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ABsTrACT. We show that two generalized inverse limit spaces that
one might suspect are not homeomorphic are in fact homeomorphic.

1. INTRODUCTION AND DEFINITIONS

We are interested in the family of upper semi-continuous functions f, :
[0,1] — [0,1] and the corresponding inverse limits X, = @{[O, 1], fa}s
where the graph v(f,) of f, is the union of the line segments from (0, 0)

o (a,1) to (1,a) to (1,0) for a € [0,1]. For a € (0,1), f, is a generalized
upper semi-continuous (usc) Markov function and it follows from results
of Iztok Bani¢ and Tjaga Lunder [1] that if a,b € (0, 1), then X, is home-
omorphic to X;. But for a € (0,1), X, and X; are not homeomorphic
since the first contains the topologist’s sine curve as a subcontinuum and
the second is the harmonic fan. The functions f, where a # 0, and fy do
not satisfy the hypothesis of Bani¢ and Lunder’s theorem so we may ask,
are X 1 and Xy homeomorphic? In his master’s thesis, Christopher David

Jacobsen [4] studies X 1 where he shows that it contains 2%° arc compo-
nents and each arc component is dense. The space X is often referred to
as “the monster,” a name reportedly coined by Bani¢.

Several other authors also have results showing when families of func-
tions have homeomorphic inverse limits. For example, W. T. Ingram and
William S. Mahavier [3] have shown that if f and g are usc functions which
are topologically conjugate, then the corresponding inverse limit spaces
are homeomorphic. Michel Smith and Scott Varagona [6] have shown that

2010 Mathematics Subject Classification. 54C60, 54E45, 54F15.

Key words and phrases. generalized inverse limit, inverse limits, set valued func-
tions, upper semi-continuous.

©2019 Topology Proceedings.

193



194 F. MENA AND R. P. ROE

N-type usc functions which follow the same pattern have homeomorphic
inverse limits. Again, f, (where a € (0,1)), and fy do not satisfy the
hypothesis of their theorem.

James P. Kelly and Jonathan Meddaugh [5] examine when it is the case
that a sequence of usc functions f; converging to a usc function f implies
that lim{[0,1], f;} converges to lim{[0,1], f}. If we let a; € (0,1) with
a; — 0, then X,, are all homeomorphic by Bani¢ and Lunder’s theorem
but, again, the functions f,, and fo do not satisfy Kelly and Meddaugh’s
hypothesis. Thus, it seems somewhat surprising that it is the case that
X1 (and, hence, X, for a € (0,1)) and X, are homeomorphic, as we show
in our theorem.

A topological space X is a continuum if it is a non-empty, compact,
connected, metric space. A continuum subset of the space X is called
a subcontinuum of X. Let X and Y be topological spaces; a function
f: X — 2Y is usc at z provided that for all open sets V in Y which
contain f(z), there exists an open set U in X with € U such that if
t € U, then f(t) C V. If a function f : X — 2 is usc at z for each
x € X, we say that f is usc Let X and Y be compact metric spaces and
f: X — 2Y a function. It is well known that f is usc if and only if the
graph of f, v(f) = {(z,y) :x € X and y € f(z)}, is closed in X x Y. Let
(X)ien be a sequence of continua and for each i € N, let f; : X;1 — 2%
be a usc function. The inverse limit of {X;, f;} is denoted as @{Xi, fi}
and defined by lgl{X“fl} = {(Il)loil L x; € fi(llii+1),1'i € X, for all
i € N}

2. MAIN THEOREM
Theorem 2.1. X, is homeomorphic to X%.

Proof. Let f : [0,1] — 20U be given by f(z) = 2z for = € [0, 1],
f(z) =2 —zforxz e[i 1], and f(1) =[0,1].

2x if z € [0, 3]
flay={ 23—z ifaeli 1)
[0,i] ifz=

Let g : [0,1] — 2[%1 be given by

0,1 ifz=0
9@ =3 1_4 ize 1]

Let A = {(a1,...,ai,...) 1 a; € {0,1} and a; = 1 = a;4; = 0}. Let
B = {(b1,....,b;,...) : by € {0,(3)"} and b; = 0 = b1 € {0,1} and
bi = (3)" = biy1 € {(3)"T1,1}}. Tt is clear that A and B are subsets of
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@{[0, 1], ¢} and @1{[0, 1], f}, respectively. Two points « and y in A are
said to be adjacent if there is n € NU {oo} such that

o m;(x) =mi(y) fori >n+1;

o Tut1(z) =0 =mnt1(y);

o mi(z) =1—m(y) for i <mn.
Define Tfy :10,1] — @{[07 1], g} by ray(t) = (¢, 1-t,t, ..., 1=, 1,0, Zpy2, ...).
We say rfy is a straight line in 1'&1{[0, 1], g} connecting x and y. Notice
that any two distinct straight lines can only intersect at endpoints.

Two points z and w in B are said to be adjacent if there is n € NU{co}

and a positive integer m such that

o m;(z) = m(w) for i > n+1;

® Mpt1(2) =1=mnp1(w);
1m—
o ma(z) = 477
o m(w) = %mQ
o mi(w) = 2mq1(w) for n —m < i < m;
o mi(w) =35 —miy1(w) for 1 <i<n—m;
o mi(2) =2m(w) forn—m<i<n+1;
e mi(2) =32 —myi(w)for 1 <i<n—m.

2

Ty Ty -eey A6, 28,8, 1, Ty 2, ...) Where Xy, = 2"t and % < 2nmmg
< 1. As before, we say r2, is a straight line in @{[O, 1], f} connecting
z and w. Again, any two distinct straight lines can only intersect at
endpoints.

Define H : B — A such that H(by,ba,...) = (hi(b1),ha(ba),,..),
hi(b;) = 1 for b; = %, and h;(b;) = 0 otherwise. Define S : A — B
such that S(aq,as,...) = (s1(a1), s2(az),, ..), where

Define 2, : [1", 1™ = lim{[0, 1], f}, where 75, (t) = (§ — 2, ..., 3 -

if(llzl

si1(ar) = ifai=0and as =1

O =

ifCLl:CLQ:O,

and if sg(ax) has been defined for 1 < k < 1, let

if a; = 1
si(ai) = ifa;=0and a;41 =1
si—1(a;—1) otherwise.

N—= e

From the definitions of S, it can be seen that S is one-to-one and
onto. Since all component functions s; are continuous, S is continu-
ous; hence, S is a homeomorphism between A and B. Further, one can
see H = S7!. Let a and c be adjacent points in A and let r2, be a
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straight line in y_{[O, 1], g} so there is n such that m;(a) = m;(c) for all
i >n+1, mpy1(a) = mpi1(c) = 0, and one of 7,(a) and m,(c) is zero
and the other is 1. Suppose without loss of generality, m,(a) = 0 and
mn(c) = 1. We wish to show that there is a unique corresponding straight
line rg(a)s(c) in @{[O, 1], f} connecting S(a) and S(c). By the definition
of S, sp(an) =1, sp_1(an—1) = sn(cn) = 3, sj_1(a;—1) = 3 — s;(a;) for
all j <n,and s;j_1(cj—1) = 3 — s;(c;) for all j < n. Let | = min{k : k >
n+ 1 and a; = 1}. So there is a positive integer m such that { =n + m.
Since ;-1 = ¢—1 = 0 and a; = ¢ = 1, s;—1(aj—1) = si-1(¢1—1) = 1
and s;(a;) = si(q) = % Also, sj—2(aj—2) = Sntm—2(Gnim—2) = ﬁ and
si—2(ci—2) = Spam—2(Cnam—2) = 2,,%1 Hence, S(a) and S(c) are adja-
cent in B; therefore, 72, is homeomorphic to the corresponding straight
line rg(a)s(c).

Let p and ¢ be adjacent points in B and let rfq be a straight line in
@{[O, 1], f} so there is n such that 7, 1(p) = m11(q) = 1, mn(p) = 7n(q)
for all i > n+ 1, and one of m,(p) and m,(q) is 5 and the other is 51
m > 1.

Suppose without loss of generality, 7, (p) = 75 and m,(q) = z75r. So
Tn-m+2(p) = 1, Tn—ms2(q) = & by the definition of H, h(m;(p)) and
h(mi(q)) are equal to zero for n —m + 2 < i < n + 1; therefore, n — m + 2
is the least positive integer such that the images of h(m,—m42(p)) and
h(Tp—m+2(q)) are zero and h(mp—m+1(p)) = 1 and h(mp—m+1(q)) = 0.
This means that H(p) and H(q) are adjacent points in A. Thus, the set
of straight lines in @1{[0, 1], g} is mapped one-to-one and onto the set of
straight lines in 1&1{[0, 1], f}.

Hence, S (or H) can be piecewise linearly extended to a homeomor-
phism between 1'&11{[07 1], g} and @1{[0, 1], f}, completing the proof of the
theorem. |
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