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DISTANCE DOMAINS: COMPLETENESS

TRISTAN BICE

ABsTrRACT. We explore extensions of domain theoretic concepts,
replacing transitive relations with general non-symmetric distances.
These lead to a generalization of Smyth-completeness which we
characterize in various ways analogous to our previous Yoneda-
completeness characterizations.

MOTIVATION

A number of works have extended domain theory from posets to more
metric-like structures (see [8]). However, both the classical theory and
these generalizations tend to focus on just one aspect of the dual nature
of domains. Our primary goal is explore the other aspect.

More precisely, the standard approach to domain theory is to start with
a partial order < and then define its way-below relation <, a transitive but
generally non-reflexive relation. An alternative approach is to start with
a transitive relation < and then define its lower order <. Using maxima
rather than suprema, one also obtains dual notions of completeness and
continuity for <. This is the approach we generalize, working with a
general non-symmetric distance d and its lower hemimetric d.

Also, previous works have developed quantitative domain theory in a
highly category or fuzzy theoretic way (see, e.g., [10] and [15]). Another
goal of our paper is to provide a more classic approach through topology,
metric and order theory, building on [9]. This leads to certain natural
generalizations and should also be more accessible to analysts.
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8 T. BICE

In particular, we have two examples in mind from non-commutative
topology. First, consider the hereditary C*-subalgebras H(A) of a C*-
algebra A, ordered by inclusion C. When A is commutative, these cor-
respond to the open subsets of a locally compact Hausdorff topological
space, a well-known example of a classical domain. However, H(A) may
fail to be a domain in general, even for basic non-commutative C*-algebras
like C([0, 1], M3)(=continuous functions from the unit interval to two by
two complex matrices). The key observation here is that H(A) does,
however, always form a distance domain when we replace the inclusion
ordering C with the Hausdorff distance d on the positive unit balls B_lir,

d(B,C) = sup inf ||b—bcl.
beBl c€C}
Here, the way-below distance d comes from the reverse Hausdorff distance
d(B,C) = inf sup ||b— bc].

ceCl beBL
Incidentally, (b, ¢) — ||b—bc|| is itself a natural example of a non-hemimetric
distance on A (see [4, Proposition 2.3]).

There can also be merit in quantifying classical domains; for example,
consider the lower semicontinuous [0,1]-valued functions LSC(X, [0, 1]) on
some compact Hausdorff X with the pointwise ordering <. This is another
well-known example of a classical domain (see [8, Example I-1.22]). But
when we replace < with

d(f,9) = sup(f(z) — g(z))+,
zeX
we get an even nicer structure. Specifically, LSC(X, [0, 1]) becomes an
algebraic domain, in an appropriate quantitative sense, where the fi-
nite/compact elements (see [9, Definition 7.4.56]) are precisely the contin-
uous functions C(X,[0,1]) (by a slight generalization of Dini’s theorem).
Moreover, this extends to the lower semicontinuous elements of Ai*l for
a much larger class of ordered Banach spaces A (see [2]).

Apart from the inherent interest in generalization, we feel examples
like this justify the study of distance domains. So from now on we put
functional analysis to one side to develop a general domain theory for
non-symmetric distances.

OUTLINE

While category theory is not our focus, we do consider one very elemen-
tary category GRel of generalized relations. Indeed, throughout we make
use of various interpolation assumptions which are concisely described by
composition o in GRel. In §1, we describe the basic properties of GRel



DISTANCE DOMAINS: COMPLETENESS 9

and set out much of the notation used throughout. Note that our func-
tions take values in [0, o0], rather than the more general quantales often
considered elsewhere. This is primarily to reduce the notational burden,
which is already quite heavy due to the various topologies, relations, and
operations we need to consider. In any case, [0, 00] valued functions are
perfectly suited to the analytic examples we have in mind.

As mentioned above, one of our primary goals is to generalize previous
work on hemimetrics to distances, functions merely satisfying the triangle
inequality. This generalization is crucial because we want to develop a
dual theory of distance domains starting from distance analogs of the way-
below relation. In §2, we discuss these distances d and their associated
upper and lower hemimetrics d and d.

Next, in §3, we briefly introduce the uniform preorder < and equiva-
lence relation =~ on generalized relations. This generalizes the usual uni-
form equivalence of metrics and is needed to describe weak interpolation
assumptions required for the best results (e.g., see Proposition 5.6).

In §4, we introduce balls and their associated topologies. In particular,
we show how balls characterize upper and lower hemimetrics and how
the preorders <9 and <9 defined from d coincide with the specialization
preorders of ball topologies.

As we deal with non-hemimetric distances, it is natural to consider
a certain strict version <9 of <9, which we discuss in §5. This will be
particularly important in our future work when we exhibit equivalences
between distance domains and classical domains of formal balls. As a
preliminary to this, here we investigate the relationship between <9 and
<4 under certain interpolation assumptions.

In §6, we make some elementary observations on nets and their limits.
This leads to §7, where we discuss two natural generalizations of Cauchy
nets. Note here, as elsewhere, basic properties of hemimetrics can often
be extended to distances by replacing d with d or d where appropriate.

We also aim to develop the theory in a more topological way. The
key here is to consider topologies generated by open holes as well as
balls. In §8, we characterize convergence in combinations of ball and hole
topologies.

Yet another one of our goals is to explore the connection between topo-
logical and relational extensions of metric and order theoretic concepts.
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Topological | Relational
Nets Subsets
d-Cauchy d-directed
d2-limit d-supremum
d?-limit d-maximum

F1GURE 1. Metric vs Order Analogs

As with hole topologies, we feel the relational notions have not received
the attention they deserve. Even apart from their intrinsic interest, these
relational notions can serve as a useful intermediary between classical
order theoretic concepts and their topological generalizations. So, in §9,
we define d-directed subsets and explore their relation to d-Cauchy nets.

Suprema are usually considered the poset analog of limits. However,
maxima, in an appropriate sense, can be better suited to non-reflexive
transitive relations. In §10, we extend these concepts to distances d and
examine their connection to suprema and maxima relative to <9 and <9.

In §11, we define topological and relational notions of completeness and
explain how they generalize standard notions of Yoneda, Smyth, metric,
and directed completeness. We then show how to turn d-Cauchy nets into
d-directed subsets under several interpolation conditions. These allow
d?-completeness (=Smyth completeness for hemimetric d) to be derived
from d-max-completeness in Corollary 11.8, complementing the Yoneda
completeness characterizations in [3].

In our future work we will discuss generalizations of continuity and
the resulting generalizations of domains, in particular, showing how to
complete (generalized) predomains to domains via the (reverse) Hausdorff
distance and the formal ball construction.

1. GENERALIZED RELATIONS

The traditional category theoretic approach to quasimetric spaces is
to take each quasimetric as its own category, with the elements of the
space as objects and the values of the quasimetric as morphisms, as in
[14]. Alternatively, quasimetric spaces are sometimes considered as the
objects of a category with Lipschitz maps as morphisms, as in [9, Defini-
tion 6.2.13]. However, the constructions we consider are best described in
a category with quasimetrics, and even more general binary functions, as
the morphisms instead. This is like the category of modules considered in
[11, §2.3], except that our objects are just sets, without any distinguished
hemimetric structure.
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Specifically, we consider any d € [0, co]X¥*Y (= functions from X x Y

to [0, 00]) as a generalized relation from X to Y. We extend the standard
infix notation for classical relations to generalized relations and define

zdy = d(z,y).

Just like the category Rel of classical relations, generalized relations form
the morphisms of a category GRel when composition d o e € [0, 0o] ¥ >V
of d € [0,00]¥*% and e € [0,00]%*Y is defined by

z(doe)y = ing(xdz + zey).
zeE

In fact, Rel becomes a wide subcategory of GRel when we identify each
relation © C X xY with its characteristic function (as we do from now on):

0 ifxC
:(x,y>={ Y

oo otherwise.
For any d € [0,00]¥*Y, C C [0,00][%° and r € [0, 00], we define
x Ef Y = xzdy C 1.
In particular, we let <9 = Sg, SO
x<dy & xzdy = 0.

Equivalently, <9 is the relation identified with ood, where co0 = 0 and

oor = oo, for r > 0. Note d — <9 is a left inverse of the inclusion from
Rel to GRel, which is also functorial in that

Sd o Se g Sdoe .

Various properties of Rel also extend to GRel. For example, as in
[16], GRel is a category with involution d°P defined by

xdPy = ydzx.
Also, GRel is a 2-category, namely a 2-poset, with the pointwise order
d<e & VzeXVyeY zdy< zey,

which is compatible with both o and °P. Each hom-set [0, 00]¥*Y is also
a complete lattice with minimum 0 and maximum oo where, for z € X,
y €Y and r € [0, 00,
Try = 7.
In particular, we have “intersections” d V e and symmetrizations
dV =dvde,

when X =Y, in which case we define =d — (gd)v = gdv, ie.,

z=dy & zdy = 0 = ydzx.
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In fact, the only thing stopping GRel from being an allegory, in the sense
of [7], is the modularity requirement.

However, as in division allegories, we do have Kan extensions/lifts.
Namely, for d € [0, 00]¥*Z and e € [0, 00]¥ *Z, define d/e € [0, 00]**Y by

z(d/e)y = sup(zdz — yez)4,
z€Z

where r1 = V0, for r € [0, 00], and we take co —oo = 0. This guarantees
(1.1) a<b+c = a—b<e,

for all a,b,c € [0,00]. It also means that, for all ¢ € [0, ),

(1.2) a+(-b+c¢)<(a—0b)+c.

Also, for d € [0,00]2*Y and e € [0, 00]%*¥X, define e\d € [0,00]**Y by

z(e\d)y = sup(zdy — zex) .
z€Z

Proposition 1.1. Ford € [0,0]X*% e € [0,00]7*Y, and f € [0, 00] ¥ %Y,
f/le<d & f<doe = d\f <e.
Proof. Simply note that, forallz € X,y € Y, and z € Z,

zfy —zey <azdz <& afy<azdz+zey < zfy—azdz<zey. O

2. DISTANCES
We call d € [0, 00]X*¥ a distance® if it satisfies the triangle inequality
(A) d<dod.
Equivalently, (A) is saying that, for all 7, s € (0,00) and x,y,2 € X,
r<dz<dy = <3 v

In particular, C C X x X is a distance if and only if it is transitive in
the usual sense. As d — <9 is functorial, this means <4 is transitive
whenever d is a distance. As in [9, Definition 6.1.1], we call a distance d

(1) a hemimetric if <9 is a preorder and
(2) a quasimetric if <9 is a partial order.

IFunctions merely satisfying the triangle inequality do not appear to have been
named before. We feel “distance” is appropriate, as this is already used informally to
refer to various functions which at least satisfy the triangle inequality. But if we were
to follow the tradition of adding prefixes to “metric” for weaker notions, “demimetric”
or something similar might be appropriate.



DISTANCE DOMAINS: COMPLETENESS 13

(Recall that a preorder is a reflexive (= C <) transitive relation and a
partial order is an antisymmetric (< N <°? C =) preorder).

Non-hemimetric distances have rarely been considered until now. How-
ever, the extra generality is vital if we want to consider distance analogs of
non-reflexive transitive relations, like the way-below relation from domain
theory. But there are two closely related hemimetrics associated with any
generalized relation, which will be crucial to our later work.

To avoid repetition, we now make the following standing assumption.

We are given sets X and Y and functions d, e € [0, 0] <Y

Definition 2.1.

(2.1) d=d/d € [0,00]**¥ ie., zdz = sup(zdy — 2dy).
yey

(2.2) d =d\d € [0, 00" ¥ ie., zdy = sup (zdy — zdz) .
zeX

We call d and d the upper and lower hemimetric of d, respectively.
This terminology is justified by the following.
Proposition 2.2. Both d and d are hemimetrics andd =dod =dod.
Proof. d < (=od) impliesd = d/d < =, so <d g reflexive. As d/d <d,
d<dod< (=od)=d and
d<dod<dodod, so
d=d/d <dod; ie.,d is a distance.

Thus, d is a hemimetric with d =d od. As d°P = d°?, d°P; hence d is a
hemimetric with d°P = d°P o0 d°P = d°? 0 d°P and hence d =d od. a

Proposition 2.3. If X =Y (i.e., d € [0,00]X*X), then?

(2.3) d<d & d<d = d is a distance;
(2.4) d>d & d>d & <d s reflexive;
(2.5) d=d & d=d = d is a hemimetric.

Proof. We consider d, and the d statements then follow from d°p = d°P.

(23) d<dod & d/d<d.
(24) Ifd<d,thend < =. Ifd < =, thend = (d/=) < d/d = d.
(2.5) Immediate from (2.3) and (2.4). O

2The <« in (2.5) is a form of the Yoneda lemma (see [9, Exercise 7.5.26].)
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Example 2.4. Consider f,q € [0, 1]01*[01) given by
afy = x(l —y)
xqy = (x —y)+.

Here, q is the restriction of the usual quasimetric on [0, oo] (note that (A)
for q follows from the subadditivity of 1), and f is also a distance as

2(l—y)=a(l—2+2)(1—y) Sa(l—2)+2(1-y).

Because (z—y)4 = sup (#(1-2)—y(1-2))+ = sup (z(1-y)—z(1-x)),
26[071] 26[071]

q=f=f.

Before moving on, we make an observation about restrictions. First,
identify Z C Y with the characteristic function on Y X Y of = on Z; i.e.,

Z(a,y) = 0 ife=yeZz
W= oo otherwise,

so d o Z od then denotes composition restricted to Z, i.e.,

r(doZod)y = irelg(a:dz + zdy).

Proposition 2.5. I[fdoZod <d, thend =d|xxz.
Proof. For any w,z € X, we see that

wd|xxz7 = sup(wdz — xdz) < sup(wdy — xdy) = wdz,
z€Z yey

so d|xxz < d. Conversely, for any w,z € X,
wdzr = sup (wdy — zdy) ;.

yey

< sup(wdy — z(do Zod)y)+
yey

= sup(wdy — inf (zdz + zdy))+
yeY 2€Z

sup (wdy — zdz — zdy)+
yeY,zeZ

< sup(wdz — zdz) 4
2€Z

= U]d|X><Z$,

where, by Proposition 2.2, wdy < wdz + zdy follows fromd =dod. O
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3. THE UNIFORM PREORDER

As mentioned above, we usually view GRel as a 2-poset with respect
to the pointwise ordering on morphisms. However, there is also a weaker
2-proset structure based on the notion of uniform equivalence for metrics.
Specifically, we define the uniform preorder 3 by
d3e & VZCXxY ( inf zey=0 = inf ady =0).

- (z.y)€Z (z,y)€Z
Note that < depends only on the values of d and e close to 0. More
precisely, we show below that d 3 e is equivalent to

Ve>03>0Ve e X VyeY (zey <d = ady <e).
In particular, =, defined by
d~e & dZezZd,

does indeed extend the usual uniform equivalence relation on metrics.
Indeed, < plays a similarly fundamental role in applications (e.g., see

[4])-
Proposition 3.1. d J e = Ve>036>0 (<§ C <9).

Proof. Assume that for every € > 0, we have some § > 0 such that zey < §
implies xdy < e. For any Z C X x Y with inf(, ,ycz vey = 0, we have
(r,y) € Z with zey < 0, so zdy < ¢; hence inf(, ez rdy < e. Thus,
inf(, ez vdy = 0, as € > 0 was arbitrary, i.e., d S e.

Conversely, assume we have some € > 0 such that for all § > 0, there
exists some z € X and y € Y with zey < 4, but zdy > €. In particular,
we have (z,,y,) with z,ey, < 1/n, but z,dy, > e. Thus, for

Z ={(xn,yn) : n € N},
we have inf, , ez vey = 0, but inf(, ez vdy > € >0, ie,d Ze. O

Note that for (the characteristic function of) any relation = and r €

(0, 00),
<t=rC.

Thus, by Proposition 3.1, < reduces to inclusion C on Rel, so 3 is also
a valid extension of the 2-poset structure from Rel to GRel.

Also note that 3 can be expressed in terms of ¢ € [0, 00][®>] defined
by

g(r) = sup zdy;

zey<r

ie., % is the smallest monotone function satisfying

¢ (wey) > ady.
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Specifically, from Proposition 3.1, it follows that
(3.1) dZe & lim 4(r) = 0.
~ r—0 ©

4. BALLS

Often it will also be convenient to consider the unary functions defined
from binary functions by fixing one coordinate. Specifically, for x € X
and y € Y, define xd € [0, 00]Y and dy € [0, 00]* by

zd(y) = zdy = dy().
Again, we identify subsets with characteristic functions, so, for C C X xY,
xC = {yeY:zCy}and
Cy = {zeX:zrCy}
In particular, we define the open upper and lower d-balls with centre ¢ in

X or Y and radius r by
(4.1) ¢ = ¢<? = {yeY:cdy<r}and

T

(4.2) = <3¢ = {zeX:azde<r}

These characterize d and d as follows (taking inf () = oc).
Proposition 4.1.
zdz = inf{e > 0:Vr € (0,00) 28 C ¥, }.
zdy = inf{e > 0: Vr € (0,00) 25 C yite}.

Proof. If xdz < ¢, then, for any r € (0,00) and w € 22, Proposition 2.2
yields zdw < zdz+2dw < e+7, s0 w € Ty, e, 2y Cap, . Conversely,
say € > 0 and 2z} C zp, for all 7 € (0,00), and take w € X. If zdw = oo,
then (zdw — zdw);L = 0 < e. Otherwise, for all r € (zdw, c0), we have
w € 2y Cxy.; hence (xdw—zdw)y < r+e—zdw. Because r > zdw and
w € X were arbitrary, zdz < e. The d statement follows by duality. [

In particular, for any — C X x Y,
(4.3) zC 2 & (zC) C (z D),
(4.4) :cy & (CHC(Cy.

In [6] before Lemma 3.1, these are called the “upper quasiorder” and “lower
quasiorder” of C (we say preorder instead of quasiorder). For example,
the upper and lower preorders defined from the strict ordering < on [0, co]
both coincide with the usual ordering on [0, co], which we denote by < as
usual. More generally, if X is a domain with way-below relation <, then
<« gives back the original ordering on X. From this dual point of view,
the lower preorder defined from a transitive relation is just as important



DISTANCE DOMAINS: COMPLETENESS 17

as the way-below relation defined from a partial order. Our thesis is that
the same is true for non-symmetric distances as well.

Let d*® denote the topology on Y generated (as arbitrary unions of
finite intersections) by open upper d-balls with centres in X; i.e.,

d* is the topology on Y with subbasis (2}),ex,re(0,00)-

Since z3, = Ure(o o) Ty and x§ = () are both d®-open anyway, we could
actually take r € [0,00]. Likewise, we let do denote the topology on X
generated by open lower d-balls with centres in Y i.e.,

d, is the topology on X with subbasis (ye)yev,re(0,00)-

We discuss these further in §8. For the moment we just note that <4 and
<9 are the specialization preorders coming from the d® and d. topologies.

Proposition 4.2.
(4.5) 2z <4y =3 z is in the d®-closure of {y}.
(4.6) z <z =3 x is in the de-closure of {z}.

Proof. Note that zdy = 0 means xdy < zdz for all x € X, which is
equivalent to saying that every open upper d-ball containing z must also
contain y. Thus, the same is true of intersections of such balls and hence
unions of such intersections, i.e., all d®-open sets. This proves that (4.5)
and (4.6) again follow by duality. |

5. THE STRICT ORDER

Here, we examine a strict version <9 of <9 satisfying an analog of

d =dod =dod from Proposition 2.2. First, consider the following.
Proposition 5.1. For any r, s € (0,00) with r < s,
<3y = (2<%)is ad®-neighbourhood of y = x<%y.

Proof. 1If x <3 y, then § = r —zdy > 0, and for any z € (y <%), d=dod
from Proposition 2.2 yields
zdz < zdy+ydz < ady + 6 =r.

Thus, y € (y <%) C (z <9), so (x <9) is a d*-neighbourhood of y.
On the other hand, if (z <9) is a d*-neighbourhood of y, then, in
particular, x Sf y,s0 xdy < r < s, ie., x <‘Si Y. O

Proposition 5.1 motivates the following definition of <9.

(5.1) z<dy & (z <9) is a d*-neighbourhood of .
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Because d is a hemimetric, z <9 g is equivalent to saying there is some
open upper d-ball with centre y which is entirely d-above z; i.e.,

(5.2) r<dy & Fe>0(@y<dC(z<Y
& Je>0VzeX (y<dz = z<92).

When d itself is a hemimetric, Proposition 2.2 yields d = d, so (4.5)
and (5.1) show that <9 is the d®-topological way-below relation << fa-
miliar from M. Erné’s c-spaces (see [12, §2.5]). In fact, if one considers
the motivating example from [12], namely (Co(X )4, <<) where f << g
means f < (g — €)4 for some € > 0, then, again, we see that << is just
<9 for the hemimetric fdg = sup,c x (f(z) — g(z))+.

Proposition 5.2.
<d D <«d = <docd = docd 5 <dod

Proof. Note that y <4 y for all € > 0. So whenever z <9 y, we have ¢ > 0
with y € (y <§) C (z <9),ie., 2 <4y and hence <4 D <4.

If 2 <9 y <9 2z, then, for some € > 0, (2 <§) C(y<d) C(z<, as
d = d od by Proposition 2.2, so ydw = 0 implies zdw < xdy +ydw = 0.
Thus, x <9 2z and hence <9 0 <4 C <4,

If 2 <4 y <9 2, then, for some € > 0, (z <§) C(y <§) C(r<d),asdis
a distance by Proposition 2.2, so zdw < € implies ydw < ydz + zdw < €.
Thus, z <9 2z and hence <9 o <4 C <9,

The reverse inclusions are immediate from the fact that SH and <4
are reflexive by Proposition 2.2.

If 2 <4 y <4 2, then, for some ¢ > 0, (z <3) C (y <9) C (z <9), as
d = d od by Proposition 2.2, so ydw = 0 implies zdw < xdy + ydw = 0.
Thus, x <9 2 and hence <9 0 <4 C <4, O

Corollary 5.3. Ifd € [0,00]X*¥ is a distance, <9 is transitive and

(5.3) <do<d Cc < gnd
(5.4) <do<d Cc <9,

Proof. Because d is a distance, d,d < d by Proposition 2.2, so SH, <d >
<9 and <4 C <9. Thus, by Proposition 5.2,

<do<dc<cdo<cd c<cdod

|
AN

<docdccdod ccdyd o d

= = = = )

<docdc<docd C<docd <l 0
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By Proposition 5.2, <9 = <9 o <4: hence by Proposition 1.1,
(5.5) <d C <4
We can improve this to an equality under a certain interpolation condition.
Proposition 5.4. If d o <9 <d, then <9 =<9,

Proof. To prove <9 C <9 say z £d y, ie., zdy > 0, so we have € X
with zdy—2zdz > 0, i.e., xdz < xdy. Asd o <9 < d, we have w € X with
rdw < xdy and w <9 2. Thus, 0 < 2dy — zdw < wdy sinced =dod
by Proposition 2.2; i.e., w fd y and hence w ¢4 v, so z £99. O

The similar condition d o <4 < d can be derived from another inter-

polation condition involving dP. Specifically, for d € [0, 00]¥ %Y, define
dP on X x P(Y), where P(Y)={Z:Z CY}, by

z(dP)Z = sup zdz.
z€Z

In particular, note that x <dP 7 means © <9 z for all z € Z. Also
consider the following condition on closed upper balls Zd = {y € Y :
xdy < r} with finite radius r < oco.

(¥)  Every finite radius closed upper d-ball has a <9-minimum.
Proposition 5.5. (x) = do<d? <dP = do<d<d.

Proof. Take any z € X and Z C Y and let r = 2(dP)Z = sup,c 5 xdz. If
r = 0o, then we immediately have z(d o <97)Y < r. Otherwise, we have
a <9-minimum y of Zy. Thus, 2dy < r and y <4z for all z € Z, ie.,
y <9” Z. So 2(d 0 <97)Z < r = x(dP)Z, proving the first =
For the second =, assume d o <97 < dP and say xzdy < r. Take §
with 0 < § < r — xdy so that, since d = d o d by Proposition 2.2,
2(dP)(y <§) < ady +y(dP)(y <) < ady +6 <.

So we have z € Y with zdz < r and 2 <97 (y <%) and hence z <4 y.
Thus, z(d o <%)y < r. Because r > xdy was arbitrary, do <4 < d. 0O

When d is a hemimetric, we can even weaken < to 3.
Proposition 5.6. If d is a hemimetric, then
do<9” Z3dP = do<d<d

Proof. Assume d o <97 < dP and say zdy < r. By Proposition 3.1,
we have some § > 0 such that y(dP)Z < § implies y(d o <97)Z <
r — xdy. In particular, we can take Z = y5, and then we have z € X
with ydz < 7 — 2dy and z <97 y3. Thus, 2dz < xdy + ydz < r and
(y <%) = (y <9) C (2 <9), ie, 2 <9 y. Since r > zdy was arbitrary,
do<d < d. O
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Corollary 5.7. If do<9 < d and do<9” 3 dP, then <9 =<9,
Proof. By Proposition 5.2, Proposition 2.2, and Proposition 5.6 (for d),
(do<)<(do<do<?)<(do<?)=(dodo<d)<(dod)=d.
Thus, by Proposition 5.4, <4 = <9, |

For example, (¥) and, hence, <9 = <9 holds in Cy(X), where again
fdg =sup,ex (f(z)—g(x))+. Indeed, for any f € Cy(X)4 and r € [0, o0},
we see that (f —r)4 is the <9-minimum of the closed upper d-ball f,
with centre f and radius 7.

But if we consider the opposite hemimetric on Cy(X) given by feg =
sup,cx (9(z) — f(z))+ and X is not compact, then < is vacuous, owing
to the fact that any f,g € Co(X)+ must vanish at infinity. This means
<° is trivial, i.e., f<®g for arbitrary f,g € Cy(X)4. On the other hand,
here <¢ = <° is just the opposite of the pointwise ordering on Cq(X).
In particular, <2 is not trivial, so the inclusion in (5.5) is strict.

Also, d o <9 < d; hence, <9 = <9 holds in spaces of formal balls,
which will be crucial in our future work when we look at generalized
(pre)domains.

6. NETS

We consider nets in a slightly more general sense than usual. Specifi-
cally, as we deal with non-hemimetric distances, we must also deal with
non-reflexive nets (to allow for d-Cauchy nets even when <4 is not reflex-
ive). So by a net we mean a non-empty set indexed by a directed set A;
i.e., we have (possibly non-reflexive) transitive < C A x A satisfying

Yy, 0 X (7,6 < A).
As usual, we define limits by
(6.1) zy—2x < VYopen O3z 3ye€A (xa)ry CO.
In fact, these are also the limits with respect to the preorder < given by
2y & (2r)C(=y)

as in (4.4). Also note that it suffices to verify (6.1) for all open O in a
subbasis S for the topology. Indeed, as nets are indexed by directed sets,
if (6.1) holds for all O € S, then (6.1) holds for all finite intersections of
elements of S and, hence, for all unions of finite intersections of elements
of §, i.e., all open sets. In particular, for any topologies 7 and U, con-
vergence in their supremum 7 V U(= the topology with subbasis 7 UU)
is the same as convergence in both 7 and U, i.e.,

VU u
(6.2) T AN pa T T2 and Ty — T.
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Limits in [—o0, c0] are considered with respect to the usual interval
topology and limits inferior and superior are defined as usual by

liminf ry = lim inf 7\ and
A Yoy=<A

limsupry = limsup 7.
A Toy=<A

Note that limits inferior/superior are below/above infima/suprema, i.e.,

(6.3) ir){f ry < lim}\inf ry < limsupry < supry.
A A

Also, (7)) converges in [—o0, o0] if and only if

(6.4) limsupry < limAinf T,
A

in which case limy )y = limsup, ) = liminfy r.
We also use a number of standard facts, such as
(6.5) 1im/\inf(r)\ +8y) > lim/\inf )+ lim}\inf Sx;
(6.6) lim/\inf(r)\ +sy) < lim/\inf rx + limsup sy < limsup(ry + sy);
A A

(6.7) limsup ry + limsup sy > limsup(ry + sy).

A A A
Note that these are only valid when we do not end up with oo — co in the
middle, which is not a problem on [—t, 00| for any t € [0, 00). Also,

liminf(—ry) = — limsup ).
A A

Indeed, in the finite case this follows from (6.6) by taking sy = —ry, while

the infinite case can be verified directly. Also, as r — r is continuous
and (non-strictly) increasing on [—o0, co], we have

1im>\inf(r)\+) = (lim/\inf ra)4+ and limsup(ryy) = (limsupry)4.
A A
For example, combining these facts yields
(6.8) limsup((s — ra)+) = (limsup(s — 7))+ = (s — limAinf A)+,
A A

as long as s or liminf) r) is finite.
Let us adopt the convention that when nets are written on the left of
d, we take the limit superior, while on the right, we take the limit inferior:

(xx)dx = limsup z dz
A

xzd(xy) = liminf zdz).
B!

We also extend this notation to unary functions, defining

(zx)d = limsup z)d and
A
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d(z)) = liminf dz).
8!

(The limits here are pointwise, i.e., in the product topology of [0, o0]X.)
To avoid repetition, from now on we assume X =Y, i.e.,
We are given a set X and functions d, e € [0, 00]* *¥.
Proposition 6.1. For any (z)) C X,
z(doe)y < ad(zy) + (2)ey.
Proof. By (6.6),

igg(:vdz + zey) < Hm/\inf(scdz)\ + zyey) < lim)\inf(xdzA) + lim sup(zyey).
z A
(|

7. CAUCHY NETS

Definition 7.1. For any net (z)) C X, define

(7.1) limlimsupz,dzs =0 <<  (z,) is d-pre-Cauchy;
v 5
(7.2) limsupz,dzs =0 < (z)) is d-Cauchy.
T oy=<6

Equivalently, () is d-Cauchy if and only if

lim xdxs =0
¥=<d v

when we consider < itself as a directed subset of A x A with respect to
the product ordering < x <. These nets are “increasing modulo €’ in a
certain sense. More precisely, they can be characterized by <9 :

Ve >0 3y Yy > 0 3o V6 = o (24 <‘3 x5) < (x) is d-pre-Cauchy.
Ve >0 3y Vy = 70 V8 =7 (24 <& x5) & (xy) is d-Cauchy.

In particular, if C is a transitive relation, then the C-Cauchy nets
are precisely the increasing nets, at least beyond a certain point 79. On
the other hand, the C-pre-Cauchy nets are the “directed nets” from [8,
Definition O-1.2]. In the literature on hemimetrics, d-Cauchy nets are
more often considered than d-pre-Cauchy nets (a notable exception is
[17], where sequences that we would call pre-Cauchy/Cauchy are called
Cauchy/strongly Cauchy, respectively). However, most results on d-
Cauchy nets can be generalized to d-pre-Cauchy nets without difficulty, as
we demonstrate, and these are sometimes more convenient to work with
(e.g., it suffices to consider d-pre-Cauchy nets indexed by posets, while
with d-Cauchy nets, we must consider more general transitive relations).

On the other hand, from a metric space point of view, both (7.1) and
(7.2) extend the usual notion of a Cauchy net.
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Proposition 7.2. If d is a symmetric distance, i.e., d = d°? < dod,
then
() is d-Cauchy & () is d-pre-Cauchy.

Proof. The = part is immediate. Conversely, if (x)) C X is d-pre-Cauchy
then, for every € > 0, we have a and 3 such that, for all v >~ 8, z,dz, < €.
Thus, for all § = v, d = d°? < dod yields z,dxs < zodxy +2odzs < 2€;
i.e., (zy) is d-Cauchy. O

Here are a few basic but important facts about pre-Cauchy nets. Note
a version of (2) below appears in [17, Theorem 2.26].

Theorem 7.3.
(1) If (xx) C X is d-pre-Cauchy, then (x)) has a d-Cauchy subnet.
(2) If (z5) C X is d-pre-Cauchy, then xzd converges (pointwise).
(3) If (zx) C X is d-pre-Cauchy, then dxy converges (pointwise) and
)

(7.3 (zx)dy = sup (zdy — zd(zr))+-

(4) If (zx) C X is d-pre-Cauchy and d is a distance, then

(7.4) d(zy) =d(zy) and (zx)d = (za)d

Proof. (1) If A is finite, then it has a maximum <, which means the

single element net x., is a d-Cauchy subnet. Otherwise, let |F'| denote the
cardinality of F' and consider the finite subsets of A

F(A) ={F CA:|F| < oo}

directed by . We define a map f : F(A)\ {0} — A recursively as follows.
Let f({\}) = A, for all A € A. Given F € F(A)\ {0}, take f(F) € A such
that, for all E G F, f(E) < f(F) and

Ty dz ) < lim/\supr(E)dxA + 27121

In particular, A < f(F) whenever A € F' # {A}. This means that {f(F) :
F € F(A)\ {0}} is cofinal in A; hence, (z(p)) is a subnet of (), which
yields the second < in
limsup sup zygydrspy < limsup limsup(zygyday + 2*‘E‘)
E€F(A\{0} EGF EeF(AM\{0} A
= limsup limsupzyg)dzy
EcF(AM\{0} A

< lim sup lim sup x,dx
¥ A
=0.

Thus, (2f(p)) is a d-Cauchy subnet of (z).
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(2) If (z) is d-pre-Cauchy, then, for all y € X,

lim sup, z dy
< limsup, inf,¢c x (zxdz + zdy) asd=dod, by 2.2,
< limsup, inf (z dz, + z,dy)
< limsup, liminf, (z\dz, + z,dy) by (6.3)
< lim sup,, (lim sup., zxda~ + lim inf,, 2, dy) by (6.6)
= limsup, limsup,, x,\axw + liminf, z,dy
= liminf, z,dy as (z,) is d-pre-Cauchy.

Thus, by (6.4), xxdy converges.

(3) If () is d-pre-Cauchy, then, for all y € X,

limsup, ydx

<inf,ex limsup, (ydz+zdzy) as d = d o d, by Proposition 2.2,

<inf, limsup, (ydz, + z,dz))

< liminf, limsup, (ydz, + z,dzy) by (6.3)

= liminf, (ydz, + limsup, z,dx»)

< liminf, ydz, + limsup, limsup, z,dxy by (6.6)
= liminf, ydz, as (xy) is d-pre-Cauchy.

Thus, by (6.4), ydxz) converges.

(7.5)

(7.3) First, note that

sup,cx (zdy—zd(z)))+ = sup,ex (2dy—liminfy zdxy )4
< sup, ¢ x limsup, (zdy—zdzy )+

(ifliminfy zdz) < oo; otherwise (zdy—liminfy zdzy )4 =
0)
< sup, ey limsupy zxdy by (2.2)
= limsup, zxdy
= (2)dy.
For the converse, take € € (0,00) and replace the d-
pre-Cauchy net (z)) with a subnet, if necessary, so that,
for all ~,
limsup z,dzy <e.
A

Note that this suffices to prove the result for the origi-
nal net because we already know that xdx) converges by
(3) and z,dy converges by (2) (note, applying  to the
hemimetric d leaves it unchanged).

We first claim that, for all z € Z,

limsup(zdy — zdz, )+ = (2dy — liminf zdx.,) 4.
’Y Py

by (6.8)
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If liminf, zdz, < oo, then this follows from (6.8). If
liminf,, zdz, = oo, then, using the fact that d = dod by
Proposition 2.2,

o0 = lim}\inf zdxy < zdx, + hm)\inf zydry < zdz, + €

for all 7. Thus, oo = zdz., for all v, so

limsup(zdy — zdz, ) = 0 = (2dy — liminf zdz, ),
y v

again proving the claim.
Now consider

(zx)dy = limsup sup (zdy — zdxy) .
A ze€X
Because zdz, < zdzy +xxdz, by d = dod from Propo-
sition 2.2, it follows that —zdxy < —zdz, + zxdz, by
(1.1); hence,
(za)dy < limsup, sup,cx inf., (zdy + (—zdz, + zrdz,))+
< limsup, sup,¢ y limsup, (2dy + (—zdz, + zxdz,))+
by (6.3)
< limsup, sup, ¢ y limsup, ((¢dy — 2dz,) + xrdz )+
as lim sup, radx, <€
(and @ + (—b+ ¢) < (a — b) + ¢ whenever ¢ € [0,00) (see (1.2))
< limsup, sup,¢ x limsup, ((2dy — zdz, )+ + zrd)
as (a+b)y <ay+by
< limsup, sup, ¢ y (limsup, (2dy—zdz, )4 +limsup, zxdz)

by (6.7)
= Sup,c x limsup, (2dy—=2dz,) 4 +lim sup, lim sup,, zxdz,
= Sup,cx limsup, (2dy—=zdz,) ¢ as (x) is d-pre-Cauchy

= sup,ex (¢2dy — liminf, zdz, )4 by (7.5)
— supcx (+dy — 2d(z));-

(4) By (2.3), d < d, so we have d(z)) < d(z,). Conversely,
yd(zy) = limAmf ydxy
< irA}f lim)\inf(yaxﬂ, + zdzx)) as d = d o d by Proposition 2.2
< limy inf hmA inf(ydz, + z,dx)) by (6.3)

= lim inf(ydz., + lim)\inf zydxy)
B!

< lim inf ydx, + lim sup lim sup z,dz by (6.6)
Y o A
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= liminf ydz., as (zy) is d-pre-Cauchy
Bt
= yd(a).
Again, by (2.3), d < d, so (z))d < (x))d, while conversely,
(zx)dy = limsup z,dy
¥

< lim sup ir)l\f(xydx,\ + z)\dy) as d = d od by Proposition 2.2

< lim’ysup lim)\sup(xvdxA + z,dy) by (6.3)
< limvsup(lim/\sup zydzy + lirn)\sup xady) by (6.7)
= lim’ysup lim)\sup xydxy + lim)\sup zady
= lim:sup xdy as (xy) is d-pre-Cauchy
= (za)dy.
8. HOLEsS

Define the open upper/lower holes with centre ¢ € X and radius r by
¢ = >3¢ = {reX:zde>r}and
& = >3 = {reX:cdr >}

Note that these are defined just like open balls in (4.1) and (4.2) but
with < reversed. Let d°, d., dJ, d?, d?, and dg denote the topologies
generated by the corresponding balls and holes, i.e., by arbitrary unions of
finite intersections; e.g., d, is the topology with subbasis (2] ),c x,re(0,00)
and d8 = d*® V d,, etc. As with balls, we could even take r € [0, c0] since
i Ure(o,oo) 2l and () = 2. Beware that, in general, these subbases are
not bases—for hemimetric d, the balls form a basis for the ball topologies
by [9, Lemma 6.1.5], but even this can fail for more general distances.
Up until now, most of the literature has focused on ball topologies.
However, as mentioned in [9, Exercise 6.2.11], hole topologies generalize
the upper topology from order theory. This allows for simple generaliza-
tions of certain order theoretic concepts. Also, the double hole topology
d? coincides with various kinds of weak topologies, although this, too,
does not appear to be widely recognized. For example, the double hole
topology is the usual product topology on products of bounded intervals,
the weak operator topology on projections on a Hilbert space, and the
Wijsman topology on subsets of X (see [1, examples 5 and 6 and §5.3]).
We denote convergence in d®, do, d?, etc., by =, 5>, =, etc.
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Proposition 8.1. For any net (x)) C X,

(8.1) neor & (za)d<ad;
(8.2) e r <  d(zy) >dx.

Proof. (8.1) Recall that for convergence it suffices to consider subbasic
open sets, in this case the balls y for y € X and r € (0,00). So z) o>«
means that, for all y € X and r € (0,00), if € y7, then (zx)rxevy C ¥l
for some . Thus, if zdy < r, then limsup, xxdy < r. Because r and y
were arbitrary, limsup, ) dy < zdy and hence (z))d < zd. Conversely,
if (zx)d < zd, ie., limsup, z)xdy < zdy for all y € X, then zdy < r
implies that limsup, zxdy < r for all r € (0, 00) and hence z) o x.

(8.2) Likewise, x) 5>« means that, for all y € X and r € (0,00),
if x € yJ, then (xa)ary € yi for some v. Thus, if ydez > r, then
liminfy ydzy > r. Because r and y were arbitrary, liminfy ydz) > ydz
and hence d(x)) > dx. Conversely, if d(z)) > dz, i.e., liminf) ydz, >
ydz for all y € X, then ydx > r implies that liminfy ydzy > r for all

r € (0,00) and hence z) 5> x. O
Likewise,

(8.3) zyx>x & (z2)d°P < zd°P & lim)\sup dz) < dz;

(84) zy>x = d°P(z)) > d°Px & lim)\inf rad > zd.

Because z\ 2 z if and only if z) % z and z) 5 « by (6.2), and ry — r if
and only if limsup, 7y <7 < liminfy 7y, and likewise for z 2> x, we have

(8.5) TS & liin dz), = dz;

(8.6) Ty & liin z)d = zd.
In general, these convergence notions depend on all d values, not just
the small ones. In particular, without extra assumptions, they cannot be

characterized by statements like zydx — 0, familiar from metric space
theory. However, there are still some general relationships of this sort.

Proposition 8.2.

(8.7) zdr -0 = ax\xox
(8.8) rydz -0 = 1\
(8.9) rdr—-0 < zypr<iz
(8.10) d'z =0 = o\ Sz
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Proof. Recall from Proposition 2.2 that d =dod =dod.

(8.7) If xxdx — 0, then cdx < liminfy(edxy + zxdz) = ed(xy).

(8.8) If zxdx — 0, then, as d = dod yields zxdx + zdc > z)dc, (1.1)
yields zdc > limsup, (zxde — zxdz) = (x))dc.

(8.9) If v o 2 <9 z, then limsup, z dz = (z,)dz < xdz = 0.

(8.10)71f zxd"2z — 0, then zydz — 0; therefore, z) - 2 by (8.7), but
also z d°Px = x,d°Pz — 0, so z, % z by (8.8). O

In [9, Definition 7.1.15], any = with (x))d = zd is called a d-limit of
(x) (these are called forward limits in [5] preceding Proposition 3.3 and
just limits in [13, Definition 11]). In general, d-limits are not true limits in
any topological sense, since they are not preserved by taking subnets. For
example, if we consider zdy = (z — y)4+ on {0,1} and take the sequence
(z,) defined by x5, = 0 and x9,41 = 1 for all n, then (x,,)d = 1d, while
(22,)d = 0d. But for d-pre-Cauchy nets, d-limits are d3-limits.

Proposition 8.3. If (z) is d-pre-Cauchy with subnet (y.), then
(8.11) =z Bz < (zad=2d & vy,

If (zy) is d-pre-Cauchy with subnet (y), then

(812) =z w»z < d@y)=dzr < y, >z
(8.13) a2z = (za)d=2d;

o

(8.14) =zy >z <« (za)d=ad and z)>vy, for somey € X.
If () is d-pre-Cauchy and d is a distance, then

(8.15) zyeax < xxdxr — 0;

(8.16) zy2x & zy2r<iz

Proof. (8.11) If z) 2z, ie., limyayd = zd (see (8.6)), then certainly
limsup, z)d = zd, i.e., (zy)d = zd. Conversely, if limsup, x)d = zd,
then limy zxd = zd, since z)d converges by Theorem 7.3(2). Like-

wise, because xxd converges, limy z)xd = limy,d for any subnet (y,),
so limy z)d = zd if and only if lim, y,d = zd.

(8.12) Apply Theorem 7.3(3) as above.
(8.13) By (7.3) and (8.12),

(zx)dy = sup(zdy — zd(zy))+ = sup(zdy — zdx); = zdy.
zeX zeX

(8.14) Because (z))dx = xdx = 0, (8.7) yields z) 5> . On the other
hand, zdy = (z))dy = ydy = 0, where the second equality follows (8.13)
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and the x) 2y assumption. Because d < d o d, it follows that dy <
dz 4+ 2dy = dz. Then (z,)d°? =d(z)) = dy < dz = zd®°P; ie., z) >z,
where the first and second equalities follow from (8.5).

(8.15) By (7.4), (zx)d = (zx)d. Thus, it suffices to prove
ryzr < axdr—0
for d-pre-Cauchy (zy). The < part is (8.7). Conversely, (7.3) yields

(zx)dx = sup(zdz — 2d(zy))+ < sup(zdz — 2dz)+ =0,
zeX zeX

where the inequality follows from z) 5> = and (8.2).

(8.16) If x) = x, then xxdx — 0 by (8.15); so xzdzx < (x))dz =0, i.e.,
r <4 2. Also, xydz < zadr — 0, since d < d by (2.3), so x5 = by
(8.8). This proves =, while (8.9) and (8.15) prove <. O

For hemimetric d, (8.8) and (8.9) show that do-convergence is equiva-
lent to the statement z dz — 0, familiar from metric space theory. But
for general distance d, it is rather d,-convergence that is characterized
by zxdx — 0, at least for d-pre-Cauchy nets by (8.15).

Also note that (8.13) and (8.14) describe a close relationship between
d?-limits and dg-limits of d-pre-Cauchy (z,) (as (8.11) and (8.16) show
x = dg-limz, if and only if (z))d = xd). Namely, every d2-limit of a
d-pre-Cauchy net (z,) is a do-limit by (8.13), while, conversely, the mere
existence of a d$-limit guarantees that any d:-limit is a d2-limit by (8.14).

For a simple example of a d-Cauchy net where =) 2 x fd x and hence
x\ P x, take any ), — 0 < z in [0, o0, taking ydz = z for d.

9. DIRECTED SUBSETS

Directed subsets play a fundamental role in domain theory. These
correspond to increasing nets which are generalized by the (pre-)Cauchy-
nets above, and this is usually considered the only path to quantitative
domain theory. However, an equally valid, but subtly different theory can
be obtained from a more direct generalization of directed subsets.

Definition 9.1. We call Y C X d-directed if, for all finite F C Y,

inf sup zdy = 0.
yeY zeF

Equivalently, Y is d-directed if and only if
Ve>0VF e F(Y)3yeY Vo e F (z<%y),

where F(Y) again denotes the finite subsets of Y. In particular, for any
transitive relation C, Y is C-directed if and only if every finite subset of
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Y has an upper bound with respect to [, i.e., if and only if YV is directed
in the usual sense.

It will also be convenient to consider the following weaker notion ob-
tained by restricting to singleton F.

Definition 9.2. We call Y C X d-final if, for all z € Y,

inf xdy = 0.
i

Equivalently, Y is d-final if and only if
Ve>0VreY dyeY (z<dy).

In particular, for any transitive relation C, Y is C-final if and only if every
single element x has an upper bound y J z. In [12], C-final subsets are
called cofinal, while in [8, Proposition 11I-4.3] and [9, Proposition 5.13],
they are called rounded, at least in the ideal case. Note that arbitrary
subsets are d-final when <9 is reflexive. In particular, arbitrary subsets
are C-final when C is a preorder.

As with nets, let us adopt the convention that sets written on the
left /right of a function denote suprema/infima, so

Zdx = sup zdx;
z€Z

zdZ = inf zdz.
z€Z

Again, we extend this to unary functions, i.e.,

Zd = sup zd;
z€Z

dZ = inf dz.
zZ€EZ
For example, applying these conventions twice, for any Y, Z C X, we have

(Yd)Z = (sup yd)Z = inf sup ydz;
yeyY 2€Z yey

Y(dZ) = Y (inf dz) = sup inf ydz.
(dZ) =Y (inf dz) sup inf ydz

So the definition of d-directedness can thus be restated as

Y is d-directed & VF e F(Y) (Fd)Y = 0.
In fact, for d-directed Y, it does not matter where we put the parentheses.
Proposition 9.3. If d is a distance and Y is d-final, then
(9.1) VF € F(X) (Fd)Y = F(dY) & Y is d-directed,
(9.2) dy =dYy and Yd=Yd.
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Proof. (9.1) If Y is d-final and, for all F € F(X), (Fd)Y = F(dY),
then, in particular, for all ' € F(Y'), we have (Fd)Y = F(dY) = 0; i.e.,
Y is d-directed.

For ecach x € F, zdY < (Fd)Y; so F(dY) < (Fd)Y. Conversely, say
Y is d-directed and take € > 0. For each x € F, we have £’ € Y with
zdr’ < zdY + e < F(dY) 4+ €. Then we can take y € Y with F'dy < e,
where F/ = {2/ : x € F}. If d is a distance, then Fdy < F(dY) + 2e.
Because € > 0 was arbitrary, (Fd)Y < F(dY).

(9.2) If d is a distance, then Yd < Y'd by (2.3). Conversely, note first
that inf S(r +s) <inf R+ sup S for all R, S C [0, 0], so

reR,s€

y(dod)z < in{/(ydw +wdz) < ydY +Ydz.
we

So if Y is also d-final, then

Ydz<Y(dod)z=supy(dod)z < sup(ydY +Ydz) = Ydz.
yey yey

Likewise, dY < dY by (2.3) and, conversely,
2dY < z(dod)Y < infy(zaa: + zdy) = in}f/(zax +a2dY) =zdY. O
z,y€ z€

Recall the standard topological notion of separability, namely that X is
T -separable for some topology T on X if X contains a countable T-dense
subset Y, i.e., if every non-empty O € T contains some y € Y.

Proposition 9.4. If d is a distance, then
X is d-final and d®-separable < X (dZ) =0 for some countable Z.

Proof. Assume Z is d®-dense in X. If X is d-final, then, for all z € X and
e > 0, 2 is non-empty and hence contains some z € Z; i.e., X(dZ) = 0.
If X is d*-separable, then we can choose Z to be countable, proving =.

Conversely, if X(dZ) = 0, then certainly X (dX) = 0; i.e., X is d-final.
And if O = (21)?, N---N(xy)?, is non-empty for some 1,--- ,z, € X and
€1, ,€, > 0, then we can take x € O and € > 0 such that zpdx +€ < €
for all £ < n. Since d is a distance, 2 C O. Because X(dZ) = 0, we
have some z € Z with z € 22 C O, so Z is indeed dense in X. g

It will be useful to define what it means for a subset to be below a net
and vice versa. Specifically, for any (z)) C X and Y C X, let

(zy) <4Y =3 x)dY — 0;

Y <9 (zy) & ydxy — 0, for ally €Y.
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Proposition 9.5. For any (z)) C X andY C X,

(9.3) Y <9 (x)) = Yd < (z)\)d and dY >d(z));

(9.4) Y >4 (z)) = Yd > (za)d and dY <d(zy).
Proof. (9.3) Since d = dod = d od by Proposition 2.2, Y <9 (z,) yields

Yd = sup yd < sup liminf(ydzy + zxd) < (z)d and
yey yey A

d(z),) = liminfdz) < inf liminf(dy + ydz,) = dY-
A yey A
(9.4) Again, since d = dod = d o d by Proposition 2.2, Y >4 (z,)
yields
(zx)d =limsupz)d < limsup(z,dY + Yd) = Yd and
A A

dY = inf dY < liminf inf (dz) + zxdy) = d(x). O
yey A yeY

Note that if (y,) is a subnet of (x,), then
()<Y = (y) <Y
y<i@) = v<ig).
The converses also hold for pre-Cauchy nets.
Proposition 9.6. If (y.,) is a subnet of (zy), then
(9.5)  (xz) is d-pre-Cauchy and (y,) <*Y = (zy) <Y
(9.6)  (xy) is d-pre-Cauchy and Y <9 (y,) = Y <9 (x).
Proof. (9.5) Assume (z,) is d-pre-Cauchy and (y,) <9 Y. Then

2 \dY < limsup(z dy, + y,dY)
¥

= lim sup(z,dy-) as (y,) <1V
2!

< limsup(zydaxs) as (y,) is a subnet
5
—0 as () is d-pre-Cauchy.
Thus, (x,) <4 Y.

(9.6) If (zy) is d-pre-Cauchy, then ydzy has a limit for any y by The-
orem 7.3(3). So if ydy, = 0 for some subnet (y,), this limit must be 0.
Applied to all y € Y, we see that Y <9 (y,) implies Y <9 (z,). O
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Defining ¥ <9 2 to mean y <9 z for all y € Y, we also see that
(9.7 Y <9 (x)) and z) 5z = Yy <4z

Indeed, if y € Y <9 (z)) and x) 5 z, then ydz < yd(z)) = 0 by (8.2).
Different versions of quantitative domain theoretic concepts are con-

nected via results about d-directed subsets having equivalent d-pre-Cauchy

nets (and vice versa, a topic we will return to in §11). Specifically, let

Y =9 (z)) & Y <9 (z)) <9V
Proposition 9.7. For any Y C X,
(9.8) there exists d-Cauchy (z\) =1Y <« Y is d-directed.
If d is a distance, then
(9.9) (x) =Y = (x) is d-pre-Cauchy;
(9.10) there exists (z)) =Y & Y is d-directed.

If d is a distance and X is a:-sepamble, then
(9.11) there exists (zp)nen =Y < Y is d-directed.

Proof. (9.8) If Y is d-directed, then, for FF € F(Y) and € > 0, take
yre € Y with Fdyr. < €. Ordering F(Y) x (0,00) by C x >, we get
(yre) CY <9 (yp.). In particular, (yr) is d-pre-Cauchy. By Theorem
7.3(1), we can replace (yp) with a d-Cauchy subnet. Lastly, note that
(yr.e) CY implies (yp)(dY) <Y (dY) = 0 because Y is d-directed and
hence d-final, i.e., (yp.) <4 Y.

(9.9) If (x5) =4 Y, then, as d is a distance,

lim sup lim sup z,dz; < limsup inf limsup(z,dy + ydxs)
5

o 4 Y yey
= limsup inf (x,dy + lim sup ydx;)
~ yey §
= limsup z,dY as Y <9 (zy)
v

=0as (z)) <YV
(9.10) If (zy) =4 Y, then, for any F € F(Y),

FA)Y = inf sup zd
(£'d) Jnf sup zdy

< liminf inf sup(zdzy + z dy)
A YEY zeF

= lim)\inf(FdxA + z,dY)
< (Fd)(xa) + (zx)(dY)
=0,
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as (Fd)(xy) = 0 because Y <9 () and (z,)(dY) = 0 because (x,) <4
Y. This shows Y is d-directed. The converse is (9.8).

(9.11) Assume d is a distance, X is H:—separable, and Y is d-directed.
Because d is hemimetric, H: -a” by [9, Proposition 6.1.19]. Also, X
is trivially av—ﬁnaL so we have countable Z C X with X (HVZ ) =0 by
Proposition 9.4. Let (z,)nen enumerate Z. (Note, we do not consider
0 to be an element of N.) For each n € N, we can take y, -+ ,y, € Y
with zpdyr < zxdY + 1/n for all & < n. Applying Definition 9.1 to
F=A{y1, - ,yn}, weobtain z,, € Y with Fdz,, < 1/n. Asd is a distance,
this implies that zpdz, < zxdY + 2/n for all k < n. For any y € Y and

€ > 0, we have N € N with y(av)zN < € hence, zydY < zydy+ydY < e,
since Y is d-final. Thus, for any n > N,

ydz, < ydzy + zydz, < e+ 2ydY +2/n < 26+ 2/n.

Bacause € > 0 was arbitrary, ydz, — 0, so (z,) C Y <9 (x,). This
completes the proof of <, while = follows from (9.10). O

Mostly we use d-directed subsets, but they can be replaced by d-ideals.
Definition 9.8. We call I C X a d-ideal if, for all F € F(X),
FCI < (Fd)I=0.
Note that for the <= part, it suffices to consider singleton F’; i.e.,
(9.12) rel <« zdl=0.

For if (F'd)I = 0, then certainly xdl = 0 for all z € F', so (9.12) yields
xz €I for all z € F and hence F' C I.

Proposition 9.9. For distance d, the d’-closure of d-final Y C X is
(9.13) V' ={z€X:ady =0}
If Y is d-directed, then Y* is the smallest d-ideal containing Y .

Proof. Assume d is a distance and xdY = 0. Then whenever we have
e, ,¢n € X and rq, -+ 1y € (0,00) with w € (c1)p, N...N(ca)p , We
can always find y € Y with zdy < (r1 — cidz) A... A (r1 — c1dx), since
xdY = 0. It follows that y € (c1)y, N ... N (ca)y , since d is a distance.
Thus, = € 7.(: the d®-closure of Y). Conversely, if <9 is reflexive and
zdY > € >0, then 22 NY = () while z € 22, ie., x ¢ Y". Thus, if d is a
hemimetric, then

Y'={zeX:zdy =0}.
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If d is a distance and Y is d-final, then (9.2) and the above argument
applied to the hemimetric d show the d-closure Y is given by (9.13):
?‘:{mEX:anz()}:{areX:de:O}.

It follows that any d-ideal I containing Y contains ??, for if 0 = zdY >
xdl, then x € I by (9.12). But if Y is d-directed, then, by (9.1),

FCY' & F@Y)=(FdY =0 <« (FAY =0.
For the last <, note that (Fd)?? < (FA)Y since Y C ??, and, con-
versely, by (9.13),

(FA)Y = inf Fdy < inf (Fdztzdy) = inf (Fdz42dY) = (FA)Y".
yey YEY,2€Y" zeY”*

Thus, Y* itself is a d-ideal. O

Proposition 9.10. If I is d-ideal, then I is d-directed and d’-closed. If
d is a distance, any d-directed d’-closed I C X is a d-ideal.

Proof. If I is d-ideal, then certainly I is d-directed. In particular, I is
d-final, so dI < dI follows as in the proof of (9.2):

2dl < z(dod)I < ian(zax + ady) = infl(zax +adl) = 2dl.
SRS ze

So if z is in the d -closure of I, then zdI < zdI = 0 by (9.13) (with d
replacing d). Thus, x € T by the definition of d-ideal; i.e., I is d’-closed.

Conversely, assume d is a distance and I is d-directed and d’-closed.
In particular, the = part of Definition 9.8 holds, since I is d-directed.
Also, any x with zdl = 0 is in I by (9.13), since d is a distance and I is
d’-closed and d-final (even d-directed). This implies that the < part of

Definition 9.8 holds, too, as noted in (9.12). O
10. UPpPER BOUNDS
Next we examine “d-minimal” upper bounds of d-directed subsets.
Definition 10.1. Define d-suprema and d-mazima of Y C X by
(10.1) z=d-supY & Y <%z and Yd > zd;
(10.2) r = d-maxY & Y <%z and dY <du.

Note d-suprema and d-maxima are not necessarily unique, so = here
is not really equality. Put another way, we are officially taking d-sup and
d-max as relations, not functions, and adding the = symbol simply for
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consistency with standard supremum/maximum notation. We consider d-
suprema and d-maxima analogous to dg-limits and d2-limits, respectively,
as indicated by the following analog of Proposition 8.3.

Proposition 10.2. Ifd is a distance, then, for any Y C X,

(10.3) r=d-supY & Yd =zad and z <% z;
(10.4) r =d-maxY = x=d-supY.

If d is a distance and Y C X is d-final, then

(10.5) r =d-maxY & dY =dz;
(10.6) x=d-maxY <= z=d-supYand 3y = d-max Y.

Proof. (10.3) If Yd = zd and 2 <9 2, then Ydz = zdz = 0;ie., Y <9z,
sox =d-supY. If Y <94 2 and zd < Yd, then zdz < Ydz = 0 and,
since d is a distance, Yd < Ydz + zd = zd; i.e., z < z and zd = Yd.

(10.4) If dY < dz, then Yd > ad, since
Ydw= sup (zdw— z2dy),
yeY,zeX

= sup(zdw — inf zd

Zeg( Jnf. Y)+

= sup(zdw — 2dY) 1
zeX

sup (zdw — zdz) 4
zeX

= zdw.

Y]

Also d < d, since d is a distance; therefore, Y <9 z implies Y <d g,

(10.5) If dY = d=, then, since Y is d-final, 0 = ydY = ydx for all
y€Y;ie,Y <9z soz =dmaxY. Conversely, since d is a distance,
Yy <d g implies de < dY + Ydx =dY.

(10.6) If x = d-supY and y = d-max Y, then zdy < Ydy < Ydy =0,
since d is a distance. So dY = dy < dz + 2dy = dz. Since Y is d-
final and YV <9 z, Ydz < Y(dY)+Ydz = 0; ie., YV <9 2, too, so
r =d-maxY. O

For any C C X x X, we see that

x=[C-supY & Y C(Cz) and ﬂ(y C) C (zO);
yey

xr = C-maxY & Y C(Cz) and U(II y) 2 (C ).
yey
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Thus, if < is a partial order, then <-suprema and <-maxima are suprema
and maxima in the usual sense with respect to <. Indeed, if C is antisym-
metric and ¢ C = C-max Y, then, for some y € Y, we have z Cy C =
and hence x = y. Maxima are more interesting for non-reflexive relations,
like the way-below relation < from domain theory or even just the strict
ordering < on R. Then maxima can be intuitively more like suprema,;
e.g., forany Y C R,

r=<-maxY & x=<-supY and z ¢ Y.

We can also relate d-suprema and d-maxima to <9-suprema and <9-
maxima, at least under certain interpolation assumptions. One of these
involves Pd € [0, 00]PX)*X (not to be confused with dP), defined by

Y (Pd)z = Ydx = sup ydz.
yey

SoY <P4 £ means Ydz =0, i.e., Y <9 z.

Proposition 10.3. For any Y C X,

(10.7) r=d=supY = z=<%supY.

(10.8) r=d=supY <« z=<%supY if <FPlod < Pd.
(10.9) r=dmaxyY <« z=<%maxY if do<? <d.
If d is a distance and Y is <9-final, then

(10.10) r=dmax¥ = z=<%maxY if <95 <d o 4

Proof. (10.7) Multiplying xd < Y'd by oo yields (z <9) D (Y <9).

(10.8) Assume z = <%-supY # d-supY, so Ydz < xdz for some
z € X. Because (§7’d od) < Pd, we have w € X such that wdz < zdz
and Y <9 w and hence z <9 w. Then zdz < zdw + wdz < zdz, a
contradiction.

(10.9) Assume z = <%9-maxY # d-maxY, so zdx < zdY for some
z € X. Because (d o <9) < d, we have w <9 z with zdw < zdY. This
means that wdY > zdY — zdw > 0, so, forally € Y, w fd y and hence
w ¢4y, contradicting z = <%-max Y.

(10.10) Assume r = d-max Y. Because Y is <9-final for any y € Y,
we have z € Y with y <9 2 <9 x and hence y <9 2 by (5.3), i.e., Y <9 x.
Now take z € X with z <9 2. We need to show that z <9 y for some
y €Y. Because <90 <9 D <9, we can take w € X with z < w <%z,
so (w <d) C (2 <9) for some € > 0. Because w <9 z = d-maxY, we
have y € Y such that wdy < wdy < € and hence z <9 y. Because Y is
<9_final, we have ¢/ € Y with y <93/, so z <9 3 by Proposition 5.2. [0
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11. COMPLETENESS
Next we consider generalizations of metric and directed completeness.

Definition 11.1. For any topology 7 on X and relation R C X x P(X),

X is d-T-complete = Vd-Cauchy (z)) € X Jz € X(x» N x);
X is d-R-complete & Vd-directed Y C X d2RY.

When d is clear, we simply refer to 7-completeness and R-completeness.
The cases of primary interest are 7 = d2, d2 and R = d-sup, d-max.

When d is a distance and 7 = d? or d2, we can replace d-Cauchy with
d-pre-Cauchy by Theorem 7.3(1) and Proposition 8.3. In the hemimetric
case, these are usually called Smyth- and Yoneda-completeness (see |9,
definitions 7.2.1 and 7.4.1, respectively]), since Proposition 8.2 and (8.15)
then show that de-limits and d,-limits of d-Cauchy (z,) coincide.

Smyth-complete < di-complete <  dS-complete
= Yoneda-complete < dg-complete < dg-complete.

FIGURE 2. Hemimetric Case

If d is a metric, then these are all equivalent to the usual notion of
metric completeness (see [9, Lemma 7.4.3].
On the other hand, for any poset (X, C),

directed complete <  C-sup-complete < LCJ-complete,

(where C9 is topology generated by C-holes (z Z) and (IZ x)). If C is the
lower preorder of some transitive C on X, then, moreover,

directed complete < [C-max-complete < [C¢-complete,

(where C¢ is topology generated by upper C-balls (z C) and lower C-holes
(x iZ)). However, if d is a metric, every d-directed subset contains at most
one element, making X trivially d-sup-complete and d-max-complete. So
unlike the topological notions of completeness, the relational notions do
not generalize metric completeness. Indeed, the topological notions are
stronger (even for non-distance d), as we now show.

Proposition 11.2.

(11.1) X is dg-complete = X is d-sup-complete.
(11.2) X is dS-complete = X is d-max-complete.
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Proof. Taking d-directed Y C X, we have d-Cauchy (x,) = Y by (9.8).
Note, we can take (z)) C Y by taking Y as the ambient space X in (9.8).

(11.1) If X is d2-complete, we have x € X with z) 2 x. As z)\ 5, (9.7)
yields Y <9 z. Because x) % x, (8.4) and (z)) C Y yield

zd < liminf z)d < supyd = Yd.
A yeY

(11.2) If X is d2-complete, we have x € X with z) & x. As z)\ 5 x, (9.7)
yields Y <9 z. Because x) %z, (8.3) and (z,) C Y yield

dx > limsupdz) > inf dy = dY. O
A yey

Conversely, we can derive the topological from the relational notions
under various interpolation conditions (whose naturality /applicability will
be indicated by some closely related conditions as well as examples like
Co(X)+). This was done for dJ and d-sup in [3], and here we aim to
do the same for d? and d-max. First, we use these conditions to turn
d-pre-Cauchy nets into equivalent subsets and sequences, collecting their
corollaries for completeness at the end.

Unlike much of the rest of the paper, these results have no real analogs
in either metric or order theory. Indeed, if d is a transitive relation L,
then C2-completeness and C-max-completeness are automatically equiv-
alent. In this case, any C-pre-Cauchy net can be turned into an equiva-
lent C-directed subset by using Theorem 7.3(1) to obtain a C-increasing
subnet (which becomes a C-directed subset when we forget the indexing
set). On the other hand, as mentioned above, d-max-completeness holds
trivially for any metric d and will thus be no help at all in verifying d?-
completeness, i.e., metric completeness. Consequently, the results below
will become either trivial or inapplicable in these classical cases.

Our first result is a converse of (9.9) based on [3, Theorem 1]. It relies
on the interpolation condition d o <dP é dP which, in the hemimetric
case, weakens the middle condition considered in Proposition 5.5. This
condition applies to spaces of formal balls, as we discuss in our future
work, and the space Cy(X )4, where again fdg = sup,cx(f(z) — g(x))+.
Indeed, (%) applies to Co(X)+ by the comments after Corollary 5.7, so
do<d? = dP also applies by Proposition 5.5. However, note that d o
<dP =< dP does not apply to any metric space with at least two points.

Theorem 11.3. If d is a distance and d o <97 Z dP, then

() is d-pre-Cauchy = 3 <9-directed Y =9 (z).
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ar
Proof. As lir% QOdS,P (r) = 0, we can define 7, | 0, i.e., a strictly decreas-
r—

ing sequence (ry,) with 7, — 0, such that

ar
% (27"n+1) < Tn-

Take d-pre-Cauchy (x)) C X. If necessary, we can replace (z,) with a
d-Cauchy subnet by Theorem 7.3(1), and the conclusion of the theorem
will be preserved by Proposition 9.6 (noting that, since d is a distance,
any d-pre-Cauchy net is both d-pre-Cauchy and d-pre-Cauchy by (2.3)).
Define f : F(A)\ {0} — A (where F(A) denotes the finite subsets of A)
recursively as follows. Let f({\}) = A and, given F' € F(A) with |F| > 1,
take f(F) = f(E) for all EG F, such that

sup wpmydey < 7R
FF)=A

do<dP

Now 7(py(d o <UP)(zs(r))3, ,, < (@) AP (T f(F))3r )

d <dP
< S5 (@np) <7mipj-1

Thus, we have yp <97 (xf(p))gr‘p‘, satisfying zymdyr < rip—1. We
claim that the net (yr) obtained in this way is <9-increasing. Indeed,
if I ; G, then we can take positive € < rig—1 — r5g)dyg. If y € X
satisfies ygdy < €, then

xf(p)dy < xf(p)dxf(g) +:vf(G)gyG+yGQy <7rp|+Tigl-1 —€+€ < 27‘|F‘.
So (ya <§) - (xf(F))ng‘ C (yr <9, ie., yr <9 yg, proving the claim.
Thus, Y = {yp : F € F(A)} is <9-directed. Also, F S G implies
rrr Ay < vpmdrse) + rpedye < 2 — 0,

so (zy) <4 Y. And for A = f(F), z) € @r) e € @p(F))3r 0 5O
yr <9z and hence Y <9 (z,). O

Next, we consider a different condition on balls leading to an interpo-
lation condition involving the function Fd defined on F(X) x X by

F(Fd)y = sup zdy.
zeF

So Fd is just the restriction to finite subsets of Pd from (10.8).
Proposition 11.4. Every open lower d-ball is <3-directed if and only if
<Fdod < Fd.

Proof. Assume every ball z] is <9-directed. Then, for all finite F' C X,
z € X and r > Fdz, ie., F C 27, we have y € 2] with FF <9 9, so

<Fdod < Fd. Conversely, if <Fd 5 d < Fd and we have finite F C xy,
then Fdz < r, so we have y with ' <9y and ydz < r, ie.,ycal. O
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Again, Co(X)4 with fdg = sup,c x (f(z) — g(z))+ satisfies this condi-
tion, while any metric space with at least two points does not. We weaken
the condition slightly and add a completeness assumption in the follow-
ing, based on [3, Theorem 2|. Note that the result is immediate when d is
a transitive relation <, as <-max-completeness then implies that we can
set each y, to be the <-maximum of any <-increasing subnet of (x)).

Theorem 11.5. Ifd is a distance, <79 od < Fd, and moreover, X is
<9.(d-max)-complete, then

() is d-pre-Cauchy = 3 d"-Cauchy (y,) with d(zy) = d(yy).

Proof. The basic idea of the proof will be to replace a given d-pre-Cauchy
net by one indexed by F(A) and then further replace this by a <9-
increasing net. The resulting limit will still be off the mark by a small
amount, so we actually have to consider countably many tails of F(A)
and replace each of the corresponding subnets by <9-increasing nets.
First, note that <79 od < Fd is equivalent to saying that
f — g;:iod e [O’Oo][o,oo]

is below the identity function on [0,00]. This, in turn, is equivalent to
saying that the f-image of [0,r) is contained in [0,r) for all r € (0, c0).
In fact, it suffices that there are arbitrarily small such r. So we assume
we have r,, | 0 with f[0,r,) C [0,7,) for all n € N. Then, for each n,
we have positive r™ 1 r,, (i.e., lim,, r™ = r,) with f(r™) < r™*! for all
m € N. Taking f(r%) = 0 below, set

en =g — fr ™).

Again, take d-pre-Cauchy (z)) C X. Again, if necessary, we can re-
place (x)) with a d-Cauchy net by Theorem 7.3(1), and the conclusion
of the theorem will be preserved by Theorem 7.3(3) (noting that, as d is
a distance, any d-pre-Cauchy net (x,) is d-pre-Cauchy by (2.3), so dzy
converges; hence, any subnet also converges to the same limit). Define
f: F(A) — A recursively, so f({A}) = A for all A € A, f(E) < f(F) for
all F € F(A) with |F| >1and all E G F, and

sup zppydry < min elfl=n,
FF)=A 1<n<|F|
For any n € N, let A,, = {F € F(A) : |F| > n} and define (y}%)rea,,
recursively as follows. For |F| =n+ 1, let y = z (), so if F & G, then
ypdrye) < eiL <7

For |G| =n+2,1let Y = {y}: F G G and |F| =n + 1}. Now

f— .Fdoi
V(T od)zye) < S522 (Ydaya)) < f(rsn),
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so we can take yg with
Y <yt and  ygdaga) < fry) + e
Since x¢(gyda iy < €5, whenever G S H and |G| =n + 2,

ygdl“f(H) < ygal‘f(g) + $f((;)d1‘f(H) < f(T‘,ll) + 26% = T?L.

Note that we also have
Tp ey < € <7
Thus, if [H| =n+3 and Z = U{{y&, 2@} : G G H and |G| = n + 2},
Z(<T Yo Qg < S22 (Zdu o) < F(r2).
Thus, we can take y% with Z <4 % and
ypdz iy < f(rl) + €.

Continuing in this way, we obtain <9-increasing (y%) with ydx f@) <Tn
and zf(p) <dyn for all F € A, and F ; G.

Because X is <9-d-max-complete, we can take y” = d-maxp yp. Thus,
zppy <* y" for all F € A,. Since (z)) is d-Cauchy, Theorem 7.3(2)
implies that xxd converges. Because (z¢(r))ren, is a subnet of (xy), for
each n € N, we have

h/{nac)\dy = 1«*1.1;}\1” zpdy”™ = 0.
Thus,
d(y") < liminf lirnAinf(d:cA + a)xdy™) = d(zy).

Also, for any m,n € N and all sufficiently large H, G, and F', specifically
H2G2F € Apyn,

yrdy" <ypdyy <ypdage) < rm.

By (10.4), y™ = d-supp y®, so y"dy™ < limp yPdy™ < r,, and hence
y"dYy" < Tyan. As 7, — 0, this shows that (y™) is d”-Cauchy. Also,
because (zy) is d-Cauchy, dz) converges by Theorem 7.3(3), so

d(zy) = li/{ndxA
=limd
imdz )
< lim inf limFinf limGinf(dy?; +ypdrs))
< liminf(dy"™ + ry) by (10.2)
=d(y"). O
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Another natural interpolation condition involves the symmetrization
dVo<d <d.

Yet again, this is satisfied by Co(X )1 where fdg = sup,cx (f(z)—g(z))+.
More interestingly, even in non-commutative C*-algebras, we have the
weaker uniform interpolation condition d¥ o <9 3 d on the positive unit
ball, where adb = ||(a — b)+|| (see [4, Theorem 2.6]). For the result itself,
based on [3, Theorem 3|, it again suffices to consider an even weaker
condition, this time involving a modification of e o <9, defined by
eo ®d = sup(e ond) = sup(e o <9).
neN >0

In particular, note that (e o ®9) < (e o <9). Also note that when d is a
metric, Y below must be a singleton set {} with 2y — x. In this case,
the result is really just saying that limits coincide for uniformly equivalent
metrics.

Theorem 11.6. Ifd and e are distances, X is e,-complete, e o Pd =d,
and d,d”” S e, then

(zy) is d-pre-Cauchy & 3 (necessarily d-directed) Y =9 (z).

Proof. Given d-pre-Cauchy (x)), we may again take a subnet indexed by
F(A) if necessary and assume we have nets (sy), (tx) C (0,00) such that

(11.3) sup zxdxs < sy — 0;
A<0
(11.4) 02 (1) <ty — 0.

For each A, we define 7} and z% recursively so that

x@fa:cv; + sup xypdas < syp < 217y
Yy <o

0o 1) < 21y

zheri T < 2171ty
First, set v} = X and x} = xy. For n € N, take 74! = 4 with

eodd —-n n ndq
3 (SV;LH), 8,1 <277y As Z')\dx,y;H»l < zidzy +x,ygd:cﬂ+1 < Sy1,

2h(e o ®N)a i < =5 (@hde ) < 55 (s4p) < 21,

so we can take 277! with zler} ™! < 217"¢, and
x’;ﬂaxvnﬂ < Sp— sup x andas.
A A el b
YN TT=E

The right side above is positive by (11.3) (with v}

the recursion may continue.

in place of A). Thus,
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For each A, xf\‘ext\”l < 2177ty s0 (2))nen is e-Cauchy. Because X is
e.-complete, we have y) € X with lim, 2¥eyy = 0 by (8.15) and hence
lim, yrdz?} = 0, as a” =< e. Now

lim sup ypdxs < liminf lim sup(yadaz? + x’jamw + zypdas)
5 n 5
< lirrilinf(ykaoc’)\I + 847)
< liminf(yada 4 2'7"t))
n
=0.

SoY <9 (x)) for Y = {yr: A€ A}. Asz) = x%\ and xfez&“‘l < 217y,
zyeyy < 2ty — 0. Thus, zxdyy — 0 as d Z e. Now

z dY = inf z)dy
yey

< limsup x)dys
1)

< limsup(zydes + zsdys)
5

= lim sup(zxdzs) as zsdys — 0
5

-0 as (x)) is d-pre-Cauchy.

Thus, (z)) <9Y; hence, Y is d-directed by (9.10). O

Replacing ®9 with &9, we get <9-directed subsets from d-pre-Cauchy
sequences (rather than d-directed subsets from d-pre-Cauchy nets). In
fact, because the subset Y is countable, it could even be replaced with a
cofinal increasing sequence. Indeed, this is how Y is constructed in the
proof, which is based on the argument given in [3, Theorem 4.5].

Theorem 11.7. Ifd and e are distances, X is e,-complete, e o 4 =d,
and d,d”" Je, theneo®d =eo<d and

(Zn)nen is d-pre-Cauchy < 3 (countable) <I-directed Y =2 (z,,).

Proof. First, we prove e o ®4 = e o <9, For any z,y € X and € > 0,
take €, J 0 with %(en) < 27 "¢ for all n € N. Now take z; € X with
rez; < x(eo ®¥)y + ¢ and z;dy < €;. Thus,

z1(e 0 ®d)y < %(zldy) < %(61) < i

and we can take zo € X such that z;ezy < %e and zody < €. Continuing
in this way, we obtain a sequence (z,) C X such that, for all n € N,

Zn€Zn+1 < 27" and zndy < €, — 0.
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Because e is a distance and X is e,-complete, (8.15) yields z,ez — 0 for
some z € X, so

rez < rez; + z1ez < z(eo <I>d)y + 2e.

Also, zdy < zdz, + z,dy < zdz, + €, — 0, since a”* < eand z,ez — 0,
so z <9 y. Because € > 0 was arbitrary, (e o <9) < (e o ®9). The reverse
inequality is immediate.

Now take (sI), (t7") C (0,00) such that, for all m,n € N,

mcgmmen s digm ) < and 25 (40) < s

Sn

(Define (s7")men first, then (t{”)meN, (s5")men, etc.; also note that the
top of % above is d, not d.) Take a subsequence of the given d-pre-Cauchy
(7,,) with z,dx, 41 <t} for all n, and define y7 with y ' dy; <t for
all m and n, recursively as follows. First, let y. = x,, for all n. Assume
y™ is defined for all n and fixed m. For each n, we can take y+! <d Yni1
with yTeym™ ™! < smT1 since

(e o <dyym < =t ymdym ) < 5 (i) < st

n

Then the recursion may continue because

1 1
<yp iy + yn+1dyn+1 =y dyn

d
< d(ym eymih) < S(sii) < et

For all m,n € N, yMeym ! < smtl < 2=m=1=n c 9=m=n g4 since X

is e,-complete, we have y,, € X with lim,, y,'ey, = 0. Because d, a’ é e
and ym+t <d

+1dym+1

m
y —+1>
Yndyn+1 < lim lnf(yndmerl + er+lder+1 + yZL—&-lgyn-i-l) =0;

ie., yn <9 ypi1, 50 Y = {y, : n € N} is <d-directed. Also, again using
the fact that e is a distance, we have

o0 (o]
zpey, < lminf(z ey +y ley,) < Y s < > 277" <27 0.
m m=2

m=2
This, together with d $ e and the fact that (z,,) is d-pre-Cauchy, yields
z,dY = inf z,dy,, < liminf(z,dz,, + z,,dy,,) = liminf z,dz,, — 0,

s0 (z,) <9Y. Likewise, using d”~ 3 e instead and the fact that d is a
distance,

lim sup y,dx, < limlinf lim sup(y,dy; + yida,)
m m
< limlinf lim sup(y, dy; + yidz; + x;dz,,) = 0,
m

so Y <9 (z,). O
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As promised, we can now show that d2-completeness follows from d-
max-completeness (or even slightly weaker notions) under various addi-
tional interpolation, completeness, and separability conditions.

Corollary 11.8. X is dS-complete if d and e are distances satisfying any
of the following (d-R-T -complete means d-R-complete and T -complete).

(11.5) do<9” 2 dP and X is <9-(d-max)-complete.

(11.6) <dod < Fd and X is <9-(d-max)-d’-complete.

(11.7) eo®d 3 d, d,d" Ze, and X is d-(d-max)-e,-complete.
.8) eo ~ d, 7,70 ~e an 1s <9-(d-max)-e,-complete

11.8) eo®d 3 d, d,d’ 3 d X is <d-(d !

and H: -separable.

Proof. Take d-Cauchy (z)).

(11.5) By Theorem 11.3, we have <9-directed Y such that Y =9 (x,);
hence, dY = d(x,) by (2.3) and Proposition 9.5. By <9-(d-max)-
completeness and (10.5), we have x € X with dz = dY = d(z)), so
Zx =z by (8.12). Thus, X is d2-complete.

(11.6) By Theorem 11.5, we have d¥-Cauchy (y,,) with d(zy) = d(y,).
By dY-completeness and (8.15), we have 2 € X with y,d"z — 0 and
hence y, 2« by (8.10). Thus, dz = d(y,) = d(z,); hence, x\ 2z by
(8.12). Thus, X is d2-complete.

(11.7) By Theorem 11.6, we have d-directed Y =9 (z,); hence, dY =
d(zy) by (2.3) and Proposition 9.5. By d-max-completeness and (10.5),
we have z € X with dz = dY = d(z)), so ) =z by (8.5). Thus, X is
d?-complete.

(11.8) By Theorem 11.6, we have d-directed Y =9 (z,). By (9.11), we
have (2/,),en =¢ Y. By Theorem 11.7, we have <9-directed Y’ =2 (z7,)
and hence dY’ = d(x,) by (2.3) and Proposition 9.5. By <9-(d-max)-
completeness, we have x € X with dz = dY’ = d(z,), i.e., zx 2 z. Thus,

X is d?-complete. (]
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