http://topology.auburn.edu/tp/

TOPOLOGY
PROCEEDINGS

Volume 54, 2019
Pages 109-124

http://topology.nipissingu.ca/tp/

NOTES ON LINEARLY H-CLOSED SPACES AND
OD-SELECTION PRINCIPLES

by

MATHIEU BAILLIF

Electronically published on December 11, 2018

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@Qauburn.edu
ISSN: (Online) 2331-1290, (Print) 0146-4124

COPYRIGHT (© by Topology Proceedings. All rights reserved.



http://topology.auburn.edu/tp/
http://topology.nipissingu.ca/tp/

TOPOLOGY 7
PROCEEDINGS

Volume 54 (2019)
Pages 109-124

E-Published on December 11, 2018

NOTES ON LINEARLY H-CLOSED SPACES AND
OD-SELECTION PRINCIPLES

MATHIEU BAILLIF

ABsTrRACT. A space is called linearly H-closed if and only if any
chain cover possesses a dense member. This property lies strictly
between feeble compactness and H-closedness. While regular H-
closed spaces are compact, there are non-compact linearly H-closed
spaces which are even collectionwise normal and Fréchet—Urysohn.
We give examples in other classes and ask whether there is a first
countable normal linearly H-closed non-compact space in ZFC. We
show that PFA implies a negative answer if the space is moreover
either locally separable or both locally compact and locally ccc.
An Ostaszewski space (built with <) is an example which is even
perfectly normal. We also investigate Menger-like properties for
the class of od-covers, that is, covers whose members are open and
dense.

1. INTRODUCTION

This note is mainly about a property (to our knowledge not investigated
before) we decided to call linear H-closedness, which lies strictly between
H-closedness and feeble compactness. Since it came up while investigating
simple instances of od-selection properties (see below), and all have a
common “density of open sets” flavor, we include a section about this
latter topic although they are not related more than on a superficial level.

By “space” we mean “topological space.” We take the convention that
“regular” and “normal” imply “Hausdorff.” A cover of a space always
means a cover by open sets, and a cover is a chain cover if it is linearly
ordered by the inclusion relation. In any Hausdorff space (of cardinality
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110 M. BAILLIF

at least 2), each point has a non-dense neighborhood, and, thus, the space
has the property of possessing a cover by open non-dense sets, but the
chain-generalization of this property may fail.

Definition 1.1. A space X is linearly H-closed if and only if any chain
cover has a member which is dense in X (or, equivalently, if and only if
any chain cover has a finite subfamily with a dense union).

Recall that a Hausdorff space any of whose covers has a finite sub-
family with a dense union is called H-closed, whence the name “linearly
H-closed.” While H-closed regular spaces are compact (see [22, Corollary
4.8(c)] for a simple proof), there are plenty of Tychonoff linearly H-closed
non-compact spaces, perhaps the most simple being the Tychonoff plank
(see Example 2.8). We will give examples in various classes, such as first
countable, normal, collectionwise normal, etc., but while there are consis-
tent examples of non-compact, perfectly normal, first countable, linearly
H-closed spaces, we were unable to determine whether a non-compact,
first countable, normal, linearly H-closed space exists in ZFC alone. A
partial result is that PFA prevents such a space from existing if it is more-
over either locally separable or both locally compact and locally ccc (see
Theorem 2.13). These results are contained in §2.

In §3, we investigate Menger-like properties for od-covers of topolog-
ical spaces, that is, covers whose members are open and dense. In our
short study, we show, in particular, that the class of non-compact spaces
satisfying Uy, (O, A) does contain some Hausdorff spaces but no regular
spaces, and that a separable space satisfies Uy, (A, O) if and only if it
satisfies Uyin (O, ©), where A is the class of od-covers. We defer the def-
inition of Uy, (A, B) until §3. Research on selection principles (such as
Menger-like properties) currently flourishes and sees an impressive flow
of new results (see, for instance, [23] and [26] for surveys about recent
activity in the field). Since the author is not an expert on the subject and
admits to feeling a bit lost in its numerous subtleties, we shall content
ourselves with a humble introduction to the class of od-covers and derive
only basic properties.

For convenience, we now give a grouped definition: the (od-)[linear-]
Lindelof number (odL(X)) [L(X)] L(X) of a space X is the smallest car-
dinal x such that any (od-)[chain] cover of X has a subcover of cardinality
< k. A space is od-compact if and only if any od-cover has a finite sub-
cover, and we define similarly od-Lindeldf, linearly-Lindeldf, etc. We do
not assume separation axioms in any of these properties. It happens that
the od-Lindel6f number and the Lindel6f number almost always coincide;
the only exception is when the space contains a “big” clopen discrete sub-
space. See §3 (especially Theorem 3.1) for details and remarks about the
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ignorance of past results. For the information of the reader, we note that
our definitions above of 0dL(X), ¢L(X), and L(X), are different from the
ones we found convenient to give in [1], where, for example, L(R) = wy,
not w.

2. LINEARLY H-CLOSED SPACES

In this section, each space is assumed to be Hausdorff, even though
that property is not needed for every assertion, and we will repeat the
assumption often (for clarity). Any chain cover possesses a subcover in-
dexed by a regular cardinal and, for simplicity, we will always use such
indexing. It is immediate that the continuous image of a linearly H-closed
space is linearly H-closed. Our first lemma is almost trivial.

Lemma 2.1. A space is linearly H-closed if and only if any infinite cover
of it has a subfamily of strictly smaller cardinality with a dense union.

Proof. Given a chain cover indexed by a regular cardinal, a subcover of
strictly smaller cardinality is contained in some member, so the latter
implies the former. If X is linearly H-closed, given a cover {U,, : « € K},
then the sets V,, = Ug<oUg form a chain cover and some V,, is dense. [

It is well known that a space is H-closed if and only if any open filter
base on X (that is, a filter base containing only open subsets of X) has an
adherent point. See, for instance, (the proof of ) [22, Proposition 4.8(b),(2)
< (3)]. The referee pointed out to us that a similar result holds for linear
H-closedness. By a chain filter base we mean an open filter base which is
linearly ordered by the inclusion relation. The proof we just mentioned
can be easily adapted to show the following.

Lemma 2.2. A space X is linearly H-closed if and only if any chain filter
base on X has an adherent point.

Likewise, the following result (also suggested by the referee) can be
proved as in [22, Proposition 4.8(e)].

Lemma 2.3. If X is linearly H-closed and U is open, then U is linearly
H-closed.

However, not every closed subset of a linearly H-closed space is linearly
H-closed; see, for instance, Example 2.8. Linear H-closedness is linked to
other generalized compactness properties, as seen in Figure 1, where plain
straight arrows denote implications that hold for Hausdorff spaces (and
most of them for any space), while additional properties (for instance,
those written on their side) are needed for those denoted by dotted curved
arrows.
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Recall that a space is feebly compact if and only if every locally finite
family of open sets is finite. This turns out to be equivalent to “every
locally finite cover is finite” and to “every countable cover of X has a
finite subfamily with a dense union” (see [22, Theorem 1.11(b)]). The
term “feebly compact” is due to Mardesi¢ and Papic (see [25, p. 902]). A
space is pseudocompact if and only if any continuous real valued function
on it is bounded. All implications in Figure 1 are classical except linearly
H-closed — feebly compact and its converse whose proofs are given in

Lemma 2.4. An example of condition (*) is given in the statement of the
lemma.

Compact ——— H-closed ——» Linearly

1 AR I | H-closed
s | Tme==T ol ‘
=1 Regular =
£ I| 2! "*
O 3 “ . e )
. . .-
Countably Feebly ~ , Pseudo-
compact compact compact
‘ ~ -7 ’ \ ~ Phe ‘
Normal Ty-c}:0noff

F1GURE 1. Some implications for Hausdorff spaces.

We decided to state this lemma in an almost absurd amount of gener-
ality, so we need some definitions. The good news is that more readable
corollaries do follow quite easily. Given an infinite cardinal k, a space is
initially k-[linearly] Lindeldf if and only if any open [chain]| cover of car-
dinality < k has a countable subcover. Notice that any space is initially
w-[linearly] Lindelof. The weak Lindeldf number wL(X) of a space X is
the least cardinal x such that any open cover of X has a subfamily of
cardinality < x whose union is dense. Notice that if Y C X is dense, then
wL(X) <wL(Y) and if Y is feebly compact, then so is X.

Lemma 2.4. (1) A linearly H-closed space is feebly compact.

(2) Let X be a Hausdorff space, Y C X be dense in X, and k be an
infinite cardinal. Assume that wL(X) < k and that Y is both initially
k-linearly Lindeldf and feebly compact. Then X is linearly H-closed.

Proof. (1) Given a countable cover U = {U,, : n € w} of a linearly H-

closed X, set V;, = Up<n Uy, Then V;, is dense for some n, and the result
follows.
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(2) Let U = {Uy : a € A} be an infinite chain cover of X, with A a
regular cardinal. Assume first that A < k. Thus, there is a countable
subfamily that covers Y, and then some U, is dense in it by feeble com-
pactness. It follows that U, is dense in X as well. Now, suppose that
A > k. Since wL(X) < k, there is some subfamily of cardinality < k < A
whose union is dense in X and, by regularity of A, its union is contained
in some U,. O

A case not covered by this lemma is the following easy fact.

Lemma 2.5. Let X be a Hausdorff space containing a dense feebly com-
pact linearly Lindeldf subspace Y. Then X is linearly H-closed.

Proof. Given a chain cover of Y, linear Lindel6fness gives a countable sub-
cover and then feeble compactness gives a finite subfamily of the subcover
which contains a dense member. O

For a cardinal k, a space is k-cc (or ccc if Kk = w) if and only if any
disjoint collection of open sets has cardinality at most x. A space with a
dense subset of cardinality x is obviously x-cc.

Corollary 2.6. If X is Hausdorff and possesses a dense feebly compact
cce subspace Y, then X is linearly H-closed.

Proof. Tt is well known that a k-cc space has a weak Lindel6f number
< k; hence, wL(Y) < w. Invoking the vacuousness of the definition, ¥
is also initially w-Lindel6f, and the conditions of Lemma 2.4(2) are thus
fulfilled. O

Recall that a space is perfect if and only if any closed subset is a Gj.

Corollary 2.7. Let X be a feebly compact regular perfect space. Then X
18 first countable and linearly H-closed.

Proof. In [10, p. 378, (b)], Irving Glicksberg (using different terminology)
provides a proof that a G5 point in a regular feebly compact space has a
countable neighborhood base. For another proof, see [21, Lemma 2.2 |.
Moreover, [21, Lemma 2.3 | shows that if each closed set in X is a Gs,
then X is ccc. (]

We can use Lemma 2.4 to obtain simple examples.

Example 2.8. There are linearly H-closed Tychonoff spaces of arbitrarily
high weak Lindel6f number and cellularity.

Details. A very classical example is the Tychonoff plank of a regular
cardinality. Let us recall the construction and its properties for con-
venience. Fix a regular cardinal k. Let X be the subspace of the product
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(kT +1) x (k+1) obtained by removing the point {(k*, x)}. Each ordinal
is given the order topology.

As a subspace of a compact space, X is Tychonoff. The cellularity of X
is at least £ since {a} x (k+1) for successor a € k™ is a disjoint collection
of open subsets. The cover {ax (k+1) : a € sTJU{(kT+1)xB : B € K}
shows that wL(X) > k. Since (k™ + 1) x & is the union of x compact sets
and is dense in X, wL(X) < k. Recall that k* with the order topology is
initially k-compact, and so is its product with the compact space (k + 1)
(see, e.g., [24, Theorem 2.2 ). Thus, the dense subset Y = k™ x (k+1) is,
in particular, feebly compact and initially x-Lindelof. This implies that
X is linearly H-closed by Lemma 2.4(2). O

Of course, these spaces are not first countable. Let us give more elab-
orate examples. All are “classical” spaces which happen to be linearly H-
closed. In the following, we refer to [27] for the definitions of the “small”
uncountable cardinals p and b, but recall that w; < p < b < 280 and
that each inequality may be strict. The diamond axiom < implies the
continuum hypothesis CH and is defined in any book on set theory.

Example 2.9. There are linearly H-closed non-compact spaces with the
following additional properties:

(a) First countable, Tychonoff, Lindelof number w;. [3, Example 1]

(b) First countable, locally compact (and thus Tychonoff), perfect. [9,
Exercise 5I] and [15]

(c) (p = w1) First countable, locally compact, normal. [7]

(d) (&) First countable, locally compact, perfectly normal. [20]

(e) Frechet—Urysohn, collectionwise normal. [Folklore]

Details. Linear H-closedness follows from Corollary 2.6 in each case except
(b) where Corollary 2.7 is used.

(a) Murray G. Bell [3, Example 1] constructed a first countable count-
ably compact ccc (non-separable) Tychonoff space X. Since X is an
increasing union of N;-many compact spaces, it has Lindel6f number w;.

(b) The space ¥, due independently to J. Isbell [9, Exercise 5I] and S.
Mrowka [15], is first countable, perfect, Tychonoff, and feebly compact.
This space is not countably compact, and thus non normal.

(c) S. P. Franklin and M. Rajagopalan [7] introduced a class of spaces
called yN spaces, which consist of a dense discrete countable set to which
is “attached” a copy of w; in such a way that the space is locally com-
pact and normal, with various additional properties depending on how
the attachment is done. In particular, their Example 1.4 is countably
compact under CH. The constructions were later simplified and general-
ized by various authors including van Douwen, P. Nyikos, and Vaughan,
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and a version of YN which is countably compact and first countable can
be built if and only if p = wy. For more details, see, for instance, Nyikos’s
account in [16, Theorem 2.1 and Example 3.4] and [18]).

(d) The celebrated space attributed to A. J. Ostaszewski [20] is a first
countable, perfectly normal, hereditarily separable, countably compact,
locally compact, non-compact space built with .

(e) The sigma-product of 2¢1| i.e., the subspace of the compact space
2“1 where at most countably many coordinates have value 1, is collection-
wise normal, Frechet—Urysohn, countably compact, and ccc (see, for in-
stance, Henno Brandsma’s answer on the MathOverflow question [5]). O

More than ZFC is necessary for the construction in (c); see Theorem
2.14 below. Bell’s space in (a) cannot be shown to be locally compact in
ZFC by Theorem 2.15. It is also not separable, and no separable regular
example with Lindel6f number w; can be found in ZFC, as the next lemma
shows.

Lemma 2.10. A first countable separable linearly H-closed Hausdorff
space of Lindelof number < p is H-closed (and thus compact if reqular).

Notice the similarity with the fact (proved in [12]) that a regular sep-
arable countably compact space of Lindel6f number < p is compact.

Proof. A first countable separable space has countable m-weight, as easily
seen. Since X is linearly H-closed, it is feebly compact. A feebly compact
space with countable m-weight and Lindel6f number < p is H-closed (]21,
Lemma 3.1]). O

Likewise, Example 2.9(d) cannot be constructed in ZFC + CH alone.

Lemma 2.11. It is consistent with ZFC (and even with ZFC + CH) that
a perfectly normal linearly H-closed space is compact. In particular, it
follows from MA + —CH.

Proof. A linearly H-closed normal space is countably compact; William
Weiss [28] shows that MA + —CH implies that a countably compact regular
perfect space is compact, and Todd Eisworth [6] shows that this latter
result is compatible with CH. O

Question 2.12. Is there a normal first countable linearly H-closed non-
compact space in ZFC?

The following theorem is a partial answer.

Theorem 2.13. (PFA) Let X be a normal linearly H-closed space. If
either (a) X is countably tight and locally separable, or (b) X is first
countable, locally compact, and locally ccc, then X is compact.
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Our use of PFA is indirect. Indeed, we need only two of its classical
consequences. Recall that PFA implies MA + —~CH.

Theorem 2.14 ([2, Corollary 2]). (PFA) Every separable, normal, count-
ably tight, countably compact space is compact.

Theorem 2.15 ([11]). (MA + —CH) Every first countable, locally com-
pact, ccc space is separable.

Proof of Theorem 2.13. (a) If X is not compact, we will show that it
is possible to define open subsets U, C X for each o < wi, such that
75 ; U, whenever § < a. Then Y = Uy<w, Uy is a clopen subset of X.
Openness is immediate. To see that it is closed, notice that given a point
x € Y by countable tightness, there is a countable subset of Y having x
in its closure. But a countable subset of Y is contained in some U,, so
x €U, CUyyq CY. It follows that X is not linearly H-closed, since no
member of the chain cover {(X —Y)UU, : a € w1} is dense in X.

To find U,, we proceed by induction. Each will be a separable open
subset of X. Let Uy be any such open separable subset. Assume that
Ug is defined for each 8 < a. Recall that by normality and linear H-
closedness X is countably compact. Thus, Z = Ug<,Ug, being separable,
is compact by Theorem 2.14. If Z = X, then X is compact. Otherwise,
choose a point = & Z, cover {z} U Z by open separable sets, and take the
union of a finite subcover to obtain a separable U, properly containing
Z. In particular, Us C U, for all B < . This defines U, for each a < w;
with the required properties.

(b) We proceed as in (a), defining U, to be ccc with compact closure.
The successor stages are the same. If « is limit, then Ug<,Ug, having a
dense ccc subspace, is ccc. By Theorem 2.15, it is separable under MA +
—CH and thus compact under PFA. g

Remark 2.16. In [16, Theorem 5.4 ], Nyikos seems to indicate that
there are models of MA + —CH or even PFA™ with separable, locally
compact, locally countable, countably compact, countably tight normal
spaces, but we do not know to which spaces this assertion refers. The
referee kindly informed us that the preprint [19], where these spaces were
probably described, was never published.

We now briefly investigate how far a first countable linearly H-closed
space is from being sequentially compact and show in Lemma 2.17 below
that there are restrictions on the Lindel6f number. (The result seems well
known; see the remarks before Problem 359 in [27], but we include the
proof for completeness.) We first need some vocabulary. A collection of
subsets of X is a discrete collection if each point of X possesses a neigh-
borhood intersecting at most one member of the collection. This implies
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that given any subcollection, the union of the closures of its members is
closed. A space satisfies the condition wD if, given any infinite closed
discrete subspace D of X, there is an infinite D’ C D which expands to a
discrete collection of open sets; that is, for each & € D’, there is an open
U, > x such that {U, : x € D’} is a discrete collection.

Lemma 2.17. A regular, first countable, feebly compact space either is
countably compact or has Lindelof number > b.

Proof. Let X be a regular first countable space whose Lindel6f number is
< b and suppose that it is not countably compact. Thus, let {z, € X :
n € w} be an infinite closed discrete subset. A regular first countable
space with Lindel6f number < b satisfies wD (see [17, Proposition 3.6 and
Theorem 3.7]). Thus, let E C w be infinite and U,, > z,, (n € E) be open
such that {U,, : n € E} is discrete. In particular, {U, : n € E} is an
infinite locally finite family of open sets, which is impossible in a feebly
compact space. ([l

We close this section with two results due to the referee who kindly
gave us permission to include them in this note. First, notice that by
continuity of the projections, if a product of spaces is linearly H-closed,
then each factor space is linearly H-closed. But the converse may fail.

Proposition 2.18. There is a linearly H-closed space G such that G x G
is not linearly H-closed.

Proof. Tt is well known (for example, see [9, Example 9.15]) that there
exists a subspace G of the Stone—Cech compactification of the integers fw
such that w C G (hence, G is separable), and G, but not G x G, is feebly
compact. Thus, G is linearly H-closed by Corollary 2.6, while G x G is
not. (|

However, the following holds.

Proposition 2.19. If X is H-closed and Y is linearly H-closed, then
X XY is linearly H-closed.

Proof. We use the characterization of linear H-closedness given by Lemma
2.2. Let U be a chain filter base on X x Y. Since the projection on the Y
factor my is open, {7y (U) : U € U} is a chain filter base on Y and hence
has an adherent point y € Y. Let

P={(XxW)NU : U el and W is an open neighborhood of y}.

Then P is an open filter base, and hence {rx (V) : V € P} must have
an adherent point x € X. For every neighborhood V' C X and W C
Y of x and vy, respectively, and every U € U, we have by construction
UN(V x W) # &. It follows that (z,y) is an adherent point of U. O
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3. OD-SELECTION PROPERTIES

No separation axiom is assumed in this section. Allow us first a remark
about the od-Lindeldf number. The author proves in [1] that a 77 space is
od-compact if and only if the subspace of non-isolated points is compact,
and that a 77 space with od-Lindel6f number < k either has a closed
discrete subset of cardinality > &, or ¢L(X) < k whenever & is regular.
We made the remark that since the methods were elementary, it would
not be a surprise if similar results we were unaware of had appeared
elsewhere. It was indeed the case: C. F. Mills and E. Wattel [14] have
shown that a 77 space without isolated points with odL(X) < k satisfies
L(X) < k as well, which is much stronger (the compact case is actually
due to Miroslav Katétov in 1947 [13]). Robert L. Blair [4] later improved
their proof. (Both papers actually deal with [, A]-compactness.) We show
below that a very small modification of Blair’s proof yields the following.

Theorem 3.1 ([14] and [4]). Let k be an infinite cardinal. Let X be a T}
space with odL(X) < k. Then either X contains a clopen discrete subset
of cardinality > k, or L(X) < k. Moreover, the subspace of non-isolated
points of X has Lindeldf number < k.

Proof. We follow Blair’s proof. First, it is easy to see that a space has
od-Lindel6f number < k if and only if any closed nowhere dense subset
has Lindel6f number < k. Let U be an open cover of X. Let W be
a maximal family of disjoint open sets such that each member of W is
contained in a member of &/. Then UW is dense. We may thus cover
X —UW by a subfamily V C U of cardinality < . Take one point in each
member of VW which is not entirely covered by UV. This defines a closed
discrete subset of D C X. Let Dy = {d € D : disisolated in X}. Then
D — Dy is nowhere dense and hence of cardinality at most . It follows
that at most x members of U cover U{Wy, : d € D — Dy}, where Wy is
the unique member of W containing d € D. The uncovered part of X is
now contained in U{Wy : d € Dy}. Then either |Dy| < k, in which case
we add < k members of U to complete the subcover, or |Dg| > £ and X
contains a clopen discrete subset of cardinality > . The “moreover” part
follows easily from, e.g., [1, Lemma 4.8 ]. O

For other results in the same spirit, see [8]. Let us now turn to selections
properties. In what follows, @ and A mean the collection of covers and
od-covers, respectively, of some topological space, which will be clear from
the context. Recall that a cover is an od-cover if and only if every member
is dense. Given collections A and B of covers of a space X, we define the
following property:
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Usin (A, B) : For each sequence (U,: n € w) of members of A
which do not have a finite subcover, there are finite F,, C U, such
that {UF, : n€w} € B.
Recall that the classical Menger property is (equivalent to) Uy, (O, 0),
and that
o-compact — Uy, ((97 (9) — Lindelo6f.

3.1. THE PROPERTY Uy, (O, A).
Let us first show the following simple lemma.

Lemma 3.2. The following equivalences hold for any space X.

(a) Lindeldf and linearly H-closed «— Lindeldf and H-closed,
(b) Ufin ((’), (’))and linearly H-closed <— Uy, ((’), (9) and
H-closed +— Uy, (O, A).
Moreover, the properties in (b) imply those in (a).

Proof. (a) Immediate by Lemma 2.1.

(b) The leftmost equivalence follows from (a) by Lindelofness. Let us
prove the rightmost equivalence. For the direct implication, let (U4,,) be a
sequence of covers, and let F,, C U, be finite such that {UF, : n € w}isa
cover of X. By H-closedness, we can choose finite G,, C U,, such that UG,,
is dense. Taking F,, U G, yields the result. For the converse implication,
Uyin (O, O) trivially holds. We prove that X is linearly H-closed and use
the leftmost equivalence to obtain H-closedness. Suppose that there is
a chain cover Y = {U,, : n € w} without any dense member. A finite
union of members of U, being contained in a member of U, is therefore
not dense; taking U,, = U for all n € w gives a sequence of open covers
violating U fs, ((’)7 A) .

The “moreover” part is immediate since U, ((9, (’)) — Lindelof. O

The situation is then very simple for regular spaces.

Proposition 3.3. The following properties are equivalent for regular
spaces.

(a) Lindelof and linearly H-closed,

(b) Usin (0,4),

(c) compact.

Proof. (b) — (a) by Lemma 3.2 and (c¢) — (b) is trivial. Since a regular
H-closed space is compact, (a) — (c) follows again by Lemma 3.2. O

We will show that both (a) — (b) and (b) — (c¢) may fail for Hausdorff
spaces; that is, we shall exhibit Hausdorff examples of Lindeldf (linearly)
H-closed spaces which do not satisfy U;, (O, O) and non-compact spaces
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which satisfy U, ((9, A). Recall that a space Y is an eztension of the
space X if and only if Y contains a copy of X which is dense in Y. H-
closed extensions of Hausdorff spaces are well studied; see, for instance,
[22]. The examples we describe below are very similar to the ones given
in Chapter 7 of this book. They can be seen as modifications of the half
disk topology.

Let X be a space equipped with two topologies 7 and p. Denote by
X (7, p) the space whose underlying set is X x [0, 1] topologized as follows.
The topology on X x (0,1] is the product topology of 7 and the usual
metric topology on (0, 1]. Neighborhoods of (z,0) are then defined to be
Ux{0}uV x(0,a)forUecpandV erTwithzeUNV,and0<a < 1.

Lemma 3.4. Assume T C p; that is, p is finer than 7.

(1) If X is Hausdorff for T (and thus for p), then so is X(T, p).
(2) If X is H-closed for T, then )?(T7 p) is H-closed.

(3) X is Lindelof for p if and only if X(T, p) is Lindeldf.

(4) If X is first countable for both T and p, then so is X(T, p).

Proof. Denote by 7 x p the product topology of 7 on X and the usual
metric topology p on [0,1]. Notice that the topology on X (7, p) is finer
than 7 x u since 7 C p.

(1) Immediate since 7 x u is Hausdorff.

(2) A direct proof is not difficult, but let us give a more general argu-
ment suggested by the referee. Since the property H-closed is known to
be productive (see, e.g., [22, Proposition 4.8(1)]), it follows that Z = X x
[0, 1], with topology 7 X p, is an H-closed extension space of Y = X x (0, 1].
X (1, p) is also an extension of Y with the same underlying set as Z and a
finer topology. Moreover, X (1,p) and Z have the same neighborhood fil-
ter trace on Y in the sense of [22, Definition 7.1(a)]. Then [22, Proposition
7.1(h) and (i)] imply that X (7, p) is H-closed.

(3) The necessity is obvious since X with the topology p is a closed
subspace of X (1, p). For the sufficiency, assume that X is Lindelof for p.
Then X is Lindeldf for 7 as well. Since X x (0, 1] with topology 7 x p is
the product of a Lindeldf space and a o-compact space, it is Lindelof. It
follows that X (7,p) = X x {0} UX x (0,1] is Lindel®f.

(4) Straightforward: a neighborhood basis for {z,0) is given by {U,, x
{0} UV, x (0,1/€) : £,m,n € w, £ > 0}, where U,, and V,, are local bases
for  in the p and 7 topologies. |

Notice that in most cases X (7, p) is not regular.

Proposition 3.5. The following hold.
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(1) There are Hausdorff H-closed spaces of arbitrarily high Lindeldf
number.

(2) There is a Hausdorff non-compact first countable space satisfying
Ufin ((’)7 A).

(3) There is a first countable Lindeldf H-closed Hausdorff space which
does not satisfy Uiy ((9, (9).

Proof. The three examples are of the form X (1,p); Hausdorffness, H-
closedness, Lindel6fness, and first countability in (2) and (3) all follow
from Lemma 3.4.

(1) This is well known, but let us give an example anyway. Take X to
be the ordinal k+ 1, 7 the order topology (which makes it compact), and

A~

p the discrete topology. Then L(X(7,p)) = k.

(2) Take kK = w in (1). Then for each a € w + 1, {a} x [0,1] is
homeomorphic to [0, 1], so X (7, p) is a o-compact space and thus satisfies
Ufin (O, 0). We apply Lemma 3.2 to obtain Uy, (O, A). Of course, w+1
is first countable in the order topology.

(3) Take X to be [0,1] and 7 its usual topology, while p is the coarsest
refining of 7 that makes QN 10, 1] clopen and discrete. Thus, a p-open set
is the union of (i) some subset of Q and (ii) U — Q with U open for the
usual topology. Denote as usual the irrational numbers by P. It is well
known that PN [0, 1] is homeomorphic to the product space w* and does
not satisfy Uy, (O, ©). Indeed, fix a homeomorphism h : w* — PN [0, 1].
One way to easily obtain a sequence (U,,) of covers of PN [0, 1] violating
Usin (0,0) is to set Uy, = {h(x,*({m})) : m € w} where m, is the
projection on the n*" coordinate. Then the sequence of covers W, =
{(UU@n]0,1])) x {0}1[0,1] x (0,1] : U € U, } shows that X (7, p) does
not satisfy Uy, ((9, O). (]

3.2. THE PROPERTY Uy, (A, 0).

We denote by A; the collection of open covers with at least one dense
member. First, some easy facts.

Lemma 3.6. Let X be a space. The items below are equivalent:
(a) X satisfies Ufm(A,O);
(b) X satisfies Uypin (A, A);
(¢) X satisfies Uypin(A1,0);

(d) any closed subset of X satisfies Uy, (A, (9) ;

(e) any closed nowhere dense subset of X satisfies Uy, ((9, (9).

Proof. (c) — (a) <> (b) are immediate, and (d) — (a) as well.
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(a) = (d) Let Y C X be closed. Any od-cover of Y yields an od-cover
of X by taking the union of the members with X — Y, and the result
follows.

(a) — (e) Let Y C X be closed and nowhere dense. If Y does not
satisfy U fm(0,0), take a sequence of covers (U,,) witnessing this fact.
Set V,, ={UU(X -Y) : U €U,}. Then (V,) witnesses that X does not
satisfy Uyin (A, O).

(e) = (c) Let (Uy,) be a sequence of covers of X (n € w) such that some
U € Uy is dense in X. Set Fo = {U}. Since X — U is closed and nowhere
dense, there are finite F,, C U, n > 1, such that (J,,~, UF, D X —U.
Then 50 UF, = X. - 0

The following proposition settles most of the classical cases (such as
sets of reals).

Proposition 3.7. Let X be a separable space. Then X satisfies U p;, ((9, O)
if and only if X satisfies Uy, (A, O).

Proof. One direction is trivial, so let us assume that X satisfies U, (A, (9).
Let D = {d; : i € w} be dense in X. Given a sequence of open covers
(U; : i € w), take Vo; € Us; containing d; and set Fo; = {Va;}. Since
V = Ujew Va; contains D, X —V is closed and nowhere dense and satisfies
Ufin (O, 0) by Lemma 3.6. Hence, there are finite 75,41 C Usiq1 such
that UiEw UF2i+1 O X — V. Then UiEw UF; = X. O

Of course, od-compact spaces trivially satisfy Uy, (A, (9). Any non-
Lindeldf such space (for instance, an uncountable discrete space) is a
trivial example of a space satisfying U s, (A, (’)) but not U ¢, ((’), (’)). But
we do not know the answer to the following question.

Question 3.8. Is there a Lindeldf non-od-compact space satisfying
Ufin (A, (9) but not U ¢y, ((’)7 (9)?

The following question was inspired by Theorem 3.1.

Question 3.9. Let X be a space and D C X be the subspace of its iso-
lated points. Does the following equivalence hold: X satisfies Uy, (A, O)
< X — D satisfies Uy, (0,0) ?

Acknowledgments. The idea of looking at selection principles for od-
covers has been given to us by Boaz Tsaban. The desire to complete this
paper came from the need of writing up a curriculum vitae asked for by M.
Lazeyras (but the paper turned out to be irrelevant). We thank both of
them, as well as Z. and C. Petrini (for personal reasons they know about).
We also thank the anonymous referee for his/her numerous suggestions



LINEARLY H-CLOSED SPACES 123

and corrections. Some of our results are actually due to him/her (and
quoted such).

(1]
(2]
(3]

4

(5]

(6]
[7]

(8

[9

[10]
[11]
[12]
[13]

[14]

[15]
[16]

REFERENCES

Mathieu Baillif, Notes on the od-Lindeldf property, Topology Proc. 42 (2013),
141-156.

Z. Balogh, A. Dow, D. H. Fremlin, and P. J. Nyikos, Countable tightness and
proper forcing, Bull. Amer. Math. Soc. (N.S.) 19 (1988), no. 1, 295-298.

Murray G. Bell, Spaces of ideals of partial functions in Set Theory and its Appli-
cations (Toronto, ON, 1987). Ed. J. Steprans and W. Stephen Watson. Lecture
Notes in Mathematics, 1401. Berlin: Springer, 1989. 1-4.

Robert L. Blair, Some nowhere densely generated topological properties, Com-
ment. Math. Univ. Carolin. 24 (1983), no. 3, 465-479.

Henno Brandsma, Response to question CCC + collectionwise normality => para-
compact? Is there a CCC and collectionwise normal space, that isn’t paracom-
pact? MathOverflow, 2011.

Available at https://mathoverflow.net/questions/78975/ccc-collectionwise-
normality-paracompact/79021#79021 .

Todd Eisworth, CH and first countable, countably compact spaces, Topology Appl.
109 (2001), no. 1, 55-73.

S. P. Franklin and M. Rajagopalan, Some examples in topology, Trans. Amer.
Math. Soc. 155 (1971), 305-314.

Paul Gartside, Sina Greenwood, and David Mclntyre, Ideal reflections, Topology
Proc. 27 (2003), no. 2, 411-427.

Leonard Gillman and Meyer Jerison, Rings of Continuous Functions. The Uni-
versity Series in Higher Mathematics. Princeton, N.J.-Toronto-London-New York:
D. Van Nostrand Co., Inc., 1960.

Irving Glicksberg, Stone-Cech compactifications of products, Trans. Amer. Math.
Soc. 90 (1959), 369-382.

A. Hajnal and 1. Juhész, A consequence of Martin’s aziom, Nederl. Akad. Weten-
sch. Proc. Ser. A 74=Indag. Math. 33 (1971), 457-463.

Stephen H. Hechler, On some weakly compact spaces and their products, General
Topol. Appl. 5 (1975), 83-93.

Miroslav Katétov, On the equivalence of certain types of extension of topological
spaces, Casopis Pést. Mat. Fys. 72 (1947), 101-106.

C. F. Mills and E. Wattel, Nowhere densely generated topological properties in
Topological Structures, II (Proc. Sympos. Topology and Geom., Amsterdam,
1978), Part 2. Math. Centre Tracts, 116. Amsterdam: Math. Centrum, 1979.
191-198.

S. Mroéwka, On completely regular spaces, Fund. Math. 41 (1954), 105-106.

P. Nyikos, Progress on countably compact spaces in General Topology and its
Relations to Modern Analysis and Algebra, VI (Prague, 1986). Ed. Z. Frolik.
Research and Exposition in Mathematics, 16. Berlin: Heldermann, 1988. 379-
410.



124

[17]

[18]
[19]
[20]
[21]
[22]

(23]

M. BAILLIF

Peter Nyikos, On first countable, countably compact spaces. IIl. The problem of
obtaining separable noncompact examples in Open Problems in Topology. Ed. Jan
van Mill and George M. Reed. Amsterdam: North-Holland, 1990. 127-161.

Peter J. Nyikos, Hereditary normality versus countable tightness in countably
compact spaces, Topology Appl. 44 (1992), no. 1-3, 271-292.

Peter Nyikos, Forcing compact non-sequential spaces of countable tightness. 1988.
Unpublished.

A. J. Ostaszewski, On countably compact, perfectly normal spaces, J. London
Math. Soc. (2) 14 (1976), no. 3, 505-516.

Jack R. Porter and R. Grant Woods, Feebly compact spaces, Martin’s axiom, and
"diamond,” Topology Proc. 9 (1984), no. 1, 105-121.

Jack R. Porter and R. Grant Woods, Fztensions and Absolutes of Hausdorff
Spaces. New York: Springer-Verlag, 1988.

Marion Scheepers, Selection principles and covering properties in topology, Note
Mat. 22 (2003/04), no. 2, 3-41.

[24] R. M. Stephenson, Jr., Initially x-compact and related spaces in Handbook of

Set-Theoretic Topology. Ed. Kenneth Kunen and Jerry E. Vaughan. Amsterdam:
North-Holland Publishing Co., 1984. 603-632.

[25] A. H. Stone, Hereditarily compact spaces, Amer. J. Math. 82 (1960), 900-916.

[26] Boaz Tsaban, Some new directions in infinite-combinatorial topology in Set The-

ory. Ed. Joan Bagaria and Stevo Todorcevic. Trends in Mathematics. Basel:
Birkhduser Verlag, 2006. 225-255.

[27] Jerry E. Vaughan, Small uncountable cardinals and topology. With an appendiz

by S. Shelah in Open Problems in Topology. Ed. Jan van Mill and George M.
Reed. Amsterdam: North-Holland Publishing Co., 1990. 195-218.

[28] William Weiss, Countably compact spaces and Martin’s aziom, Canad. J. Math.

30 (1978), no. 2, 243-249.

HAUTE ECOLE DU PAYSAGE, D’INGENIERIE ET D’ARCHITECTURE (HEPIA); In-

GENIERIE DES TECHNOLOGIES DE L'INFORMATION TIC; GENEVE — SUISSE

Email address: labaffle@gmail.com





