http://topology.auburn.edu/tp/

TOPOLOGY
PROCEEDINGS

Volume 54, 2018
Pages 1-5

http://topology.nipissingu.ca/tp/

HomMmoTory GROUPS OF INFINITE WEDGE

by

LEONARD MDZINARISHVILI

Electronically published on June 21, 2018

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@Qauburn.edu
ISSNN: (Online) 2331-1290, (Print) 0146-4124

COPYRIGHT (© by Topology Proceedings. All rights reserved.



http://topology.auburn.edu/tp/
http://topology.nipissingu.ca/tp/

TOPOLOGY 7
PROCEEDINGS

Volume 54 (2019)
Pages 1-5

E-Published on June 21, 2018

HOMOTOPY GROUPS OF INFINITE WEDGE

LEONARD MDZINARISHVILI

ABsTRACT. In Homotopy Theory (Pure and Applied Mathematics,
Vol. VIII, Academic Press, New York—London, 1959), Sze-tsen Hu
proved for X VY, the wedge sum of pointed spaces (X, zo), and
(Y, yo) that for n > 2 there is an isomorphism
(1) mn(XVY, u0) & 7 (X, 20)®mn (Y, 40) Omnt 1 (X XY, X VY, uo),
where ug = (x0, yo)-

This result was not generalized for an infinite wedge VY, w €
Q, of pointed spaces (Y,,,3%) in view of the fact that an infinite
wedge VY, is not a subspace of the direct product [] Y., w € Q.

In the present work we prove that for n > 2 there is an isomor-
phism

Wn(vyw’ yO) ~ Z ﬂ'n(Ywa yg) &) Tl'n+1(LYw’ VY, yO)’
weN

where LY, is the weak product of pointed topological spaces (Y., 42),
w € Q (see C. J. Knight, Weak products of spaces and complezes,
Fund. Math. 53 (1963), 1-12.)

Let Top, be the category of pointed topological spaces and continuous
maps preserving base point [4].

If Q = {w} is an infinite set and {(Y,,,3°)}weq is a family of objects
from Top, indexed by €, their infinite wedge is denoted by VY, and is

defined by | Y, /Uv® the quotient space of |JY,, obtained by identi-
weN

fying all of | Jy? to a single point u®. We define a topology by declaring

a subset U C |J Y, to be open if and only if the intersection U NY,, is

weN
open in Y, for all w € Q [1, Definition 2.2.8].
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2 L. MDZINARISHVILI

In [3], C. J. Knight defined the weak product LY, of pointed topological

spaces (Y,,,4%), w € Q, to consist of all elements y € [] Y, of the product
weN
such that all but a finite number of coordinates y,, of y are the base points.

However, its topology is not the relative topology, but the topology of the

union of the finite products ﬁ Y,c J] Ya.

Consider in the weak przofiluct L?jﬂthe subset |J L, where L, =
1 Xa, Xo =Y, if @ =w, and X, = {30} if o‘je;z w. We define a
Soegology by declaring a subset V' C |J L, to be open if and only if the
intersection U N L, is open in L, fo;dfx?l w € Q and denote it by M L,,.
Lemma 1. The infinite wedge VY,, and the space M L, are homeomor-
phic.
Proof. The space ML, = |J L, has only one point y° = {3%},cq such
that 40 € L, forallw € Q.wPe‘c?r each w € () the space L, is homeomorphic
to Y,. The maps i : VY, - ML, and p: ML, — VY, defined by

() = {zw(u) if uey,, P(y) = {pw(y) if ye Ly,

y° if u=1u0, u? if y =140,

are continuous maps and pi = 1 and ip = 1. (]

Lemma 2. The space M L, has the subspace topology inherited from LY,,.

Proof. Let V. C LY, be an open subset. Then for each a € (2, the
intersection V' N L, is an open subset of L, and V N ML, is an open
subset in ML,, (VNnML,)NL, =VnNL, We show that for any
open subset U C ML,, there is an open subset V C LY, such that
VNML, = U. The system U = {U} of all open sets U C ML, is
the union of two subsystems U’ and U” such that U’ NU" = &, where
U={Uel:y°¢U}and U ={U el :y° € U}.

Let U € U’ and notice that U = |J (UNL,). Let U} =UN L, and

weR

pUL =U, CY,. For each a € Q, define an open set W, C [[ Y., such

that y = {y, } € W, if and only if y,, € U,. The union |J W, is an open
wel
subset of [[Y,, under the product topology.

Since the topology of LY, is finer than the topology induced as a

subset of the product [[Y,,, the set |J W, N LY, =V is open in LY.
weN
For each a # w, the intersection W, N L,, = @ since any element y € W,

does not have a-coordinate y, = y2, but all elements y € L, have a-
coordinate y, = y2. We have the equality W, N L, = UZ. Hence,
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VAL, = ( U Wa) AL, = UWanLy) =W,nL, = U, and
aeQ aeQ
therefore,

VﬂMLw:Vﬂ(ULw) JwnLy=us=v.

weN weN

Let U e U and U = |J (UNL,) = YU For each o € Q, we
weN
define the open set W, C []Y., as in the previous case. Considering
the intersection (| W, = W, we show that W N LY, = V is an open
weN

subset in LY,,. It is clear that V = W N LY, = ( N Ww) NLY, =
weN
N (W,NLY,)= () V., is an intersection of open sets V, in LY.
weN we
We show that VNLY is an open set in L}, for all L}, (where Ly, = {y*}

is the subspace of [ Y,, such that, if y* = {y,} € LY then Y = 2 for all

w¢ N, NeQf, Qf is the system of all finite subsets N of Q). There is

VNLy = [NW,NLY,)|NLy = ) (WynNL%). Wehave W,NLY = LY
Q

we
ifw¢ N, and if w € N, we have W, N LY = {{y} € Ly : vo € U, }.
Since N € Qf, V N L} will be a finite intersection of open sets in L}
and therefore open. Hence, V' is an open subset in LY.
Now we show that VNML, =U. Since VNL, = (| (W,NL,)=UZ,

a€eQ
w € (Q, there is
vaML.=vn(J )= Uwvn) = Ju- O
weN weN weN

Theorem. IfY,, is a T} space for each w € ), then, for n > 2, there is
an isomorphism

'/Tn(\/Ywa UO) ~ Z 7Tn(Yvwa yg) S2) 7Tn+1(LYwa \/Yun yO).
Proof. Using lemmas 1 and 2, we have an exact homotopy sequence
: i> 7rn+1(\/Yw7 UO) Z—*> 7rn+l(LYwa yo) — 7rn+1(Lwi VY., yO)
(2) i> Wn(vyunuo) L> Wn(LYwayO) —

Define a homomorphism j, : > 7, (Y, 4%) — 7 (VY,, u®) by ju(h) =

S 35 (he), where 5% : m, (Y, y2) — 7, (VY,,, uP) is induced by inclusion.
weN
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We show that &,i,j. = 1, where &, : m,(LYL,4°) — > m. (Y, 40).
weN
Since we have a commutative diagram

VY, —>LY

N A

and the isomorphism &, : m,(LY,, yo) ~ > (Y, y2) [3], there is
weN
Einds = D Extawr = 2, &dws = 1. Hence, j. is a monomorphism
weN weN
and i, is an epimorphism.

As is known [4], 7, is a covariant functor from the category of pairs of
pointed spaces to the category of abelian groups if n > 3, the category of
groups if n = 2, and the category of pointed sets if n = 1. In particular, m,
is a covariant functor from the category Top, to the category of abelian
groups if n > 2, the category of groups if n = 1, and the category of
pointed sets if n = 0. Hence, 7, (VY,,,u") ~ Im j, + Keri,, n > 2.

Since j, is a monomorphism, there is Im j, = > 7, (Y., %). Since i,
is an epimorphism, using the exact sequence (2), there is d — a monomor-
phism and

Keri, = Imd = w1 (LY, VY, y°). O

Since sequence (2) is exact, ¢xj« = Y i« and Y i, , is an isomorphism
for n > 1 [3, Theorem 2|; the homomorphism 4, is an epimorphism; and
there is an exact sequence

0 — ma(LY,, \/Yw,yo) — m (VY,, uo) — Wl(LYw,yO) — 0.
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