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MATHEW TIMM

ABsTrACT. We produce a disk with countably many holes which
has, for each finite group G, a regular self cover with group of deck
transformations isomorphic to G. This disk with holes is then used
to produce other examples of continua with the same self covering

property.

This is the second of two papers motivated by the problem of finding
continua X which have regular self covers f : X — X with a nonabelian
group of deck transformations. In the first paper, joint work with Alberto
Delgado [7], the question about existence of such spaces is answered very
strongly in the affirmative. It is shown that there are two metric continua,
one infinite dimensional and one 1-dimensional, which have the property
that given any finite group G, each of the continua has a regular |G|-fold
self cover with the associated group of deck transformations isomorphic
to G. Thus, each of these continua satisfies the universal regular finite-
sheeted (URF) self cover property: they have regular self covers with group
of deck transformations isomorphic to G for every finite group G. Conse-
quently, these continua have regular self covers with deck transformations
isomorphic to every finite nonabelian G. The one dimensional continuum
turns out to be homeomorphic to the Sierpinski curve (aka, the Sierpinski
carpet) S.
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20B25, 57TM10.
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It is clear that one may find other low dimensional continua which have
regular nonabelian self covers by taking products of the Sierpinski curve
with other spaces of various dimensions. Specifically, S x [0,1] is such
a 2-dimensional space, S x [0,1]? is a 3-dimensional example, and more
generally, S x M where M is any finite connected (n — 1)-dimensional
complex produces n-dimensional examples. However, these examples are
both somewhat uninteresting in that they are products, yet at the same
time, they are complicated in the sense that the local topology around
every point in § X M is complicated. The infinite dimensional example of
[7] is also a product, an infinite direct product, and as a consequence it also
has complicated local topology at each of its points. These observations,
Daverman [10], and remarks in [7] indicate that the problem of finding low
dimensional non-product spaces with simple local topology and regular
self covers with nonabelian group of deck transformations is of interest.

In the current paper we show that there is a non-product 2-dimensional
continuum with simple local topology around most of its points which has
finite sheeted regular self covers with nonabelian groups of deck transfor-
mations. We prove the stronger result, that

Theorem 1 There is a disk with holes K which satisfies the URF self
cover property. Furthermore, there is a Cantor set C' C int(K) such that
K\ C is a connected 2-dimensional (planar) manifold with boundary.

By [7] and Theorem 1, we now have two low dimensional non-product
continua, the Sierpinski curve and the disk with holes of Theorem 1, which
satisfy the URF self cover property.

The method used to prove Theorem 1 is also of interest. First, it is an
abbreviation of the process used in [7] to show that the Sierpinski curve
satisfies the URF self cover property. This process is based on Whyburn’s
characterisation [23] of the Sierpinski curve as the complement in a 2-
disk 3 of the interiors of a dense null sequence of 2-disks contained in £3.
Theorem 1 follows from the recognition that the requirement that the null
sequence of disks be dense can be relaxed and the observation that the
Sierpinski curve exercises a sort of “control” over how this null sequence
accumulates.

Second, the proof of Theorem 1 is of interest because it can be used as
the basis for a process that allows one to build many non-homeomorphic
low (and high) dimension non-product spaces which satisfy the URF self
cover property. These constructions are captured in Corollaries 4.1 and
4.2 in Section 4.

Finally, note that because of the usual correspondence between cover-
ing spaces and subgroups of their fundamental groups, there is the related



SPACES WITH REGULAR NONABELIAN SELF COVERS II 129

group theoretic problem of determining groups G' which have proper finite
index subgroups H isomorphic to G. A proper subgroup H of G which
is isomorphic to G is called a clone and groups which possess clones are
said to be non-cohopfian. Thus, the topological problem of determining
spaces with finite index regular nonabelian self covers corresponds to the
group theoretic problem of determining which non-cohopfian groups G
have finite index normal clones H such that G/H is nonabelian. The
fundamental groups of the continua constructed in Theorem 1, Corollar-
ies 4.1 and 4.2, and [7] provide concrete examples of such non-cohopfian
groups. In fact, the fundamental group of the infinite dimensional contin-
uum of [7] produces a direct product which is dramatically non-cohopfian
and which has quotients by appropriate clones which are nonabelian.

References for some of the continua theoretic aspects of self covers
include [2], [7], [8], [12], [14], [15], [16], [17] and [21]. Techniques similar
to those used in this paper are exploited to produce interesting wild knots
in [19]. Related group theoretic concerns are addressed in [13] and [20].
Results at the interface of the topology and the group theory include [1],
3], [4], [5], [6], [9], [10], [11], [19], and [22]. See [7] for a more detailed
summary of these sorts of results.

This paper is organized as follows. Section 1 contains background
material including the definition of a controlled patterned space and a
proof that the Cantor set satisfies the universal regular finite sheeted
self cover property. Section 2 contains the proof that patterned disks
controlled by the Cantor set are unique up to homeomorphism. Section 3
contains the proof of the Theorem 1. Section 4 shows how to use controlled
patterned disks to build many spaces which satisfy the universal regular
finite-sheeted self cover property. Section 5 contains a question suggested
by the results in this paper.

1. BACKGROUND MATERIAL

All continua in this paper are compact connected metric spaces. A
manifold may have nonempty boundary. A disk with holes is a space home-
omorphic to 8\ (U {int(B) : B € B}) where j is a closed 2-dimensional
disk and B is a collection of pairwise disjoint closed 2-dimensional disks
each of which is contained in int(3). If |B] = m, m = |N| allowed, we
say B is a disk with m holes. The closed disk of center p and radius € is
denoted B(p,¢€). A neighborhood of a set S is an open set containing S.
Our fundamental groups have base points but we suppress the base point
in the notation. Let N* = {0} UN.

Let X and Y be continua and f : X — Y a covering space map. The
group Auty (X, f) of deck transformations of (X, f) overY is the set of all
homeomorphisms « of X under function composition such that foa = f.
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The covering space f : X — Y is a regqular cover, if given any y € Y
and x1,72 € f~1(y), there is an o € Auty (X, f) such that a(z;) = za.
Given a group G, an |G|-fold cover f : X — Y is a G regular cover, if
Auty (X, f) = G. A regular cover is a cyclic cover provided its group of
deck transformation is a cyclic group. Given n € N, a regular n-fold cover
is an n-fold cyclic cover if Auty (X, f) = Z,. A cyclic cover is a finite
cyclic cover if it is an n-fold cyclic cover for some n € N. A G regular
cover is a nonabelian regular cover if G is a nonabelian group.

If f: X — Y is an n-fold cover and a subset S C Y is contained
in a fundamental domain of f, the full lift of S by f is f~(S). When
S is contained in a fundamental domain of f, the full lift of S by f
will be written f~1(S) = SM U... U S™ where each S is mapped
homeomorphically onto S by f. Each S is called a lift of S.

We give a technical meaning to the notion that a continuum is “simple”
as follows. A continuum X of topological dimension n is simple if there
is a subset S C X such that X \ S is a connected n-dimensional manifold
which is open and dense in X. Note, (X \ S) # 0 allowed.

It follows from the classification of 2-dimensional compact manifolds
that any two disks with the same finite numbers of holes are homeomor-
phic. However, for disks with |N| holes one must also pay attention to
how the boundary circles of the holes accumulate. See |7, Example 2.2]
and the remarks at the beginning of Section 4 in the same paper. One
may also prove the following.

Proposition 1.1. Let D;,j = 1,...,n be countably infinite collections
of pair-wise disjoint closed disks contained in the interior of the closed
2-disk B and {p1j,...,p;;} finite point sets contained in int(B) \ U{D;; :
Dji S Dj}. Let

Kj = 5 \ U{mt(Dﬂ) : -Dji S Dj}, ] = 1, o,
be disks with countably infinitely many holes such that
Cl(U{aDij : Dij S Dj}) \ U{@DZ—J— : Dij € Dj} = {plj, ce. ,pjj}.

Then K; and K}, are homeomorphic if and only if j = k.

Consequently, there are disks with countably infinitely many holes which
are not homeomorphic. Also observe that each of the K of Proposition
1.1 are simple: by removing the finite point sets on which the boundaries
of the holes accumulate, one obtains noncompact connected 2-dimensional
planar manifolds with boundary.
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1.1. Patterned spaces and control sets. Let X be a topological space,
F a collection of subsets of X, and S a subset of X. The pair (X, F) is
a patterned space and F is the patterned space’s pattern. The triple
(X, F,S) is a controlled patterned space with control set S, if (U {F:
FeFl)cX\Sand S=c((U{F:FeF}))\(UW{F:FeF},ie,S
is the set of accumulation points of the pattern F.

Example 1.2. Set 3 equal to a 2-disk, and D = {int(D;) : i € N}, where
{D; : i € N} is the null sequence of disks used to form the Sierpinski
gasket S as in the introduction. Then (8, D) is a patterned space with
pattern D and (8, D, S) is a controlled patterned space with control set
S.

Example 1.3. The pairs (K;,{0D;; : D;; € D;}) of Proposition 1 are
patterned spaces. The triples

(K;,{0Dij : Dij € Dj},{p1j 5 pij}),

j = 1,...,n, are controlled patterned spaces. The control sets are, re-
spectively, {p1; ,...,pj;}-

1.2. Standard patterned disks and annuli. Choose a very small € >
0. Consider the closed 2-disk 8 = [—€,2 — €] x [-1,1]. Let C denote
the standard middle thirds Cantor set in [0,1] x 0. Let M = {(i,5) :
(35, 5) is used to form C}. Let M = {(0,0)} UM. For (i, ) € M, let
Bij = B((34+,0), 157) C B and let By = B((2,0),1) C 8.

Let B = {Bij : (Z,]) € M} and let B® = {BZJ : (Z,j) € MO} =
BU{By}. Let 9B ={0B : B € B} and 90B° = {0B : B € B°}.

The standard patterned disk controlled by the Cantor setis (8,8,C). The
patterned disk (3,B°,C) is the augmented patterned disk controlled by
the Cantor set.

Let K = g\ (U{int(B) : B € B}). The standard patterned disk with
holes controlled by the Cantor setis (K,0B,C). Let K° = B\ (U{int(B) :
B € M"}). Then (K°,0B°,C) is the augmented patterned disk with holes
controlled by the Cantor set.

We sometimes say £ is the standard patterned disk, 3 is the augmented
patterned disk, K is the standard disk with holes, or KV is the augmented
disk with holes instead of using the full triple to denote these objects.
When this is done, the patterns and control sets are assumed to be those
indicated above.

See Figure 1 for pictures of the patterned disks (3, B, C) and (3, B°, C)
and patterned disks K and K° with holes. The shaded regions in Figure
1 serve a dual purpose: they can either be thought of as the interiors of
the disks in the patterns B and B° or as the holes in K and K°.




132 MATHEW TIMM

@]
79 = 8/9 | 2-¢

@]
8/9 | 2-e

719

Letes

[

23
|-|.|-I [
. petered Fetotoy retor
23

FiGURE 1. Top: The standard patterned disk or stan-
dard patterned disk with holes. Bottom: The augmented
patterned disk or augmented patterned disk with holes.

Let A = [—€,2 — €] x [-1,1]/ ~ denote the annulus formed by glue-
ing —e x [~1,1] to (2 — €) x [~1,1] via (—¢,t) = (2 —€,t). Let A° =
A\ (UW{int(B) : B € B°}). The standard patterned annulus with holes con-
trolled by the Cantor set is the controlled patterned space (A%, 0B°,C).
See Figure 2.

Observe that both of K and A° are formed by removing open 2-disks
from (8 which have centers at the midpoints of one of the “deleted” open
intervals used to form the Cantor set C' and whose diameters are only
one half of the length of this interval. This observation has two con-
sequences. First, it follows from their definitions that all of (5,8,C),
(8,B°,C, (K,0B,C), (K°,B°,C), and (A°,0B°,C) are patterned spaces
with the same Cantor set C' as their control spaces. Second, the fact that
the diameters of the open 2-disks removed from § to form K and from A
to form A° are less than the total distance between the endpoints of each
associated “deleted” interval used to form C allows the construction of iso-
topies which show K, K°, and A are just three different ways of thinking
about the same disk with countably infinitely many holes. The topologi-
cal equivalence of these three spaces is a special cases of the Uniqueness
Theorem proved in the next section. However, it is instructive to point
out that simpler proofs showing they are all isotopic are available. The
isotopies giving the equivalence are shown in Figure 3.
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FIGURE 2. The standard patterned annulus with count-
ably infinitely many holes.

Briefly, the isotopy f: in the figure shifts 0B ; onto 0B g, shifts 05 2
onto dB; 1 and shifts 9By, onto 0By (,—1). Consequently the standard
patterned disk K is isotopic to the augmented patterned disk K°.

The isotopy hy shifts 0By onto 0B 5 = 3B((%, %), %), and is other-
wise the same as h;. Applying first f;, then h; and re-coordinatizing as
in Figure 4, it follows that standard patterned disk K is isotopic to the
standard patterned annulus A° and Proposition 1.4, below, follows.

Note that f; and h; are the identity outside ¢l(IN) where N is as indi-
cated in Figure 3. In particular note that N is an open set in the com-
plement of the Cantor set and in the complement of most of the closed
disks in the pattern B. The only point in C' contained in ¢l(N) is (0,0).

Proposition 1.4. The patterned spaces K,K°, and A° are isotopic.

By inducting on the number n of holes
int(Bu), int(Blg), . ’L"I’Lt(BhL)

that one wants to move off the z-axis to positions far from C, the proof
of Proposition 1.2 generalises to produce the next result.

Proposition 1.5. Let {D1,...,D,} be a collection of closed disks in
int(8) \ ([0,1] x 0) such that the disks in BU (U, D;) are pairwise
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FiGURE 3. The homotopies f; and h;.

disjoint. Then the patterned disk with holes
(K\ (U?:1 int(Di)),GB U ( S {8Di}),C)

controlled by the Cantor set C is isotopic, as a triple, to the standard
patterned disk with holes (K,08B,C) controlled by C.

1.3. The Cantor set and the URF self cover property. There are
various ways, e.g, |7, 2.3], to show that the Cantor set has G regular self
covers for every finite group GG. The proof given here forms the basis for
our approach to Theorem 1. We call the combination of this result and
the additional structure provided by the remarks following its proof the
Method of Disks with Holes.

Proposition 1.6. Let C' be the Cantor set. Then C satisfies the URF
self cover property. Furthermore, setting 8 = [—¢,2 — €] x [-1,1], € > 0
very small, we may assume that C is the middle thirds Cantor set in
[0,1] X 0 C B and ¢ is the restriction of a G regular cover

Og : B\ (U?zl int(Vi)) A (U;”zl int(Wj))
where {V; : i =1,...,n} and {W; : j = 1,...m} are a collections of

pairwise disjoint closed disks whose unions are far from, that is, outside
a neighborhood of, C.

Proof. Fix a finite group G = (g1,.--y9m : T1,...,7) with a fixed
presentation. There are the standard algebraic results which say that
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FIGURE 4. K as A° with Bj, as the inner hole in the
annulus A. The inner rectangle is the circle [0,2] X
0/((0,0) ~ (2,0)) of A.

G = F,,/F,, where the F; are free groups on i generators and F;, is nor-
mal of index |G| in F),. Using the fact that the fundamental group of
a disk with finitely many holes is a free group we express these results
topologically in Step 1.

Step 1. Start with a disk M with m holes. Then there is another disk
X with (usually a different number) n of holes and a regular g = |G|-fold
covering space map f¢ : X — M such that G = m (M)/65(m (X)) is
the group of deck transformations. Let Xy, My denote, respectively, the
closed disks from which X and M are obtained. Also, without loss of
generality, assume that 65 maps the boundary 0Xy, C X onto My C M.
Note that the boundary circles of some of the holes in X might also map
onto OMy C M.

Step 2. Now choose a small closed 2-disk E of M that is evenly covered
by 0. Identify E with a small copy of our standard patterned disk
(8,B,C). Then within int(F) = int(8) there are copies of the intervals
[0,1] x 0 C [0,2 — €] X 0 and the the middle thirds Cantor set C' contained
in [0,1] x 0. By construction, the holes in M are far from C and, in fact,
far from all of [0,1] x OU (U{B : B € B}) C E. Specifically the holes are
outside of the 2-disk E.
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Since the union of finitely many Cantor sets is a Cantor set, 951(6’) is
another Cantor set contained in ' (E). The restriction 0 : 05" (C) — C
is a regular G self cover. Consequently, it follows that C satisfies the URF
self cover property. |

There is additional structure which can be imposed on 6g. We do so
in the following. More is said about 051(0) in Step 3 and more about C
is in Step 4.

Step 3. Let B and B°(®) be, respectively, the lifts of the patterns B and
B° contained in E to the lift E®). Within each lift E®, i=1,...,9—1
apply a copy of the isotopy f; of Proposition 2 and turn each of these
E® | thought of as copies (), B®) C?) of the standard patterned disk,
into lifts which are copies (3¢, B°® ¢ (i)) of the augmented patterned disk
(8,BY,C).

Next, for each i = 1,...,g — 1 connect the point lift (2 —¢,0)) € E®
to the point lift (—e, 0)0+Y € EC+D by a path ;, an embedding of an
interval where all of -; except its initial and terminal point are contained
in int(X)\ (U_y BY)U (U i) Fori=1,...,9—1,let A" = U{B*® :
BY®) ¢ B} and let A9 = U{BWY : B ¢ BW}. It is important to
note that the A%, 4 =1,...,g — 1, are the union of the disks in copies of
the pattern B° while A9 is the union of the disks in a copy of the pattern
B.

Then the subspace

S = (U] ([~62— ¢ x0)DUA U) U (([~€2— ¢ x 0)@ UAY)

of X is homeomorphic to the subspace [0,1] x 0U (U {B : B € B}) of
(. Furthermore X can be recoordinatized so that it becomes a copy of
with n holes punched into it. Applying an isotopy we can assume that S
has been isotoped onto [0,1] x 0U (U{B : B € B}). By construction, the
holes in 3 are outside a neighborhood of [0,1] x 0U (U{B : B € B}).

Step 4. Similarily, M can be recoordinatized and then isotoped so that
it is a copy of the standard patterned disk (8, B, C) with m extra holes
punched into it which are far from the union of [0, 1] x 0 and the disks in
the pattern.

Step 5. Steps 1-4 produce disks with holes X* = g\ U™ int(WW;) and
M= = B\ Uj_yint(V;) which are, respectively, the domain and range of
the G regular cover g composed with the isotopies of steps 3 and 4.
We abuse notation a bit and denote this composition by the same sym-

bol. Consequently, we have a GG regular covering space map of controlled
patterned space triples ¢ : (X*,B,C) — (M*,B,C).
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2. THE TOPOLOGICAL EQUIVALENCE OF PATTERNED DISKS
WITH HOLES CONTROLLED BY THE CANTOR SET

Theorem 2.1 (Uniqueness Theorem). Suppose (8',B',C") is a controlled
patterned disk with pattern B’ consisting of a countable collection of pair-
wise disjoint closed disks contained in int(S’) controlled by a Cantor set
C' Cint(B’). Then (8',B',C") is homeomorphic, as a triple, to the stan-
dard patterned disk controlled by the Cantor set (8,8,C).

Proof. We may assume ' = 8 = [—¢,2 — €] x [—1,1]. The Denjoy-Riesz
Theorem [18] then provides a homeomorphism of S which allows us to
assume that the Cantor set C” is a middle thirds Cantor set contained in
an interval I in in¢(5). After an ambient isotopy of 3, if necessary, we
may assume that I = [0,1] x 0 C 8 and C' = C. Consequently, what
remains to be shown is that if (8,8, C) is a patterned disk controlled by
C, then (8, B’,C) is homeomorphic as a triple to the standard patterned
disk controlled by the Cantor set. We prove a somewhat stronger result:
if (8,B',C) is a patterned disk controlled by the middle thirds Cantor
set C' C [0,1] x 0, then (8, B’,C) is ambiently isotopic as a triple to the
standard patterned disk controlled by the Cantor set C' via an isotopy
which is the identity on C and fixes [0, 1] x 0 set-wise.

Let B = {B], : n € N}. By an ambient isotopy of § which is the
identity on C, is the identity outside the closure of a small neighborhood
of US2 B, and is setwise fixed on [0, 1] x 0, we may assume that each
B, is, in fact, a small round disk B}, = B(py, €,) where p,, € int(B],) and
€n < 1 - diam(By,).

Now suppose (U2, B, )N[0,1] x 0 # 0. Let n; be the least n such that
B;,, N[0,1] x 0 # (. Choose a small neighborhood N = N(By, ) of By,
whose closure is disjoint from C and the other disks in the pattern. There
is an ambient isotopy which is the identity outside cI(N) which shrinks
€n,, is the identity on [0, 1] x 0 and isoptopes B, off [0,1] x 0. Continuing
inductively, each B,,, which intersects [0, 1] X 0 can be isotoped off [0, 1] x 0
via an ambient isotopy of 5 which is the identity outside the closure of
a small neighborhood of By, and fixes [0,1] x 0 and C. Hence, we may
assume, after an ambient isotopy of 8 that (U2, B;) N [0,1] x 0 = 0,
i.e., that the pattern in the patterned disk (8,8, C) controlled by C is
disjoint from [0, 1] x 0.

Observe that there is some finite collection of the B], whose distance
to [0,1] x 0 is a maximum. If there are more than one disk in this col-
lection, choose one among them that is closest to the midpoint ( %, 0) of
the “deleted” interval of length % used to form C. By renaming if nec-
essary, we may assume that the chosen disk is Bj. Choose a small path
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connected neighborhood Ny = N (Bf U{(3,0)}) whose closure is disjoint
from C'U (LJ;’LO:2 B;l) Apply an ambient isotopy of 8 which is the identity
outside ¢l(Ny), fixes [0, 1] x 0, and isotopes B onto a small round closed
disk whose center is p; = (%, 0), the midpoint of the “deleted” interval of
length %, and whose radius is €; < % . é We denote the resulting disk by
the same symbol B] = B(p1,€1).

Next, in the collection {B!, : n > 2} there is a finite collection of disks
whose distance to [0, 1] x 0 is largest and second largest. Among this finite
collection, choose two, say they are Bj and B}, such that the distance from
B} to (£, 0) is minimized and the distance from Bj to (12,0) is minimum,
i.e., the distances from this pair of chosen disks to the pair of midpoints
of the “deleted” intervals of length Bi is minimized. Choose a small path
connected neighborhood Ny of By U {(55,0)} such that cl(N3) is disjoint
from C and the other disks in the pattern B’ and choose a small path
connected neighborhood of B} U (1—38, 0) whose closure is disjoint from C
and the other disks in the B’. Use N to ambiently isotope B} and Nj
to ambiently isotope Bj onto small closed disks B(pz,€2) and B(ps,€3)
where ps and p3 are the midpoints of the “deleted” intervals of length %
contained in Ny and N3 respectively and €5, €3 < % . % Again, we may
assume the ambient isotopies are the identity outside of cl(N2) U cl(N3)
and fix [0,1] x 0 set wise. Also, we again denote the resulting closed disks
by the original symbols Bj = B(pz, €2) and By = B(ps, €3).

Continuing inductively, we can assume that after an ambient isotopy
which is the identity on C' and fixes [0, 1] x 0 set-wise, that (8, B’,C) is
a patterned space where B’ = {B), = B(pn,€,) : n € N} and for i € N*
and each n, 2 <n < 2°t! — 1, p, is the midpoint of one of the “deleted”
intervals used to form C and ¢, < i . ﬁ

Finally by an ambient isoptopy of 8 that is the identity on C| is the
identity on the midpoints of the “deleted” intervals used to form C' and
fixes [0, 1] x 0 set-wise, those BJ, whose radii are smaller than the radii of
the the disks in the standard pattern B centered at the same point can

be enlarged until BY, is a disk in the standard pattern B. O

3. THE PROOF OF THEOREM 1

Since K is homeomorphic to the annulus A° with infinitely many holes,
it is easy to see that it has cyclic n-fold self covers f,, : K = A? -+ K = A°
for alln € N. The 2- and 3-fold cyclic self covers are illustrated in Figure 5.
The picture also indicates how to inductively define all of these cyclic self
covers. Methods for coordinatizing these sorts of self covers are illustrated
and exploited in [1], [19] and [21].

We restate Theorem 1 using the language developed in Section 1.
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FIGURE 5. Cyclic self covers of the annulus A° with in-
finitely many holes. The lifts of £ x [—1,1] from the range
A® are shown in the domains of f» and f3

Theorem 1. There is a simple disk with countably many holes which
satisfies the universal reqular finite-sheeted self cover property.

Proof. Fix a finite group G. Apply the Method of Disks with Holes to
obtain the G regular cover

O« (X =B\ (UiLy int(V3)), B,C) — (M = 8\ (UjL, int(W;)), B,C)

of patterned spaces.

Now delete the interiors of the disks in the patterns in both X and M
to obtain, respectively, X* = X \ (U {int(B) : B € B}) and M* = M \
(U{int(B) : B € B}) patterned disks with (a few extra) holes controlled
by the middle thirds Cantor set C'. The restriction 6g : (X*,08,C) —
(M*,08,C) is a G regular cover of patterned disk with holes triples. But,
applying Theorem 2 or Proposition 1.3, it follows that both the domain
and range are homeomorphic to the standard disk with holes (K, B,C)
controlled by C. The composition of these homeomorphisms with the
restricted 0¢ gives that K has a G regular cover. g

We close this section with some remarks about 0o : X* — M*. The
proof above begins by specifying the finite group G of interest and shows
that the X™* and M™ it determines are copies of K. The method in which
X* and M* are developed gives primacy to certain boundary circles,
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namely 0V; and OWj, of the holes in K. Specifically, these boundary cir-
cles, together with the boundary 98 C X*, are the only boundary circles
on which f¢ might possibly not be a homeomorphism and, by construc-
tion, for any particular G there are only finitely many such boundary
circles. Henceforth, we use the notation g : X* — M™* to indicate that
we are thinking of the domain copy of K as K\ ( U, %) and the range
copy as K\ (U;»"zl Wj) where the V; are the only holes whose boundaries
(together with 0f) might not be mapped homeomorphically onto one of
the boundaries of the W; or the boundary of the disk 8. The JdV; and
OW; will be called special boundaries.

4. OTHER CONTINUA SATISFYING THE URF SELF COVER
PROPERTY

The patterned disk with countably many holes K and the proof of
Theorem 1 provide a basis for producing other continua which satisfy the
URF self cover property. We begin with an outline of the process.

I. Begin with a controlled patterned disk with countably many holes
(K, 0B, C) controlled by the Cantor set C.

II. For a given finite group G the controlled patterned disk with holes
K may be thought of as both the domain and range of the G regular
cover Og : X* — M*. In K = X* there is a collection, 0V}, of special
boundaries of certain holes together with 08 on which 65 might not be
a homeomorphism. In K = M* the images of these circles, the OW; and
0, are also special.

III. To the special circles of II, attach a space Zy which has regular cyclic
self covers of all orders. Z; is attached to each of these special circles
along a circle which is mapped to itself by these self covers.

IV. Choose a countable (possibly infinite) sequence Zy, Z1, Za, . . . of spaces,
including Zj, to attach to boundaries of the remaining holes in X* and
M*.

V. Attach the spaces selected in IV to the boundaries of the nonspecial
holes in the patterned disks K = X* and K = M*. Extend the metrics
on X* and M* to the copies of the Z; attached in both III and IV. The
attaching processes and extensions of the metrics are done so that every
neighborhood of each point p in the control set C contains infinitely many
copies of each of the Z;. For i > 1, each copy of Z;, in X™* is mapped
homeomorphically onto its image in M™* by 0.

We now give the technical details. Begin by deciding whether to attach
some finite number, say ¢, different continua or |N| different continua to
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the boundaries of the holes in the standard disk with holes (K,085,C)
controlled by C. Then let Z be a continuum, e.g, the m-torus x7,S%,
with n-fold cyclic self covers for all n € N. For specificity, choose Z; to
be the 2-torus, S! x S', choose the cyclic n-fold self cover to be that
induced by the map ¥ — €i"? on the first coordinate, and choose S} =
{(e®,1) : 0 < 0 < 27} C S' x 8! as the circle mapped to itself by
each of the self covers. Choose a collection Z = {Z, Z1, ...} of pairwise
nonhomeomorphic continua which includes the 2-torus Zy. Z is called
the adjunction sequence. Let

z_ {Zy,Z1,...Z,—1}, if attaching ¢ continua;
{Zy,Z1,2Z3,...}, if attaching infinitely many continua.

Next, we attach copies of the Z; to the boundaries 0Bj; of the holes in
the standard punctured disk K so that every neighborhood of each point
x € C contains infinitely many copies of all the Z;’s. The case |Z| = ¢
and the case | Z| = |N| begin the same way.

Let 0y K denote the boundary in K of the closed disk S used to form
K. Let o : St — 99K be a homeomorphism. Attach a copy of Z; to
oK via .

For each j > 1, choose a subset 0; C Z; which is homeomorphic to a
subset 7; C S* and a homeomorphism ¢, : 0; — 7;. The o, and 7; can
be as simple as finite point sets, e.g., a single point, or something more
complicated.

Next, partition N into subset L,, = {2771, 2"=1+1,...,2" —1}. Note,
|L,|=2""1.

For each (i,j) € M, define «;j, the space attached to 0B;; in the
pattern 9B, as follows:
(1) If |Z| =¢q, Let a =3 (mod q), 0 <a < gq—1, Define a;; = Z,.
(2) If |Z| = oo, observe that for each j € N there is a unique n(j) € N
such that j € Ly(;). Let a = j (mod 27()=1) where 0 < a <
279~ Define av;j = Z,.

Finally, attach «;; to 0B;; via a copy of the associated ¢,. Extend
the metric on K = 3\ (U {int(By;) : B;; € B}) to the a;; so that
diameter(cy;) = diameter(B;;). Kz is the resulting continuum. As a
consequence of the manner in which the metric is defined on the ay; it
follows that Az = {a;; : (4,j) € M} is a null sequence in Kz. Thus
(Kz,Az,C) is a patterned space controlled by the middle thirds Cantor
set C.
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To see that Kz satisfies the URF self cover property, again choose a
finite group G and apply the Method of Disk with Holes to obtain the G
regular cover of patterned space triples

O : (X*,0B,C) — (M*,08,C).

In X* = K\ (U, int(V;)) = K there are the special boundaries 9V;
of the holes int(V;). In M* = K\ (U}, int(W;)) = K there are the
special boundaries OW; of the holes int(W;). The collection of special
boundaries in the domain copy X* of K along with 0y C X* are the
only boundary circles on which the restriction 64 : X* — M™* might be a
cyclic cover of degree greater than 1. The collection of special boundaries
in the range copy M* of K together with 0y C SM™* are the only circles
which are possibly non-trivially covered by 6.

Because the 2-torus Zy has cyclic self covers of all orders, we attach
copies of it to all of the circles oK U (UL, V;) in X* and all of the
circles 9y K U (U;”:1 OW,) in M* via copies of g. Because the circle and
2-torus have cyclic covers of all orders, 6 extends to a covering space
map of appropriated degree of each of the 2-tori Z; attached to X* onto
the appropriate copy of Z; attached to M*. The degree of the extension
of 0 on each of the domain copies of Zj is determined by the degree of
f¢ on the boundary circle OV; to which it is attached.

Next, in the range copy M™* of K, there are the circles contained in
the pattern 0B. To each of these circles 0B;; € 0B attach «;; via a copy
of the appropriate ¢, and extend the metric on M™ to the a;; so that
{aj : (i,7) € M} remains a null sequence of the resulting space as j — .
For each 0B;; in the range M™* there are |G| lifts (8Bij)(1), e (8Bij)(|G|)
under 051 to circles 8Bi(f) € B in the domain copy X* of K. Attach copies
of oy to each of the lifts (8Bij)(1), . (8Bij)(|GD via the associated ¢,
and extend the metric so that each of the |G| lifted collections {al(-? :
(i,7) € M}*) remains a null sequence in the resulting space. Since each
lift (8Bij)(k) is mapped homeomorphically onto its image 0B;; via 0g
and we have that the attaching map ¢, is a homeomorphism, it follows
that g extends to each of the lifted ozl(-f) mapping it homeomorphically
onto its image cy;. Thus, the domain of the extended ¢ appears to
be a copy of Kz with some “extra” copies of Z; attached to the special
boundaries dV;. The range of the extended 0 appears to be a copy of
Kz with “extra” copies of Zy attached to the special boundaries OWj.
Applying isotopies, e.g. Proposition 1.3, it follows that the “extra” copies

of Zy can be absorbed into the pattern and that the domain and range of
(the extended) f¢ are copies of Kz. This gives us our next result.
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Corollary 4.1. Kz satisfies the URF self cover property.

Our last two results are applications of Corollary 4.1 which produce
Kz with special properties. First, set ¢ = 2, Zy = S!, i.e., we attach
nothing to the special boundaries or 95 in either of X* or M*, and let
Z1 be a proper subcontinuum of a 2-disk D? which contains at least one
point of D?%. Let Z = {Zy, Z1}. The attaching maps ¢, in this case are
identity maps.

Corollary 4.2. There exist exists an adjunction sequences Z such that
the associated Kz is a planar continua, Kz satisfies the URF self cover
property, and Kz is not a disk with holes.

We can also produce Kz which are simple. To do so, decide whether
to attach finitely or infinitely many continua to the boundaries of the
holes in K and choose Zy = S'. Then, for i > 1, let Z; be a once punc-
tured surface, i.e., a compact 2-manifold with one boundary component
0Z; = S' and attach Z; to the associated boundary circle in K via a
homeomorphism. This gives our last result.

Corollary 4.3. There exists an adjunction sequence Z such that the as-
sociated controlled pattern spaces (Kz,Az,C) controlled by the middle
thirds Cantor set C' is simple and satisfies the URF self cover property.

5. QUESTIONS

There are controlled patterned disks with holes which satisfies the uni-
versal finite-sheeted regular self cover property, but which have control
sets other than the Cantor set. One such is the controlled patterned disk
which yields the Sierpinski curve. We describe another.

Start with § = [—¢,2 — €] x [-1,1]. For each (i,5) € M let D;; =
(25— 1.5, 284 1. L% [—1, 3] That is, each D;; is a rectangle of width
% . 3% and height 1 centered at one of the midpoints of one of the “deleted
intervals” used to form the middle thirds Cantor set C' C [0,1] x 0 C S.
Let K* = g\ U{int(Dy;) : (i,j) € M}. Then (K*,{0D;; : (i,j) €
M}, C x [—3,4]) is a patterned disk with holes controlled by C' x [—1, 1].
The proof that K* satisfies the universal finite sheeted self cover property
is an application of the Method of Disks with Holes. Observe that K*
is simple: K*°\ C x [—3, 1] produces a disk with |N| holes and infinitely
many punctures.

In closing, we want to pose two questions, a version of which was asked
at the 2016 Summer Conference on Topology and Its applications. The
disk with holes K of Theorem 1; the spaces of Corollaries 4.1, 4.2, and 4.3;
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the patterned disk with square holes K*; and even the Sierpinski curve S
all have control sets, or in the case of S, S itself, which are fractals. In
general, we ask what the relationship is between the universal regular self
covering property and fractals. More specifically, we ask the following:

Question 5.1. Is it the case that if X is simple, has dimension 2, and
the patterned space (X,B,Y) with control set Y satisfies the universal
finite sheeted regular self cover property, then Y is a Cantor set or the
product of a Cantor set and an interval?

Dedication. This paper is dedicated to the memory of my brother Mitch,
a kind gentle man with a good practical geometric intuition.
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