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PROPERTIES OF ENDPOINTS AND OPPOSITE
ENDPOINTS OF HEREDITARILY DECOMPOSABLE

CHAINABLE CONTINUA (HDCC)

AMEEN A. ALHASSAN

Abstract. Let X be an hereditarily decomposable chainable con-
tinuum with X = H ∪K where H and K are proper subcontinua
and H ∩K is nondegenerate. In this paper we consider properties
of endpoints and opposite endpoints of such continuum X and the
subcontinua H and K.

1. Introduction

The Knaster continuum K is an example of chainable continuum with
exactly one endpoint k and no opposite endpoints [5]. The double Knaster
continuum is decomposable with no endpoints and no opposite endpoints
[2]. Let H be an arc with endpoints h1 and h2. If Y is a chainable
continuum with Y = H ∪K and k and h1 lie in H ∩K as shown in Figure
3 (see [3, p. 44]), then Y is decomposable continuum with exactly one
endpoint h2 and no opposite endpoints. Does there exist an hereditarily
decomposable chainable continuum X with either zero or one endpoint?
In 2017, Adikari [1] provided an answer to this question as presented here
in Theorem 1.6. In Section 2 of this paper, we provide results on the
possibility of endpoints and opposite endpoints of such a continuum X.
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Figure 1. The Knaster Continuum

A continuum is a nonempty compact connected metric space. A non-
degenerate continuum consists more than one point. A continuum is de-
composable if it can be written as union of two of its proper subcontinua.
A continuum is hereditarily decomposable if each of its nondegenerate
subcontinua is decomposable. A continuum is irreducible between two
distinct points if there is no proper subcontinuum of it containing these
points. A continuumM is unicoherent if, whenever H and K are subcon-
tinua of M with M = H ∪K, then H ∩K is connected. A continuum M
is hereditarily unicoherent if every subcontinuum of M is unicoherent. A
continuumM is a triod if it contains a subcontinuum H such thatM−H
has at least three components. The continuumM is atriodic if it contains
no triod. The composant of p ∈ M is the set Cp = {q ∈ M | there exists
a proper subcontinuum H of M with p, q ∈ H}. In a hereditarily unico-
herent space, if three continua have a common point and each of them
contains a point that is not in the union of the other two, then the union
of the three continua is a triod.

Figure 2. The Double Knaster Continuum

Let C = {C1, ..., Cn} be an indexed collection of open sets. C is a
chain if Ci ∩ Cj 6= ∅ if and only if |j − i| ≤ 1. The mesh of chain C is
defined by mesh(C) = max{diam(Ci) : i = 1, 2, ..., n}. The chain C is an
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ε− chain if mesh(C) < ε. A continuum M is chainable if for every ε > 0
there exists an ε-chain C covering M . It is known that every chainable
continuum is atriodic and hereditarily unicoherent.

A point p of a chainable continuum M is an endpoint if, for every
ε > 0, there is an ε-chain C covering M with p ∈ C1 where C1 is the first
link of the chain C. Points p and q are opposite endpoints of a chainable
continuum M if, for every ε > 0, there exists an ε-chain C covering M
with p ∈ C1 and q ∈ Cn where C1 is the first link of the chain C and Cn is
the last link of the chain C. In 1951, Bing [2] provided a characterization
of endpoints for chainable continua.

Theorem 1.1 (Bing’s Characterization of Endpoints). For any nonde-
generate chainable continuum M and p ∈M , the following are equivalent:
(A) p is an endpoint of M .
(B) If each of two subcontinua of M contains p, then one of the subcon-

tinua contains the other.
(C) Each nondegenerate subcontinuum of M containing p is irreducible

from p to some other point.

h1 = kh2

Figure 3. 1-Endpoint Decomposable Continuum

Remark 1.2. Opposite endpoints of a chainable continuumM are always
endpoints of M , but the converse need not be true in general.

Example 1.3. Let M be the topological sin 1
x -curve as shown in Figure

4. M is a decomposable chainable continuum with three endpoints x1, x2
and x3. The endpoints x1 and x3 in the limit part of M are not opposite
endpoints.

Theorem 1.4. Let M be a nondegenerate chainable continuum with end-
points p and q. The points p and q are opposite endpoints of M if and
only if M is irreducible between p and q.

Proof. The first direction is immediate from the definition of opposite
endpoints. The converse has been proved by Bing [2, Theorem 14, p.
661]. �
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Theorem 1.5 (The Boundary Bumping Theorem). Let X be a continuum
and let A be a nonempty proper subset of X. Let C denote a component
of A. Then C̄ ∩Bd(A) 6= ∅ [6, Theorem 5.6, p. 74].

Theorem 1.6. [1] Every nondegenerate hereditarily decomposable chain-
able continuum must have at least a pair of opposite endpoints.

Lemma 1.7. [7] Let M be any continuum (not necessarily chainable).
Then the following are equivalent:
(a) Each subcontinuum of M is unicoherent.
(b) The intersection of any collection of subcontinua of M is connected.

Theorem 1.8. Points x and y are in distinct composants of a nondegen-
erate indecomposable continuum X if and only if X is irreducible between
x and y.

x3

x1

x2

Figure 4. The Topological sin 1
x -curve

2. Properties of Endpoints of HDCC

Lemma 2.1. Let M be a nondegenerate decomposable chainable contin-
uum with M = P ∪ Q where P and Q are proper subcontinua of M . If
points p ∈ P − Q and q ∈ Q − P are endpoints of M , then p and q are
opposite endpoints of M .

Proof. Suppose that H is a subcontinuum of M containing both p and q.
Since p is an endpoint of M and q ∈ H − P , then P must be contained
in H. Similarly, Q must be contained in H. Therefore, H = M and M
is irreducible between p and q. By Theorem 1.4, p and q are opposite
endpoints of M . �
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Theorem 2.2. Let X be an hereditarily decomposable chainable contin-
uum with X = H ∪K where H and K are proper subcontinua of X and
H ∩K has nonempty interior. Then, for all h1 and h2 in H −K, h1 and
h2 are not opposite endpoints of H.

Proof. By contradiction, suppose that h1 and h2 are opposite endpoints
of H. By irreducibility, there is no proper subcontinuum of H containing
h1 and h2. By Theorem 1.6, X must have at least a pair of opposite
endpoints h ∈ H − K and k ∈ K − H. Let x be a point in U where
U = int(H ∩ K). Let C denote the component of H − U containing h
(Figure 5). By the Boundary Bumping Theorem, C̄ ∩ Bd(H − U) 6= ∅.
Thus, C is a proper subcontinuum of H with h ∈ C and h1 and h2
cannot be both in C because otherwise a contradiction with irreducibility
appears. Therefore, C ∪ K is a proper subcontinuum of X containing
both h and k. Then h and k are not opposite endpoints of X. �

xh k

h1

h2

H KH ∩ K

UC

Figure 5

Corollary 2.3. Let X be an hereditarily decomposable chainable contin-
uum with X = H ∪K where H and K are proper subcontinua of X and
H ∩K has nonempty interior. If there exist points h1 and h2 in H such
that h1 and h2 are endpoints of X, then h1 and h2 cannot be opposite
endpoints of H.

Proof. Since h1, h2 ∈ H are endpoints of X, then h1 and h2 cannot be
in H ∩K. By Theorem 2.2, h1 and h2 cannot be opposite endpoints of
H. �

Remark 2.4. Theorem 2.2 and Corollary 2.3 need not to be true if X is
not hereditarily decomposable chainable continuum. For example, let H
be a pseudo-arc and let K be a nondegenerate proper subcontinuum of X.
Every point in H is an endpoint of H (see [2, Theorem 16 , p. 662]). Let
h1 and h2 be endpoints of H such that they are in distinct composants
of H. By Theorem 1.8, H is irreducible between h1 and h2. By Theorem
1.4, h1 and h2 are opposite endpoints of H.
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Theorem 2.5. Let X be an hereditarily decomposable chainable contin-
uum with X = H ∪K where H and K are proper subcontinua of X and
H∩K is nondegenerate. If there exist points h1 and h2 in H such that h1
and h2 are endpoints of X, then h1 and h2 cannot be opposite endpoints
of H.

Proof. By contradiction, suppose that h1 and h2 are points of H which
are endpoints of X and opposite endpoints of H. Since each of h1 and
h2 is an endpoint of X, neither of them is a point of H ∩K. Since H is
decomposable, H = H1 ∪ H2 where H1 and H2 are proper subcontinua
of H. Then neither of h1 and h2 is a point of H1 ∩ H2 since each of
h1 and h2 is an endpoint H. Since h1 and h2 are opposite endpoints of
H, then H is irreducible between h1 and h2. Thus, neither H1 nor H2

contains both h1 and h2. Without loss of generality, assume h1 ∈ H1−H2

and h2 ∈ H2 − H1. One of H1 or H2 say H1, intersects K (Figure 6).
Therefore, H = H1 ∪ H2 and H1 ∪ K are two subcontinua of X, each
containing h1 and neither a subset of the other. This contradicts the
assumption that h1 is an endpoint of X.

H1H2 K

H ∩ KH1 ∩H2h2 h1

Figure 6

�

Theorem 2.6. Let X be an hereditarily decomposable chainable contin-
uum such that X = H ∪K where H and K are proper subcontinua of X
and H∩K is nondegenerate. Then there must exist points h0, k0 ∈ H∩K
such that h0 is an endpoint of H and k0 is an endpoint of K.

Proof. Since H ∩K is a nondegenerate hereditarily decomposable chain-
able continuum, thenH∩K must have at least a pair of opposite endpoints
x1 and x2.

Claim: One of x1 or x2 must be an endpoint of H. A similar argument
will show that one of them must be an endpoint of K.

By contradiction, if x1 is not an endpoint of H, then there exist two
subcontinua A1 and B1 of H both containing x1 but neither of them
containing the other. Thus, there exist points a1 ∈ A1 − B1 and b1 ∈
B1 − A1. Since x1 is an endpoint of H ∩ K, then one of A1 ∩ K and
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B1 ∩K contains the other. Since neither A1 nor B1 contains the other,
it follows that A1 − K and B1 − K are not equal. Hence, at least one
of (A1 − B1) − K or (B1 − A1) − K is nonempty. The continuum X
contains no triod since X is chainable. Hence, only one of (A1−B1)−K
or (B1 − A1) −K can be nonempty because otherwise A1 ∪ B1 ∪K is a
triod. Without loss of generality, assume (A1−B1)−K is nonempty and
(B1 − A1) − K is empty. Then b1 must be contained in H ∩ K. Thus,
A1 ∩H ∩K is a proper subcontinuum of H ∩K since b1 /∈ A1. Therefore,
x2 /∈ A1 since x1 and x2 are opposite endpoints of H ∩K.

If x2 is not an endpoint ofH, then there similarly exist two subcontinua
A2 and B2 of H both containing x2 but neither of them contains the other
with (A2 −B2)−K nonempty and x1 /∈ A2.

If both of the above occur, then A1 ∪ A2 ∪ K is a triod, which is a
contradiction. Therefore, one of x1 or x2 must be an endpoint of H.
Similarly, one of x1 or x2 must be an endpoint of K. �

Remark 2.7. Theorem 2.6 need not be true in general if X is not hered-
itarily decomposable chainable continuum, i.e. there exists a decompos-
able chainable continuum X with X = H ∪K where H and K are proper
subcontinua of X and there is no endpoint in H ∩K of either H or K.
For example, let X be a chainable continuum as shown in Figure 7 with
X = H∪K where H and K are proper subcontinua of X and X = H∩K
is the double Knaster continuum which does not have any endpoint.

x1

K

y1

H ∩KH

Figure 7. 2-Endpoints Decomposable Continuum

Question 2.1. Let X be an hereditarily decomposable chainable contin-
uum with X = H ∪K where H and K are proper subcontinua of X. Are
there subcontinua A and B and a point x ∈ A ∩ B such that A ⊂ H,
B ⊂ K, X = A ∪B and x is an endpoint of each of A and B?
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Question 2.1 has negative answer. For example, let H and K be as the
following proper subcontinua (Figure 8).
H = {(x, sin( 1

x ))|0 < x ≤ 1} ∪ {(0, y)| − 1 ≤ y ≤ 1} and
K = {(x, sin( 1

x )− 1)| − 1 ≤ x < 0} ∪ {(0, y)| − 2 ≤ y ≤ 0}.

1

−2

−1

0

Figure 8

Theorem 2.8. Let X be a nondegenerate decomposable chainable con-
tinuum with X = H ∪ K where H and K are proper subcontinua of X
and there exists a point h0 ∈ H ∩K such that h0 is an endpoint of H. If
there exists a point h ∈ H such that h is an endpoint of X, then h0 and
h are opposite endpoints of H.

Proof. Assume h0 and h are not opposite endpoints of H. Then there
exists a proper subcontinuum H1 of H containing both h0 and h. There
exists a point h̃ ∈ H such that h̃ ∈ H − H1. We consider two possible
cases for h̃ as follows:

Case 1: If h̃ ∈ H ∩K, then H1 and H ∩K are subcontinua of H both
containing h0, and neither of them contains the other. Therefore, h0 is
not an endpoint of H.

Case 2: If h̃ /∈ H∩K, let U be a very small nonempty proper open sub-
set of H with U ⊂ H−(H1∪K) and h̃ ∈ U . Let C denote the component
of H − U containing h as shown in Figure 9. By the Boundary Bumping
Theorem, C̄ ∩ Bd(H − U) 6= ∅, hence C = C̄ is a proper subcontinuum
of H that contains a point of H − (H1 ∪ K). Thus, C and H1 ∪ K are
subcontinua of X both containing h, but neither of them contains the
other. Then h is not an endpoint of X. �
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h0hh̃

U

H1

H K

C

Figure 9

Theorem 2.9. Let X be an hereditarily decomposable chainable contin-
uum with X = H ∪K where H and K are proper subcontinua of X. Let
h ∈ H be an endpoint of H with h /∈ H ∩K. Then h is also an endpoint
of X if and only if there exists a point h0 ∈ H ∩ K such that h and h0
are opposite endpoints of H.

Proof. Suppose that there exists a point h0 ∈ H ∩ K such that h and
h0 are opposite endpoints of H, but h is not an endpoint of X. Then
there exist subcontinua X1 and X2 of X such that h ∈ X1 ∩ X2 and
neither of them contains the other. There exist points x1 and x2 in X
with x1 ∈ X1 −X2 and x2 ∈ X2 −X1. We consider the following cases:

Case 1: If each of X1 and X2 is contained in H, then h is not an
endpoint of H.

Case 2: Assume Xi is contained in H for one of i = 1 or i = 2. Without
loss of generality, let X1 be contained in H. Since X is hereditarily
unicoherent, each of X2 ∩H, X2 ∩K and H ∩K is a subcontinuum of X.
If H ∩K is not contained in X2, then (X2 ∩ H) ∪ (X2 ∩K) ∪ (H ∩K)
is a triod, but X is chainable. Then H ∩ K must be contained in X2.
Furthermore, X2 ∩H 6= H since x1 ∈ X1 ⊂ H, but x1 /∈ X2. Therefore,
X2∩H is a proper subcontinuum of H containing h and h0 which implies
h and h0 are not opposite endpoints of H.

Case 3: Suppose that Xi intersects each of H and K for each i = 1 and
i = 2. If H∩K is not contained in X1, then (X1∩H)∪(X1∩K)∪(H∩K)
is a triod. Similarly, (X2 ∩H) ∪ (X2 ∩K) ∪ (H ∩K) is a triod if H ∩K
is not contained in X2. Hence, X1 ∩X2 must contain H ∩K. Now, we
consider the following subcases:

Case 3.1: Assume Xi ∩ H = H for one of i = 1 or i = 2. Without
loss of generality, suppose that X1 ∩H = H, hence X2 ∩H 6= H because
otherwise H ∪ (X1 ∩ K) ∪ (X2 ∩ K) is a triod. Therefore, X2 ∩ H is a
proper subcontinuum of H containing h and h0.

Case 3.2: If Xi ∩H 6= H for each of i = 1 and i = 2, then Xi ∩H is a
proper subcontinuum of H containing h and h0 for i = 1, 2.
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To prove the converse, suppose that h is an endpoint ofX. By Theorem
2.6, there must exist an endpoint h̃ ∈ H ∩K of H. By Theorem 2.8, h
and h̃ are opposite endpoints of H. Set h0 = h̃. �

Example 2.10. Let H be a topological sin 1
x -curve with endpoints h,

h0 and h1. Let K be an arc with endpoints k0 and k1. Let X be the
hereditarily decomposable chainable continuum with X = H∪K, h0, k0 ∈
H ∩ K and h, h1, k1 /∈ H ∩ K as shown in Figure 10. The following
observations hold:

h0

h

h1

k0

k1

Figure 10

i. The point h is not an endpoint of X since H and K union the limit
part of H are subcontinua of X both containing h, but neither of
them contains the other.

ii. Points h and h̃ are not opposite endpoints of H for all h̃ ∈ H ∩ K
since the limit part of H is a proper subcontinuum of X.

3. Questions

Question 3.1. Let X be an hereditarily decomposable chainable con-
tinuum with X = H ∪K where H and K are proper subcontinua of X
and H ∩ K is nondegenerate. Let x be a point in H ∩ K. Under what
conditions is x an endpoint of each of H and K?

Question 3.2. Let A be a nondegenerate compact 0-dimensional subset
of R2. Is there an hereditarily decomposable chainable continuum X in
R2 such that the set of the endpoints of X equal to A?
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Question 3.3. Let X be a continuum with X = H ∪ K where H and
K are proper chainable subcontinua of X and H ∩K is nondegenerate.
When is the continuum X chainable?

In 1966, Fugate [4, Theorem 1 p. 466] proved that for chainable con-
tinua H and K with H ∩K 6= ∅, H ∪K is chainable if and only if H ∪K
is atriodic and unicoherent.

On the other hand, it is not easy to indicate when H ∪K is atriodic.

Acknowledgment. I would like to express my sincere gratitude to my
advisor Professor Wayne Lewis whose criticisms, suggestions and guid-
ances improved the original paper greatly.

References

[1] Roshan Adikari, Endpoints of nondegenerate hereditarily decomposable chainable
continuum, (Preprint).

[2] R. H. Bing, Snake-Like continua, Duke Math. J. 18 (1951), 653–663.
[3] Julien Doucet, Cardinality, completeness, and decomposability of sets of endpoints

of chainable continua, Topology Appl. 60 (1994), no. 1, 41–59.
[4] J. B. Fugate, Decomposable chainable continua, Trans. Amer. Math. Soc. 123

(1966), 460–468.
[5] K. Kuratowski, Topology, Academic Press, Vol. 2, New York, 1968.
[6] Sam B. Nadler, Continuum theory: an introduction, Marcel Dekker, New York,

1992.
[7] Ira Rosenholtz, Absolute endpoints of chainable continua, Procs. Amer. Math Soc.

103 (1988), no. 4, 1305–1314.

Department of Mathematics & Statistics; Texas Tech University; Lub-
bock, Texas 79409

Email address: ameen.alhassan@ttu.edu


