and B, 41 is a
closed compact subset of X, the set Ba,, 11N Az, is a closed compact subset
of X. Define Agy11 = Bapy1 N Agy = t(Ag, -+, Aap). Let Agpyyo be any
closed subset of X such that As, 1o C As, and As, 12N Asyy1 = 0. Then
(Ao, ce ’A2n7 A2n+17 A2n+2) is admissible for C:((j7 X) Let U2n+1 = X\
Agn+2. Thus Us,41 is an open subset of X such that As,41 C Uspyq and
Bgn_H C U2n+1. So Bgn_H € U;;1+1. If Eopnyo = Eyy \ UZ—thLl’ then Eonio
is closed in C(X) such that Fao, 49 C Ea, and Ea, 42 N Ea,11 = . Thus
(Eo, -+ Eapn, Bopy1, Bany2) is admissible for G,.(1,C(X)).

So we get a play (Eo,- -, Eon, Eany1, -+ ) of Gpe(1,C(X)) and a play
(Ao, -+, Aop, Aopy1, -+ ) of G(C,X) with the following properties for
each n € w:

(1) E2n+1 = 8(.E07 s ,EQn) = {B2n+1}, where B2n+1 € C(X),
(2) Agny1 =1t(Ag,---, A2n) = Bopy1 N Az # 05
(3) Uznt1 = X\ A2pia;
(4) Bont1 € U1
(5) E2n+2 = E2n \ U2tz+1'
Since s is a winning strategy for player ONE in G,,.(1,C(X)). The
set () Ean, = 0. For any z € X, the set {z} is closed in X following

new
Ti-property of X. Thus {z} € C(X). Let m = min{n € w: {z} & Fa,}.
Thus m € N and {J}} € Eopo \ FEs,,. Since Fs,, = Eo,_o \ U;_mflv

the point {z} € Uy ;. Thus # € Usp—1. So 7 & X \ Uzpp—1 = Agpp.
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Thus ({A2, : n € w} = 0. So t is a winning strategy for player ONE in
G(C, X). Thus X is a C-like space. O

Theorem 20. Let X be a Ty-space. If (C(X),V ™) is a nc-1-like space,
then X is a C-like space.

Proof. Since (C(X),V ™) is a nc-1-like space, let s be a winning strategy
for player ONE in G,.(1,C(X)). In what follows, we define a winning
strategy t for player ONE in G(C, X). Let Fy = C(X) and let Ay = X.
Let By = s(Ey) = {Bi} for some By € C(X). Thus By is a closed compact
subset of X. Define ¢(Ag) = A; = B;. Let Ay be any closed subset of
X such that Ao N Ay = 0. If V; = X \ A, then V; is an open subset of
X such that Ay C V4. Since Ay = B1,B; € Vi. It B, = C(X)\ V[,
then Fjs is a closed subset of C(X) and Fy N FEy; = (). Thus (A, A1, A2) is
admissible for G(C, X) and (Ey, F1, E3) is admissible for G,,.(1,C(X)).

Let n € N. Assume that we have an admissible sequence (Ey, - - , Ea,,)
in Gpe(1,C(X)) and an admissible sequence (Ag,--- , As,) in G(C, X)
with the following properties for each k£ < n:

(1) E2k+1 = S(E(), s ,Egk) = {BQ}C+1}, where BQkJrl S C(X)7
(2) Agpy1 =t(Ao,- -+, Aok) = Bopy1;

(3) Vaps1 = X\ Aogyo;

(4) Bopro = Eop \ Vo yq;

(5) IfCe E2k+2, then C C A2k+2.

Let E2n+1 = S(Eo,"' 7E2n) = {Bg7l+1}. Thus B2n+1 is a closed
compact subset of X and Bg,41 € Fa,. Thus Bg,11 C As,. Define
Aopy1 = t(Ao, -+, Asy) = Boyy1. Let Ag,yo be any closed subset
of X such that As,io C Ao, and Aspio N Agpyrr = 0. Let Vo,y1 =
X \ A2n+2. Thus A2n+1 C ‘/én+1. Since Bgn+1 = A2n+1, Bgn+1 S ‘/YQ;H_l.
If Eapyo = Eop \ V41, then Eg,y o C Eoy, is a closed subset of C(X)
such that Fa, 12N FEsy1 = 0. Thus (Ey, -, Bapt1, Eant2) is admissible
for Gn.(1,C(X)) and (Ao, -+, Aspt1, Aonyo) is admissible for G(C, X)
and has the following property: If C' € Es,. 2, then C N V5,1 = 0 and
C C Agpio.

So we get a play (E07 T 7E2n7 E2n+1a e ) of Gnc(lvc(X)) and a play
(Ao, -+, Aoy, Aopi1,-++) of G(C,X) with the following properties for
each n € w:

].) E2n+1 = S(.E()7 s ,EQn) = {B2n+1}, where Bgn+1 € C(X),
2) Agpy1 =t(Ao, -+, Azn) = Bany1;

3) Vany1 = X \ Azpyo;

4) E2n+2 = Fy, \ V2;+1§

5) IfC e E2n+27 then C C A2n+2-
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Since s is a winning strategy for player ONE in G,,.(1,C(X)), the set
(| E2n, = 0. Let = be any element of X and let n, = min{m € w: {a} ¢
neN
Eom}. Thus ny > 0. So {x} € Ey,—1) \ Eon, -

Since Fapn, = Eam,—1) \ Vs, 1, the point {z} € V5 . Thus » €
Vo, —1. Since Vo, 1 = X \ Ay, the point z ¢ As, . Thus (| Az, = 0.

new

So the strategy ¢ is a winning strategy for player ONE in G(C, X). Thus
X is a C-like space. (Il

In what follows, we study the nc-1-like property of the hyperspace
(C(X),VT) of a C-like space X.

Recall that a space X is hemicompact if in the family of all compact
subsets of X ordered by C there exists a countable cofinal subfamily.

Theorem 21. If X is hemicompact Hausdor{f space, then (C(X),V™T) is
a nc-1-like space.

Proof. By Lemma 3, we just need to prove that (C(X),VT) is a weak
ne-1-like space with respect to a base B = {U™ : U is open in X} of
(C(X),VT).

Since X is Hausdorff, C(X) is the family of all nonempty compact
subsets of X. Since X is hemicompact, there exists a countable subfamily
A ={A, :n € w} of C(X) such that for each C € C(X) there exists some
m € w such that C' C A,,, we can assume that A,, C A,41 for each n € w.

We define a winning strategy s for player ONE in WG,,.(1,C(X)). Let
Ey = C(X) and let E1 = s(Fy) = {Ap} and let m; = 0. Let V; be any
open subset of X such that Ag C V4. Thus A,,, € V;© and V;* € B. If
Ey, = Ep\ V1+, then Es is a closed subset of C(X) and Fy N E; = 0. Let
mz =min{n € w: A, ¢ Vi}. Thus 4,,, € V;".

Let n € w. Assume that we have an admissible sequence
(Eo, E1,- -, Eay) for WG,.(1,C(X)) with the following properties for
each k < n:

(1) mogt1 =min{n € w: A, ¢ Var_1};

(2) Eopi1 = 8(E0> T ’EQH) = {Am2k+1};

(3) Vagy1 is any open subset of X such that Eapiq C VQEH;
(4) Baggo = Bax \ Vol g

(5) If i < j < n, then mo; 41 < maji1.

Thus E2n—1 = {Aan,l} and Am2n71 C VQn_l.

Let mopy1 = min{k € w : Ay & Vap—1}. Thus A, & V;{Ifl
and Mmoy11 > Map—1. So if k < n then mory1 < maopy1. Thus
Amgnir € Voryr for each k < n. Thus A, ., € Egqo for each k < n.



232 L.-X. PENG, Y. SUN, AND S.-Z. WANG

So Apyiy & VQ—IE—&-I for each k < n. Thus Ay,,,,, € Ea, \ Val,_;. Define
s(Eo, -+, Eop) = Eony1 = {Am,,,1 - Let Va1 be any open subset of
X such that A, ., € V2—;+1' Thus Eg,q2 = Fap \ VQ';H is a closed
subset of (C(X), V™) such that Eopio C Fay, and a2 N Eopyqg = 0. So
(Eo, E1,- -+, Eon, Eany1, Fanio) is admissible for WG,,.(1,C(X)). In this
way, we get a play (Eo, -, Eap, Bopy1,- ) of WG,(1,C(X)) with the
following properties for each n € w:

(1) Ezngr = s(Eo, - Eon) = {Amy,n }3

(2) Vapy1 is any open subset of X such that Fa,11 C VQ—Z—H;

(3) E2nt2 = Eap \ V2Z+15

(4) maopy1 =min{k € w: Ax € Vop_1};

(5) Ifi < j, then moj+1 < mj+1-

Thus {mao,+1 : n € w} is a strict increasing sequence of N. Thus
{Am,, ., :n € w} is an increasing sequence of A. So for any C' € C(X)
there exists some n € w such that C' C A,,,,.,. Since Ap,, ., C Vanyr,
the set C' C Vapq1. So C € Vol y. Thus C(X) = U{Voh, i 1 n € w}.
Since Fapto = Fap \ VQTLH for each n € w, the set (| FEa2, = 0. Thus s

new
is a winning strategy for player ONE in WG,,.(1,C(X)). So (C(X),VT)
is a weak nc-1-like space. So (C(X), V™) is a nc-1-like space by Lemma
3. ]

Since a C-like space is Lindel6f and every Lindel6f locally compact
Hausdorff space is hemicompact, we have:

Corollary 22. If X is a C-like locally compact Hausdorff space, then
(C(X),VT) is a nc-1-like space.

Let n € N and let R be the set of reals with usual topology. By
Theorem 21, we know that (C(R™), V1) is a nc-1-like space.

In what follows, we study the following questions:

Suppose that X is a o-compact Tj-space. Is (C(X), V™) is a nc-1-like
space?

Suppose that X is a Ty C-like space. Is (C(X),V™) ((C(X), V™) a
nc-1-like space?

The following example shows that the converse of Theorem 20 does not
hold.

Example 23. Let X = [0,3] be a space with the standary topology.
Then X is C-like, but (C(X), V™) is not ne-1-like.

Proof. Since X is compact, it is obvious that X is C-like. Suppose
that (C(X),V ™) is a nc-1-like. Then let s be a winning strategy for
player ONE in G,.(1,C(X)). Let Ey = C(X) and F; = s(Ep). So
E, = {B;} for some compact subset B; of X. Let 21 € B; and let
Vi={ye X :|y—a| < 2i} Then V; is an open subset of X and
By € V. Thus E; = C(X)\ V] is closed in C(X) and (Ey, E1, E2) is
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an admissiable sequence in G,.(1,C(X)). Let n € w. Assume that we
have an admissiable sequence (Ey, E1, ..., Eay) of Gpe(1,C(X)) with the
following properties for each k < n:

(1) Eapy1 = s(Eo, ..., Ba);

(2) Espt1 = {Bakyt1} for some compact subset Baj41 of X;

(3) @akt1 € Bagy1 and Va1 = {y € X : |y — monq1| < oier 3

(4) Eokto = Eop \ Vo iy

Let Eo,y1 = s(Eo, ..., FEa,). Then there exists some compact subset
Bs,, 41 of X such that Eo,11 = {Bant1}. Let xa,41 be any point of Ba,, 11
and let V2n+1 = {y e X : |y — l‘2n+1‘ < 22"%} Thus Bgn_;,_l S V2:L+1'
Denote Eopyo = Eop \ Vo, 1.

So we can get a play (Eo,...,FEapn, Eopt1,...) such that Eopyq =
S(E(), .. .,Egn) and E2n+2 = Egn \ ‘/Q;ZJrl, where E2n+1 = {Bgn+1} for
some compact subset Ba,11 of X, a point x9,4+1 € Bap4+1 and Va1 =
{y € X : |y — 22n41| < 577} Since s is a winning strategy for player
ONE in G,,(1,C(X)). The set () Ea, = 0. But [J{Van41:n € w} # X.

new
Ifa € X\U{Vans1 : n € w}, then {a} € C(X) and {a} € C(X)\U{V5,41 :
n € w} = () E2,. This contradicts that () Ea, = 0. Thus (C(X),V ™)

new new
is not a nc-1-like space. O

The following example shows that there exists a T C-like space X such
that player ONE has a winning strategy s and there exists a sequence
{Van+1:n € w} of open subsets of X with the following properties:

(1) By = s(Ey) C Vi, where Ey = X;;
2) Eap, = X\ U{Vart1 : k <n} for each n € N;
3) Eont1 = s(Eo, Eq,. .., Ea,) C Vauyq for each n € w;
4) X = U{V2n+1 ne w};
5) C(X) 7 UVl 1 € w).

Example 24. Let X = Q be the set of rational numbers with the stan-
dard topology. The space X has the above properties.

(
(
(
(

Proof. Assume X = {q, : n € N}. Let Ey = X, s(Ey) = {¢:1} = Ex.
Denote ny =land Vi ={z € X : |z —q1] < 1}. Let B2 = X \ V] and
let ng = min{l € N : ¢ € Ey}. Denote s(Ey, E1, E3) = {qn,} and let
Vs ={z € X : |z — ¢y, < 3}. Let n € N and assume that we have a
finite sequence {E; : i < 2n} of closed subsets of X with the following
properties for each k < n:

(1) Eo = X, By = s(Eo) = {q1};
(2) Eopqq = 5(E07 cees EQTL) - {qm2k+1};
(3) Var1 ={z € X : |2 — Gy | < 557 15
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(4) Egpyo = Eop \ Varyr;
(5) mogt1 =min{l e N: ¢ € Eqi}
Let man 1 = min{l € N: ¢; € Es,} and let s(Ey, ..., Fa,) = Fapi1 =
{dmapii }> Vo1 = {r € X 1 |2 — @iy, | < ﬁ} Thus we have a play
(Eo, ..., Fan, Bopy1,...) of G(1,X). We know that (| Ea, = 0. Thus s

new
is a winning strategy for player ONE in G(1, X). So X =J{Vap+1:n€w}.
If A= {a,:n € w}, where ay =5, a; = 100, a, = 5 — % for each
n>2. Thus A € C(X). But A ¢ V!, for each n € w. O

Now we study the question that whether (C(Q), V™) a nc-1-like space.

Lemma 25. Let X be a topological space. Let A be a closed compact
subset of X such that A = ({U, : n € N}, where U, is open in X for
each n € N. Then for any F € C(X) the set F\ A # 0 if and only if
F ¢ U} for some m € N.

Proof. Let F € C(X). If F\ A # (), then let b € F\ A. Since
A = ({U, : n € N}, there exists some m € N such that b ¢ U,,. So
F ¢ U}. Now we assume that F' ¢ U, for some m € N. Thus F ¢ U,,.
Since A C Uy, the set F'\ A # 0. O

Theorem 26. Let X be a Hausdorff space. If (C(X),VT') is a nc-1-
like space and every compact subset of X is a Gs-set of X, then X is
hemicompact.

Proof. Since X is a Hausdorff space, every compact subset of X is
closed in X. Let s be a winning strategy for player ONE in G,,.(1,C(X)).
Let Ey = C(X). Then Ey = s(Ey) = {Bi} for some B; € C(X).
Denote By = Bi(myg). Since every compact subset of X is a Gs-set
of X, there exists a sequence {U,,, : ma € N} of open subsets of X
such that By = (\{Um, : me € N}. For each my € N, let Ey(mg) =
C(X)\ U,. Then (Ey, Ei,E3(ms2)) is an admissible sequence for
Gre(1,C(X)). Let n € w and for each k < n we have admissible sequences
(Eo, E1, ..., Ear(ma,...,max)) with the following properties:

(1) Eagi1(ma,...,ma) = s(Ey, E1, Ea(ma), ..., Eap(ma,...,may))

= {Bors1(ma,...,map)};
(2) Egk(mg, o ,mgk) \ {C € C(X) :C C BQk+1(m2, S ,mgk)}
= (H{ Earya(ma, ..., mog, magt2) : Makyo € N},
where Eopya(ma, ..., mag, Maki2) is closed in (C(X), V') and
(Eo, El, ey Egk(mg, . 7’I’fL2]€)7 E2k+2(m2, . 7m2k7m2k+2)) is ad-

missible for G,.(1,C(X)).
Thus (Eg, E1, ..., Ean(ma,...,ma,)) is admissible for G,.(1,C(X)).
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So there exists some Ba,11(ma,...,ma,) € C(X) such that
S(Eo, El, ey Egn(mQ, v ,mgn))

= E2n+1(m2, P ,mgn)

= {Bany1(ma,...,mony1)}

Since Bagyy1(ma,...,may) is a Gg-set of X, there exists a sequence
{Uan+1(ma, ..., maon, Mant2) : Manta € N} of open subsets of X such
that
Bonyi1(ma, ..., may)
= (WUznt1(ma, ..., map, Mant2) : Mang2 € N}

Denote

Eonio(ma, ..., Man, Mant2)

= Ean(ma,...,map) \ U;H_l(mg, o ey Map, Mapt2) for each Moy, 42 € N.
Thus

Egn(mg, . ,mgn) \ {C € C(X) :C C Bgn+1(m2, ‘e ,mgn)}

= U{Eant2(ma, ..., man, Maps2) : Manyo € N}

Thus

(lao7 El, Eg(mg), ce ,E‘Qn_|_1(’r7’7,27 N ,mgn), E2n+2(m2, ce ,m2n+2)) is ad-

missible for G,,.(1,C(X)) and
Egn(ml, e ,an) \ {C € C(X) . C - Bgn+1(m2, e ,mgn)}

= U{E2n+2(m2, ey, Moy, m2n+2) I Map42 € N}
Thus we get plays
(Eo, Ev, Ex(mg), ..., Eapy1(ma, ..., man), Eopga(ma, ... ,many2),...)
such that
E2n+1(m2; cey m2n)
= S(EOa Ela cee ,EQn(m% cee 7m2n))
= {an+1(m2, cee 7m2n)}~
So N Ean(ma,...,mae,) = 0. In what follows, we show that X =
new
U{Bz2n+1(ma,...,ma,) : n € w} and for every C € C(X) there exists
some n € w such that C' C Bapi1(ma, ..., may,). Let C be any element of

C(X). Suppose that C' ¢ Bopy1(ma,...,ma,) for each n € w.

Since C ¢ Bj and there exists a sequence {U,,, : ma € N} of open
subsets of X such that By = ({Up, : ma € N}, there exists some mg € N
such that C' ¢ U} by Lemma 25. Since Ey(ms2) = C(X)\ U,},, the point
Ce Ez(mg).

Let n € N. Assume that there exists an admissible sequence
(Eo, El, Eg(mg), e ,EQn(mQ, A ,an)) of Gnc(l, C(X)) such that
Ce m{EQk(mQ, NN 71’)’L2k) 01 S k S TL}

27

Thus
Eont1(ma,...,mapy)
= S(EOa s 7E2n(mQa I am2n))
= {Bapt1(ma,...,may,)} for some closed compact subset

B2n+1(m2, e ,an).
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Since C ¢ Bay,11(ma, ..., ma,) and there exists a sequence
{Usn+1(ma, ..., Moy, Mapi2) : Mantr2 € N} of open subsets of X such
that
Bong1(ma,...,may)
= ﬂ{U2n+1(m2, coo, Moy, m2n+2) 1Mopt2 EN}, there exists some Maon42 €
N such that C ¢ U2+n+1(m2v < ey Map, Mapt2) by Lemma 25.

Thus
C € EQn(m27 e 7m2n) \ U2—";1+1(m27 ce Mo, m2n+2)
= Egpyo(ma, ..., man,many2).

Then we can get a play
(E‘()7 El, Eg(mg), e ,Egn(mQ, ce ,’I’n,gn>7 E2n+1(m2, e ,mgn), .. ) Of
Gre(1,C(X)) such that
C € ({Ean(ma,...,mop) :n € w}. A contradiction.

Thus for every C' € C(X) there exists some n € w such that C C
Bo,1(ma,...,may). So X = | J{Bant1(ma,...,ma,) : m € w} and X is
a hemicompact space. O

By Theorems 21 and 26, we have:

Corollary 27. If X is a Hausdorff topological space such that every com-
pact subset of X is a Gs-set of X, then (C(X),V™) is a nc-1-like space if
and only if X is hemicompact.

The space P of the irrationals is identified with w*. Given p,q € P we
denote by p < ¢ the fact that p(n) < ¢(n) for any n € w. A cover of a
space X is compact if its elements are compact. A compact cover K of
the space X is called P-ordered if K = {K, : p € P} and, for any p,qg € P
with p < ¢ we have K, C K, [14].

A space X is called strongly P-dominated if it has a P-ordered compact
cover {K, : p € P} which swallows all compact subsets of X in the sense
that, for any compact K C X there is p € P such that K C K, [14].

Let (X, p) be a metric space and let {x;};en be a sequence of points of
X. The sequence {; }ien is called a Cauchy sequence in (X, p) if for every
€ > 0 there exists a natural number k such that p(z;,x;) < ¢ whenever
1 > k. A metric space (X,p) is complete if every Cauchy sequence in
(X, p) is convergent to a point of X [6].

Theorem 28. ([4, Theorem 3.3]) A second countable space is strongly
P-dominated if and only if it is completely metrizable.

The above conclusion is also cited in [14, Theorem 3.1].

Lemma 29. ([14, Proposition 3.3(a)]) Any hemicompact space is strongly
P-dominated.



SOME TOPOLOGICAL GAMES, D-SPACES AND COVERING... 237

Let X = Q be the set of rational numbers with the standary topology.
Let z,, € Q such that |z, — 7| < L for each n € N. Thus the sequence
{Zp}nen is a Cauchy sequence in Q. But {z, },en does not converges to
any point of Q. Thus the space Q is not a complete metric space.

Thus we have:

Proposition 30. If X = Q, then X is not hemicompact.

Proof. Since X is a second countable metric space and X is not complete,
X is not P-dominated by Theorem 28. Thus X is not hemicompact by
Lemma 29. (|

Proposition 31. If X = Q, then X is a 1-like space but (C(X),VT) is
not a nc-1-like space.

Proof. As proved in Example 24, the space X is a 1-like space. By Corol-
lary 27, a metric space Y is hemicompact if and only if (C(Y),V ™) is
a nc-1-like space. Since X is not hemicompact by Proposition 30, the
hyperspace (C(X), V™) is not a nc-1-like space by Corollary 27. |

Thus we have:

Suppose that X is a o-compact Ty-space. The hyperspace (C(X), V™)
cannot be a nc-1-like space. Thus the converse of Theorem 19 does not
hold.

In what follows, we study the D-property and covering properties of
hyperspaces of a space X.

A neighborhood assignment for a space X is a function ¢ from X to the
topology of the space X such that x € ¢(x) for any x € X [5]. A space
X is called a D-space if for any neighborhood assignment ¢ for X there
exists a closed discrete subspace D of X such that X = |J{¢(d) : d € D}
[5]. In what follows, we study some duality in connection with D-spaces
and covering properties.

Theorem 32. If X is a Ty D-space, then (2%X,V ™) ((C(X),V 7)) is a
D-space.

Proof. Let ¢ be any neighborhood assignment for (2X,V ). Since X
is a Ty-space, {z} € 2% for each x € X. Thus there exists an open
neighborhood ¢ (x) of x in X such that ¢¥(z)~ C ¢({z}) for each z € X.
Thus {¢(x) : = € X} is a neighborhood assignment for X. Since X
is a D-space, there exists a closed discrete subspace D of X such that
X = U{¥(d) : d € D}. Let D* = {{d} : d € D}. Then D* C 2%
and D* is a closed discrete subspace of (2%X,V~) by Lemma 11. Thus
D* C 2% and D* is a closed discrete subspace of (2%,V ™) such that
2X = J{o(p) : p € D*}. Thus (2%,V ™) is a D-space.

Similarly, we can show that (C(X),V ™) is a D-space if X is a Ty D-
space. U
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Theorem 33. Let X be a Ti-space. Then (C(X),V ™) is a D-space if
and only if X is a D-space.

Proof. If X is a Ty D-space, then (C(X),V ™) is a D-space by Theorem
32.

Now assume that (C(X),V ™) is a D-space. Let ¢ be any neighborhood
assignment for X. For each A € C(X), A is a compact closed subset of
X. Thus there exists a finite subset D4 C A such that A C J{¢(d) :
d € Dy} = 0a. If Y(A) = O for each A € C(X), then {(4) : A €
C(X)} is a neighborhood assignment for (C(X),V ™). Since (C(X),V ™)
is a D-space, there exists a closed discrete subspace F of C(X) such that
CX)=U{M) : Ae F}. Let D =J{Ds: A e F}. Since X is a
T-space, {z} € C(X) for each x € X. Let x € X. Thus there exists some
A € F such that {z} € /(A). Thus there exists some d € D4 such that
x € ¢(d). Thus X = J{o(d) : d € D}.

In what follows we show that D is a closed discrete subspace of X. Let
x be any point of X. If {z} ¢ F, then there exists an open neighborhood
O, of z in X such that O; NF = . Thus O, N D = (. Now assume that
{z} € F. Thus « € D. Since F is discrete in (C(X),V ™), there exists an
open neighborhood W, of x in X such that W, N (F \ {z}) = 0. Thus
We N (D \ {z}) = 0.

So D is a closed discrete subspace of X and X = |J{é(d) : d € D}.
Thus X is a D-space. O

A space X is a bD-space if for each open cover U of X there exist a
locally finite subset A of X and a mapping ¢ of A into U such that a € ¢(a)
for each a € A and {¢(a) : a € A} covers X [1]. It was observed by Borges
and Wehrly in [3] that all subparacompact spaces are bD-spaces.

Theorem 34. Let X be a Ty-space. If (2%,V ™) is a bD-space, then X
s a bD-space.

Proof. Let U be any open cover of X. Then U~ = {U~ : U € U} is
an open cover of (2%, V7). Since (2%,V ) is a bD-space, there exists a
locally finite subset 7 C 2% and a mapping ¢ of F into 4/~ such that
F € p(F) for each F € F and 2% = J{p(F) : F € F}. Since X is a
Ty-space, {z} € 2% for each x € X. Since F is locally finite in (2%,V ™),
for each x € X there exists an open neighborhood V,, of x in X such that
{FeF:FeV,}isfinite. So|[{F € F:FNV, # 0} <w. Thus the
family F is locally finite in X. For each F' € F, the set ¢(F) = Uy for
some Up of Y and Ur N F # 0. Let dp € Up N F for each F € F and
let D = {dp : F € F}. Define a mapping ¢ from D into U such that
¢(dr) = Up for each F € F. Thus {dp : F € F} is a locally finite subset
of X and X = |J{¢(dr) : F € F}. So X is a bD-space. O
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Since every D-space is a bD-space, we have:

Corollary 35. Let X be a Ti-space. If (2X,V ™) is a D-space, then X
is a bD-space.

Since every closed subspace of a D-space is a D-space, by Proposition
15 we have:

Theorem 36. Let X be a Hausdorff space. If (2X,V ™) is a D-space,
then X is a D-space.

Recall that a space X is countably compact if every countable open
cover U of X there exists a finite subfamily V of U such that X = [JV.

Proposition 37. Let X be a T-space. If (2X,V ™) is countably compact,
then X is countably compact.

Since a bD countably compact Ti-space is compact, by Theorem 34,
we have:

Corollary 38. If X is a countably compact Ty-space and (2X,V~) is a
bD-space, then X is compact.

Corollary 39. If X = w; with the order topology, then (2X,V ™) is not
a bD-space.

In what follows, we discuss some covering properties of (C(X), V™) and
(C(X),VT).

Recall that a space X is mesocompact if for every open cover U of X
there exists an open refinement V such that for every compact subset C
of X, the set {V € V:V NC # 0} is finite [2].

Theorem 40. If X is a mesocompact Ti-space, then (C(X),V™) is a
metacompact space.

Proof. Let U be any open cover of (C(X),V ™). Since X is a Tj-space,
{z} € C(X) for each x € X. For each x € X, there exists some U, € U
such that {z} € U,. Thus there exists an open neighborhood V;; of z in X
such that {x} € V,” C U,. So {V, : x € X} is an open cover of X. Since
X is mesocompat, {V, : € X} has a compact-finite open refinement V.
If V- ={W~: W €V}, then V™ is point-finite in C(X) and is an open
refinement of U. Thus (C(X),V ™) is a metacompact space. O

Since every paracompact space is mesocompact, we have:

Corollary 41. If X is a paracompact space, then (C(X),V ™) is meta-
compact.
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Theorem 42. Let X,, be a Ti-space for each n € N. If ] (C(X,),V,F)
neN
is a Lindeldf space, then [[ X, is a Lindelof space.
neN

Proof. Let U be any open cover of [] X,. Let 2* be any element of

necw

[1 C(X,). Then 2* = [] A%", where A% is a closed compact subset of
neN neN
X, for each n € N. So there exists a finite subfamily U, of U such that

x* C |JUy+. By [6, Theorem 3.2.10], there exist open sets U;f* C X, such

that U*" # X, for finitely many n € N and [] 42" C [[ UZ" C Uy
neN neN

Thus z* € [[ (UZ)*. So {[[ (U*)* : 2* € [] C(X,)} is an open
neN neN neN
cover of nHNC(Xn). Since n];[NC(Xn) is Lindelof, there exists some x} €
I1 C(Xn)efor each i € N such that [] C(X,) = U{ I (US)* i e N}.
%f)f any x € HNXn, we let & = (JUT;@:I n € N). De?‘ienli x* = HN{xn}.
Thus z* € HN;(Xn). So there is some ¢ € N such that z* € HNTU;SI)*.
Thus z, € EUTT* for each n € N and hence z € [] Uff: C EUUI;. If
V= {Uy i € N}, then V C U, [V|] < w and nﬁNXn = V. Thus
I1 X, is a Lindel6f space. e O

neN
By Proposition 15, we have:

Theorem 43. Let X,, be a Hausdorff space for each n € N. If

IT (2%, V=) has property P and P is hereditary with respects to closed
neN
sets, then []| X, has property P.

neN

Proposition 44. If X is a compact space, then (C(X),V™) is compact.

Proof. Let T be the topology of the space X. Then B = {W* : W €
T\ {0}} is a base of (C(X),V*). Let W C B be any subfamily of B such
that C(X) = UW. So for each C € C(X), there exists some Vo € W
such that C' € V. Since X is compact, X € C(X). So X € Vx. Since
Vx € B, there exists some W € T such that Vx = WT. Since X € W,
the set W = X. Thus for each C' € C(X) the point C € W+ = Vx. So
C(X) =Vx. Thus (C(X),VT) is compact. O

Corollary 45. Let X be a Ty-space. If Y C X is a closed compact subset
of X, then (C(Y),Vy5) = (C(Y),VT|Y) is compact.
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Recall that a space X is locally compact if every point x € X has a
neighborhood which is compact.

Theorem 46. If X is a locally compact Hausdorff space, then (C(X),V™T)
is locally compact.

Proof. Let F be any element of C(X). Then F' is a compact closed subset
of X. Since X is locally compact, for each x € X there exists a compact
neighborhood V. of X. Thus there exist ngp € N and x; € F for each
i < np such that FF C | J{Vy i <np} =W C H{Ve, :i <np} =Y.
IEWt={CelCX):CCcW}and Yt ={C € C(X):C C Y}, then
F e Wt Cc Y*. Since X is a Hausdorff space and Y is compact, the
set Y is closed in X. So YT = C(Y) is compact by Corollary 45. Thus
(C(X),VT) is locally compact. O

Theorem 47. Let X be a Ty-space. Then X has a countable base if and
only if (2%,V ™) has a countable base.

Proof. Assume that X has a countable base B. Let B* = { (| B; : B; €
i<n

B,i <n,n € N}. Then |B*| < w. Let F € 2% be any element of 2% and
let V be any open neighborhood of F' in (2%, V7).

There exist some n € N and an open subset U; for each ¢ < n such
that F' € (| U, C V. For each i < n there exists some z; € FNU,.

i<n

Since B is a base of X, for each ¢ < n there exists some B; € B such that
;€ B;CU;. Thus Fe (B C (U7 CcVand (| B € B* So B*

i<n i<n i<n
is a countable base of (2X,V 7).
The inverse implication follows from Proposition 13. ]

Theorem 48. Let X be a T1-space. Then X has a countable base if and
only if (C(X), V™) has a countable base.

Proof. Let B be a countable base of X. If B* = {(UV)" : V C B and
[V| < w}, then B* is a countable family of open subsets of (C(X),V ™).
Let F' be any element of C(X). If U is an open neighborhood of F' in
(C(X),V™), then there is an open subset U of X such that F € Ut C U.
Thus there exists a finite family V C B such that F' c |JV C U. So
Fe(UV)f cU"cU and (UV)' € B*. Thus B* is a countable base of
(C(X),VT).

Now we prove the inverse implication. By Proposition 14, the space X
is homeomorphic to a subspace of (C(X), V™). Thus X has a countable
base if (C(X), V1) has a countable base. O

Similar to Theorem 47, we have:
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Proposition 49. Let X be a Ti-space. Then X has a countable network
if and only if (2X,V =) has a countable network.
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