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ON SOME QUESTIONS OF SACK AND WATSON

MEHDI PARSINIA

ABsTrRACT. In this paper, we investigate answers to the two ques-
tions raised in [J. Sack and S. Watson, Characterizations of ideals in
intermediate C-rings A(X) via A-compactifications of X, Internat.
J. Math. Math. Sci, Volume 2013, 1-6] and the problem raised in
[J. Sack and S. Watson, Characterizing C(X) among intermediate
C-rings on X, Topology Proc., 45 (2015), 301-313].

1. INTRODUCTION

Throughout this article all topological spaces are assumed to be
Tychonoff. For a given topological space X, C(X) denotes the algebra
of all real-valued continuous functions on X and C*(X) denotes the sub-
algebra of C'(X) consisting of all bounded elements. A subring A(X) of
C(X) is called an intermediate ring, if C*(X) C A(X). It is proved in |3,
Proposition 2.1] that intermediate subrings are precisely absolutely con-
vex subrings of C(X) where by an absolutely convex subring of C'(X) we
mean a subring R for which if f € R, g € C(X) and |g| < |f], then g € R.
A subring of C(X) which is isomorphic with C(Y) for some Tychonoff
space Y is called a C-ring. An intermediate C-ring is a C-ring which is
also an intermediate ring; for details about intermediate C-rings see [11].
The reader is referred to [8] and [2] for undefined terms and notations
concerning C(X) and intermediate rings, respectively. In this article,
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we answer questions from Sack and Watson [18] and [20] concerning map-
pings between ideals in intermediate rings A(X) and z-filters on X. The
first two, from [18] concern the relationships between mappings S 4 and
R 4 defined in Theorem 2.1 and after Remark 2.5, respectively. The first
question asks for what rings A(X) the two correspondences agree. We
answer this in Theorem 2.6 to be precisely the intermediate C-rings. The
second asks whether there exists an intermediate ring A(X) such that R 4
does map ideals in A(X) to z-filter on X but where the two correspon-
dences R4 and &4 do not agree. We describe why, in Remark 2.7, the
answer to this question is negative. The third question is from [20, Prob-
lem 5.3] and asks to characterize those rings A(X) such that $4 maps
maximal ideals to z-ultrafilters. We address this question in Theorem 2.9,
by giving an alternative characterization in terms of S 4-ultrafilters.

2. THE PROBLEMS

The mappings Z4 and $4 on an intermediate ring A(X) are first in-
troduced in [17] and [16], respectively, as follows: Z4(f) = {EF € Z(X) :
Jg € A(X), fglyn =1} and Sa(f) = {F € Z(X) : VH € Z(X) and H C
X\ E,3g € A(X), fglg = 1}. It is stated in [17, Theorem 1] (resp., [16,
Proposition 2.2]) that an element f € A(X) is a non-unit of A(X) if and
only if Z4(f) (vesp., Sa(f)) is a z-filter on X. Moreover, the mapping
S4 is first introduced in [15] which assigns to each element f of A(X)
the subset Sa(f) = {p € BX : (fg)*(p) = 0,Vg € A(X)} of BX. Tt is
stated in [15] that Sa(fg) = Sa(f)USa(g), Sa(f?+g%) = Sa(f)NSa(g)
and S (f™) = Sa(f) for each f,g € A(X) and each positive integer n.
Also, Sc(f) = clgx Z(f) for each f € C(X) and Sc-(f) = Z(f?) for each
f e C*(X). It follows from [10, Lemma 2.3] that f € A(X) is a unit ele-
ment of A(X) if and only if S4(f) = 0. In [13, Theorem 2.1 and Theorem
3.1] the mappings Z4 and 4 are redefined in terms of the mapping S4
and we cite them here for the sake of completeness.

Theorem 2.1. For each element f of an intermediate ring A(X), we
have
Za(f) = {E € Z(X):84(f) C intgxclﬂxE}
and
Sa(f)={FeZ(X):VHe Z(X) and HC X\ E,
Sa(f) € intgx clgx (X \ H)}.

Recall that an ideal I of a commutative ring R is called a z-ideal, if
My(R) C I for each a € I in which M,(R) denotes the intersection of all
the maximal ideals in R containing a. It is well-known that M;(C'(X)) =
{g € C(X) : Z(f) C Z(g)} and thus an ideal I in C(X) is a z-ideal if
and only if Z(f) C Z(g) where f € I and g € C(X) implies that g € I.
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Moreover, from [10, Proposition 2.7] it follows that My(A(X)) = {g €
A(X) : Sa(f) € Sa(g)} for each element f of an intermediate ring A(X).
Hence, an ideal I in an intermediate ring A(X) is a z-ideal if and only
if S4(f) C Sa(g) where f € I and g € A(X) implies that g € I. The
next theorem investigates more topological characterizations of z-ideals
in intermediate rings with respect to the mappings Z4 and &4 which
follows from Theorem 2.1.

Theorem 2.2. The following statements are equivalent for an ideal I in
an intermediate ring A(X).

(a) I is a z-ideal.

(b) If Z2a(g) € Za(f), f €1 and g € A(X), then g € I.

(c) If Sa(g) CSSalf), fel andge A(X), thenge 1.

Proof. Tt is clear that whenever Sa(f) C Sa(g), then, by Theorem 2.1,
Z4(9) € Z4(g) and Sa(g) C Sa(f). Thus, the implications (b=-a) and
(c=>a) are evident.

(a=b) Let Z4(g) C Z4(f) where f € I and g € A(X). If p & Sa(g),
then there exists £ € Z(X) such that p & clgx E and Sa(g) C intgxclgx E
which, by Theorem 2.1, implies that E € Z4(g) and hence, by our hypoth-
esis, E € Z4(f). It follows that Sa(f) C clgx E. Therefore, p & Sa(f)
which means Sa(f) C Sa(g). Consequently, as I is a z-ideal, we have
gel.

(a=c) Let Sa(g) € Sa(f) where f € I and g € A(X). If p & Sa(g),
then, similar to the proof of (a=b), there exists E € Z(X) such that
p & clgxE and E € Z4(g). By our hypothesis and the fact that Z4(g) C
Salg), E € Sa(f). Also, as p & clgx E, there exists F' € Z(X) such that
p € clgx F and clgx ENclgx F = (. It follows that EN F = () and hence,
as E € Sa(f), by Theorem 2.1 we would have Sa(f) C X \ clgxF.
Therefore, p & Sa(f) which means Sa(f) C Sa(g) and hence, as [ is a
z-ideal, we would have g € I. O

It is well-known that z-ideals of C(X) are in a one-one correspondence
with z-filters on X, in the sense that whenever I is a z-ideal in C(X),
then Z(I) = {Z(f) : f € I} is a z-filter on X and whenever F is a
z-filter on X, then Z71(F) = {f € C(X) : Z(f) € F} is a z-ideal in
C(X). However, the same statement is not true for intermediate rings, in
general. In fact, for a z-ideal I in A(X), Z(I) is not necessarily a z-filter
on X. It follows from [10, Proposition 2.7] that z-ideals of an intermediate
ring A(X) are in a one-one correspondence with zﬁ—ﬁlters on X, see [10]
for more details. It is inferred from [3, Theorem 2.2| that z-ideals of an
intermediate ring A(X) are in one-one correspondence with z-filters on
X if and only if A(X) = C(X). By restricting the class of z-ideals to
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the class of Z4-ideals and the class of z-filters on X to the class of Z4-
filters, a correspondence between these subclasses could be defined, see
[19]. Recall that an ideal I in A(X) is called a Za-ideal, if Z=1Z4 () = I
and a z-filter F is called a Za-filter, if Z4Z,"(F) = F. The class of
S g-ideals and & 4-filters are defined similar to Z4-ideals and Z 4-filters,
respectively. Note that, for a z-filter F we designate by Z;'(F) and
3,1 (F) the sets {f € A(X): Z4(f) € F} and {f € A(X) : Sa(f) C F},
respectively. Also, for a subset S of A(X), Z4(S) and J4(S) denote
the sets Jpcg Za(f) and Useg Sa(f), respectively. It is shown in [9,
Theorem 2.12] that every z-filter on X is a Z4-filter if and only if X is
a P-space. It follows that the mapping Z;l is a one-one correspondence
between z-filters on X and Z4-ideals of A(X) if and only if X is a P-
space. We recall that a topological space X is called a P-space, if Z(f),
for each f € C(X), is open in X, or equivalently, C'(X) is a regular ring,
see [8, 14.29] for more details. It is easy to see that whenever X is a
P-space, then every z-filter on X is a S 4-filter. However, the converse of
this fact does not hold, in general, see the next example which investigates
an intermediate ring A(X) for which every z-filter is a $4-filter, however,
X is not a P-space.

Example 2.3. Let X = (0,1) U{2,3,4,...} and let A(X) be the ring
of all continuous functions on X which are bounded on {2,3,4,...}. As
shown in [9, Example 3.13], every z-filter on X is a S 4-filter. However,
X is not a P-space.

The next statement gives some sufficient conditions under which every
z-filter on X would be a 3 4-filter. Note that, for each A C C(X), we set
vaX ={p € X : f*(p) < oco,Vf € A}. Tt follows that v X = vX and
verX = BX. Also, vX C vaX for each A C C(X). The spaces va X
are of particular importance in the context of intermediate C-rings, see
[5] and [11]. For more details about the spaces v4 X see [14].

Proposition 2.4. Let X be a P-space and A(X) be an intermediate C-
ring. Then every z-filter on X is a S4-filter.

Proof. Let F be a z-filter on X and Z € F. Clearly, there exists some
f € A(X) such that Z = Z(f). As X is a P-space, Z(f) is a clopen subset
of X and thus clgxZ(f) is a clopen subset of 5X. Thus, cl,,xZ(f) =
clgx Z(f) NvaX is a clopen subset and hence a zero-set of v4X. Thus,
there exists g € A(X) such that cl,,xZ(f) = Z(g¥*). It follows that
Z(f) = Z(g) and hence cl, ,xZ(g9) = cly,xZ(f) = Z(g¥4). Using this,
our hypothesis and Theorem 2.1 we could observe that S4(g) = (Z(g)) =
(Z(f)). Hence, g € S,M(F) and Z = Z(f) € Sa(g) € a3, (F).
Therefore, F is a $4-filter. O
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Remark 2.5. Note that, in Proposition 2.4, the condition that X is a P-
space could not be removed for being every z-filter a < 4-filter whenever
A(X) is an intermediate C-ring. For instance, let X = [0,00), A(X) =
C*(X) and Uy be any free z-ultrafilter on X containing N. Also, let
M = 3 (Uy). As is proved in [16, Example 4.5], S4(M) is properly
contained in Uy which implies that Uy is not a S y4-filter. It should be
noted that from [9, Theorem 2.12] it follows that whenever every z-filter
on X is a Z4-filter, then every z-ideal in A(X) would be a Z4-ideal, since,
by [6, Theorem 3.13|, every Z4-ideal is an intersection of maximal ideals.
However, the same fact is not true for the case that every z-filter on X
is a Q4-filter, in general. For example, let X = N and A(X) = C*(N).
By Proposition 2.4, every z-filter on X is a & 4-filter, however, if we let
I = (1) be the ideal in A(X) generated by . Then, as stated in [9,
Example 2.15], I is not a S 4-ideal. We show that I is a z-ideal in A(X).
Let So(f) € Sa(g) where f € T and g € A(X). We are to show that
g€l As f eI, wehave BN\ N = Z((1)?) C Ss(f). It follows that
Z((1)P) Cintgx Z(g”) and thus there exists h € A(X) such that g = 1h;
i.e., g € I. Note that Sa(f) = Sc-(f) = Z(f?) for each f € A(X). Also,
we can easily observe that, as C*(X) = C(8X), whenever f,g € C*(X)
are such that Z(f”) C intgxZ(g”), then there exists some h € C*(X)
such that g = fh.

In [18, Theorem 6] it is proved that whenever A(X) is an intermediate
C-ring, then S4(f) = Ra(f) for each f € A(X) in which Ra(f) ={E €
Z(X): Z(f"4) Ccl,,xE}. The authors then left open the following two
questions:

e precisely what rings A(X) are such that S4 = R4?

e whether there exists a ring A(X) such that R4 does map ideals in
A(X) to z-filters on X, but 4 # Ra?

By the next statement, which is, in fact, a characterization of interme-
diate C-rings, we answer the first question, answer of the second question
then follows. We note that the left to right side of this statement has also
been proved in [18, Theorem 6] and we investigate here a new proof for
this fact by means of the mapping S4.

Theorem 2.6. Let A(X) be an intermediate ring of C(X). Then A(X)
is a C-ring if and only if Sa(f) = Ra(f) for each f € A(X).

Proof. (=) Let E € Sa(f). It Z(fv4) € cl,, x E. Then there exists some
p € Z(fv4) such that p & cl,,xE. Thus, there exists some g € A(X)
such that p € clgx Z(g¥*) and clgx Z(g"4) Ncly,x E = 0. It follows that
Z(g) C X \ FE and thus, by [11, Theorem 2.2], Sa(f) = clgxZ(f4) C
clgx (X \ Z(g)), since E € S4(f). This is a contradiction, since, p €
Z(f'4) C Sa(f). Hence, Sa(f) € Ra(f). Now, assume that F €
Ra(f) but E & Sa(f). Thus, there exists some zero-set H C X \ E
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such that Sa(f) € BX \ clgx H which by [11, Theorem 2.2| implies that
clgx Z(f*4) NclgxH # (. But, by the hypothesis, Z(fY4) C E and
hence Z(fY4)N H = () which implies that clgx Z(f4)Nclgx H = (. This
contradiction means that R4 (f) C S4(f) and the equality follows.

(<) Assume on the contrary that A(X) is not a C-ring. Thus, by
[11, Theorem 2.2], there exists f € A(X) such that Sa(f) # clagx Z(fv4).
Hence, there exists some p € X such that p € Sa(f) but p & clgx Z(f4).
Thus, there exists a zero-set E such that p & clgx E and clgx Z(f¥4) C
clgxE. As p & clgx E, there exists a zero-set F' such that p € clgx F' and
clgxF NclgxE = . It follows that Z(f“4) C cl,,xE. Hence, by the
hypothesis, E' € S4(f). This implies by the definition of 4 (f) and the
fact F' € Z(X) where FF C X \ E that Ss(f) C X \ clgx F which is a
contradiction, since, p € S4(f) Nclgx F. O

Remark 2.7. Let A(X) be an intermediate ring which is not a C-ring.
Thus, by [11, Theorem 2.2|, there exists some f € A(X) such that
Sa(f) # clgxZ(f*4). Let p € BX be such that p € S4(f) and p &
clgx Z(fv+). Hence, there exists some g € A(X) such that p € Sa(g)
and Sa(g) NclgxZ(f'4) = 0. As clgxZ(g¥*) € Sa(g), we would have
cngZ(f“A) N Cngz(gvA) = Clgx(Z(va) N Z(g4)) = Clg)(Z((f2 +
gH)v4) = 0. We set h = f2 + g% It clearly follows that h € A(X),
Z(hv4) = and Sa(h) # 0, since, p € Sa(f)NSa(g) = Sa(h). This means
that h is a non-unit in A(X). Thus, the principal ideal in A(X) generated
by h, (h), is a proper ideal. It follows that Z(X) = Ra(h) C Ra((h)),
i.e., Ra((h)) is not a z-filter on X. Consequently, if A(X) is not a C-ring,
then R4 does not map ideals of A(X) to z-filters on X. Thus, the answer
of the second mentioned question is negative, i.e., there is no ring A(X)
for which R4 maps ideals of it to the z-filters and R4 # S 4. Indeed, if
A(X) is a C-ring, then, by Theorem 2.6, 4 = R4 and if A(X) is not a
C-ring, then R4 does not map ideals of A(X) to z-filters.

The following problem has been raised in [20].

Problem [20, Problem 5.3]. Characterize those intermediate rings
A(X) for which S4(M) is a z-ultrafilter on X whenever M is a maximal
ideal in A(X).

In [16, Theorem 4.7] it is shown that %;‘1(2/{) is a maximal ideal in
A(X) for each z-ultrafilter i on X. The next lemma investigates a more
precise version for this fact. Recall that z-ultrafilters on X are precisely
the z-filters UP = {Z € Z(X) : p € clgx Z} for p € BX. Remark that we
use MY to designate the set {f € A(X) :p € Sa(f)} for each p € SX.
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Evidently, M% = M? and M{. = M*?. From [15, Theorem 2.8 and
Theorem 2.9] it follows that maximal ideals of an intermediate ring A(X)
are precisely the ideals M’} for p € SX.

Lemma 2.8. Let A(X) be an intermediate ring of C(X). Then,
3,1 UP) = MY for each p € BX.

Proof. Tt suffices to show that M%L C S, (UP) for each p € BX. Let
f e M} and E € Sa(f). If E ¢ UP, then p & clgxE. Thus, there
exists Z € Z(X) such that p € clgxZ and clgxZ NclgxE = 0. It
follows that Z C X \ E and hence, as E € Sa(f), by Theorem 2.1,
Sa(f) C intgxclgx (X \ Z) which contradicts the fact that p € clgxZ.
Therefore, Sa(f) CUP; ie., f € I, (UP). O

The following statement could be considered as an answer to the men-
tioned problem. Be reminded that a z-filter F is called a S 4-filter if it
satisfies the equality $,'S4(F) = F. A maximal 3 4-filter is a maximal

S 4-ultrafilter.

Theorem 2.9. Let A(X) be an intermediate ring of C(X). Then Sa(M)
is a z-ultrafilter on X for each mazimal ideal M in A(X) if and only if
every z-ultrafilter on X is a & 4-ultrafilter.

Proof. (=) We first show that S4-ultrafilters on X are precisely the S4-
filters S 4 (M) where M is a maximal ideal in A(X). Let M be a maximal
ideal in A(X) and F be a S 4-filter on X containing 34 (M). It follows
that M = 37" Sa(M) € I™1(F). By [13, Answer to Question 3], 37" (F)
is an ideal in A(X) which implies that M = ;' (F) and hence 34 (M) =
FaS,H(F) = F. Now, let UP be a z-ultrafilter on X for some p € 5X.
Then, by Lemma 2.8, I, (UP) is the maximal ideal M% in A(X). By
our hypothesis, S4(M%) is a z-ultrafilter on X. Thus, we clearly have
S a (M%) = UP which means that UP is a S 4-ultrafilter.

(«<=) This is evident by the fact that every S 4-ultrafilter is of the form
a4 (M) for some maximal ideal M in A(X). O

Remark 2.10. In [19, Theorem 5.1] it is stated that whenever A(X) is an
intermediate C-ring for which every z-filter is a J4-filter, then 4 (M)
is a z-ultrafilter on X for each maximal ideal M in A(X). However, it
easily follows from Theorem 2.9 that whenever A(X) is an intermediate
ring for which every z-filter is a S 4-filter, then 4 (M) is a z-ultrafilter
for each maximal ideal M.

It is shown in [20, Theorem 5.2| that whenever X is a P-space and
A(X) is an intermediate C-ring of C'(X), then S (M%) is a z-ultrafilter
for each p € BX. We provide an extended version of this fact by the next
theorem which would be a partial answer to the problem.
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Theorem 2.11. Let X be a P-space and A(X) be an intermediate ring
of C(X). Then Sa(M?%) is a z-ultrafilter on X for each p € BX.

Proof. Let p € X be given. It is clear that Z4 (M%) C Sa(MY). Also, if
E € 34(M?%), then as X is a P-space, X \ E is a zero-set. Hence, Theorem
2.1 implies that E € Z4(M?%). Thus, Sa(MY) = Z4(M%). Moreover, by
Theorem 2.1, Z4 (M%) ={E € Z(X) : p € intgxclgxE} = {F € Z(X) :
p € clgxE} = Z(MP) which is clearly a z-ultrafilter on X. Therefore,
Ja(MY) is a z-ultrafilter on X. O

Acknowledgment. The author would like to thank to the well-
informed referee for reading this paper carefully and giving useful sug-
gestions.
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