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SPACES WITH NO S OR L SUBSPACES

JOAN E. HART AND KENNETH KUNEN

AsTrACT. We consider spaces that contain neither an S-space
nor an L-space. We call such a space ESLC, and show that it is
consistent with ZFC for a product of two ESLC spaces to contain
both an S-space and an L-space.

1. INTRODUCTION

All topological spaces considered in this paper are T3 (Hausdorff and
regular).

The following terminology is standard: A space X is hereditarily sepa-
rable (HS) iff all subspaces of X are separable, and hereditarily Lindeldf
(HL) iff all subspaces of X are Lindel6f. Then, X is an S-space iff X is
HS but not HL, and X is an L-space iff X is HL but not HS.

S-spaces are consistent with MA(Ry) [14], but are refuted by PFA [16],
while L-spaces exist in ZFC [10]. Under CH, a large variety of S-spaces
and L-spaces have been constructed, and still more have been built under

¢

In this paper, we shall study the following notion:

Definition 1.1. The space X is ESLC iff every subspace of X is either
both HS and HL or neither HS nor HL.

This is the same as saying that no subspace of X is either an S-space
or an L-space. The reason for the “C” in “ESLC” is the following slightly
non-standard terminology for a standard concept:
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148 JOAN E. HART AND KENNETH KUNEN

Definition 1.2. The space X is HC (hereditarily ccc) iff every subspace
of X has the ccc (countable chain condition).

Translating to more standard terminology, X is HC iff X has countable
spread iff X has no uncountable discrete subspaces. The “no uncountable”
version parallels the well-known ([12], Theorem 3.1) characterizations of
HS and HL: X is HS iff X has no left separated w; sequences and X is HL,
iff X has no right separated w; sequences. A sequence (z, : @ < wy) is left
separated provided that each z, ¢ cl({z¢ : £ < a}) and right separated
provided that each z, ¢ cl({z¢ : &€ > a}).

Observe that HS—HC and HL—HC hold trivially, and the disjoint
union of an S-space and an L-space is HC but is neither HS nor HL. As
the “C” suggests, X is ESLC iff for every subspace of X HS + HL «
HC. To prove the = direction of this “iff”, say X is ESLC and Y C X is
not HL. Shrinking Y, WLOG Y is right separated in type w;. Applying
ESLC, Y is also not HS, so there is a D € [Y]®! that is also left separated
by the same ordering. But then, D is discrete, so Y is not HC. So X is
ESLC iff these three properties are Equivalent for X.

Two classes of ESLC spaces are the spaces that are both HS and HL
(the spaces we call HS+HL), and the metrizable spaces. The HS+HL
spaces, such as the Sorgenfrey line, are HS+HL+HC. Metrizable spaces
are trivially ESLC, because every metric space is either second countable
or has an uncountable discrete subspace.

In Section 4 we see that the semi-metrizable spaces provide a much
broader class of ESLC spaces. We also show that countable products of
generalized butterfly spaces form a large class of ESLC spaces. A special
case of this is: Let X,, for n € w be a subspace of the Sorgenfrey line; then
each X, is HS and HL, and hence ESLC. There are many examples, in
various models of set theory, of [[,, X, being HS and HL, or being neither
HS nor HL. But [],, X,, is always ESLC by Lemmas 4.6 and 3.2, so it can
never contain an S-space or an L-space.

Even though ESLC holds in products of our butterfly spaces, ESLC
productivity is not provable in ZFC; in Section 7 we shall show that it
is consistent to have both X,V satisfy HS+HL (and hence ESLC) with
X x Y containing an S-space. This follows from a stronger result:

Theorem 1.3. It is consistent with ZFC to have X,Y both strongly HG
(and hence strongly HS+HL), with X XY containing a strong S-space and
a strong L-space.

The property HG, defined in Section 2, is a natural strengthening of
HS+HL. Recall that X is a strong S-space iff X is not HL and X" is HS
for all n € w (and hence also X* is HS by Lemma 3.2). Finite powers
determine strong L-spaces and other strong properties similarly:
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Definition 1.4. If P is some property of spaces, then we say that X is
strongly P, or X is stP, iff all finite powers of X have P.

Strong S-spaces and strong L-spaces are refuted by MA(Xy) [8], but
exist under CH. Furthermore, just in ZFC, there exists a strong S-space
iff there exists a strong L-space [17]. For more details about these topics,
see [12].

The ideas behind the proof of Theorem 1.3 are discussed in Section
6, where we introduce a new axiom, which we call the COMA (Chain of
Models Axiom). This axiom follows from CH and is also true in every
forcing extension V[G] obtained by the addition of one Cohen real or
one random real. The COMA unifies features of Cohen and random real
forcing and of CH constructions of elementary submodel chains. These
three classes of models were already known to provide examples of strong
S-spaces and L-spaces, as well as of two ccc posets whose product is not
cce. In Section 6 we show how the COMA produces these old results, and
in Section 7 we show how it yields the strongly HG spaces of Theorem
1.3.

2. A FOURTH PROPERTY

We describe here the property HG, which is called the pointed ccc in
Gruenhage [5]. This property is a natural strengthening of HS+HL:

HS
HG < > HC
HL

As pointed out in the Introduction, the two arrows on the right do not
reverse assuming CH because the direct sum of an S-space and an L-
space is HC, but neither HS nor HL. Although restricting the diagram
to ESLC spaces gives us HS < HL « HC, it does not make HG an
equivalent property too; for example, the Sorgenfrey line is ESLC because
it is HS+HL, but it is not HG. This, and the two new implications will
be obvious from the definition of HG:

Definition 2.1. A weakly separated sequence in X is a sequence (z, :
a < wi) together with open U, > z, for @ < wi, such that for all
{a, B} € [w1]?, either z, ¢ Us or x5 ¢ U, (or both). Then X is HG
(hereditarily good) iff there are no weakly separated sequences in X.

The connection between weakly separated subsets and HS and HL
is also discussed in [16] (see page 29). In [15], Tkaenko calls a sub-
space cJ1aboO pacTaHYyTuiM if it satisfies the condition on sequences in
our Definition 2.1, and he defines the associated cardinal function R(X).
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Hajnal and Juhdsz, in [7], loosely translate the term to weakly separated
and note that R(X) = Ny implies that X is HS and HL, because R(X) is
the supremum of the sizes of weakly separated subspaces of X. Now, a
space X is HG iff R(X) < N,.

To summarize: Let U denote an arbitrary sequence ((2q,Us) @ & < wy),
where each U, is open in X and z, € U,. Then X is:

HS iff YUY 3o < 5 [zo € Ug] iff X has no left separated sequence;

HL iff YUY 3a < B [z € U,] iff X has no right separated sequence;

HC iff YU 3o # B [z € U, iff X has no discrete sequence;

HG iff VU 3o # 5 [zp € Uy & o € Ug| iff X has no weakly separat-

ed sequence.

Definition 2.2. If U = ((z4,U,) : @ < wy) witnesses the failure of X to
be HS, HL, HC, or HG, call U a separating sequence for X.

The related strong properties (see Definition 1.4) give us essentially
the same diagram, but with the prefix “st” in each node. Assuming CH,
the existence of strong S-spaces and strong L-spaces shows that none of
the four arrows in the “strong” picture reverse. The Sorgenfrey line is
HS+HL, but its square is not even HC. Assuming CH, however, we can
let X be a Sorgenfrey line built on an uncountable set of reals that is
n-entangled for all n < w (see [1, 2]); then X is both stHS and stHL but
not HG.

In contrast to the non-strong diagram, the rightmost arrows in the
strong version almost reverse: stHC <> (stHS or stHL). If X is neither
stHS nor stHL, then we have m,n € w, along with a sequence (%, : a <
w1) that is left separated in X™ and a sequence (i, : @ < wj) that is right

separated in X™. But then the sequence ((Zo,¥n) : @ < wy) is discrete in
Xmtn,

If P is one of our properties, consider the following four closure meta-
properties (properties of properties):

1. P is hereditary iff it is closed under subspaces. In general, if P is
hereditary then so is stP. The properties HS, HL, HC, HG are clearly
hereditary.

2. P is closed under countable unions iff whenever X = J, ., Zn
and each Z, has P, then X has P. The properties HS, HL, HC, HG
are closed under countable unions; but assuming CH, the corresponding
strong properties are not. For stHL, stHS, stHC, there is a well-known
counter-example: Let X = Zy U Z; be the disjoint union of the Sorgenfrey
line Zj built on an uncountable set of reals E that is n-entangled for all
n < w, and the Sorgenfrey line Z; built on the set of reals {—z: z € E}.

Then both Z; and Z; are stHL, stHS, and stHC, but {(z,—2) : z € E}
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is discrete in X2 so that X is not even stHC. For stHG: Section 7 will
produce two stHG spaces Zj, Z1 such that Zy x Z; is not HG; then their
disjoint union Zy U Z; is not stHG.

3. P is closed under continuous images iff whenever f maps X con-
tinuously onto Y and X has P, then Y has P. In general, if P is closed
under continuous images then so is stP.

Lemma 2.3. Fach of the properties HS, HL, HC, HG is closed under
continuous images.

Proof. If Y is not HP, for one of these properties P, let U = ((ya, Ua) :
«a < wy) be a separating sequence, as in Definition 2.2. Choose z, €
f~YHya} for each a. Then in X, ((wa, f71(Uy)) : @ < wy) is also a
separating sequence. O

4. P is productive iff whenever X and Y both have P, then X x Y
has P. See Section 3 for an overview of productivity properties of HS,
HL, HC, and HG. Section 4 looks at two more classes of spaces that
are of interest when examining products: the productive semi-metrizable

spaces, and the generalized butterfly spaces, whose products need not be
butterflies, but are ESLC.

3. QUASI-PRODUCTIVE PROPERTIES

As usual, we have called a property P of topological spaces productive
iff whenever X and Y both have P, X x Y also has P. It follows that
whenever X,, have P for n < k € w, then Hn<k X, also has P. But the
same may fail for w spaces. So we introduce the following:

Definition 3.1. A property P of topological spaces is quasi-productive
iff whenever X,, are spaces for n < w and [] X, has P for all finite k&,
then [],, .., X» also has P.

For k =0, let []

n<k

n<o Xn be the trivial one-point space {()}.

Lemma 3.2. The following properties are quasi-productive: HS, HL, HC,
HG, ESLC, compactness, ccc.

Proof. The proof for compactness is clear from the Tychonov Theorem,
and the proof for ccc is well-known.

The proofs for HS, HL,, HC, HG are all similar. For HS: Suppose
that [[,., Xn is not HS, so it contains a left separated w; sequence
(Zo : @ < wi). Then we have open U, for o < wy such that Z, € U, but
a < f— Ty ¢ Us. Each Ty = (27 : n < w), with 27 € X,,. Shrinking the
U, if necessary, WLOG each U, =[], ., U} where U} is open in X,, and
Ul = X, for all n > k, for some k, € w. Then, thinning the sequence,
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WLOG all k, = k for some fixed k € w. But then (¥, [k : o < wy) is left
separated in [], ., Xy, so [[,, ., X» is not HS.

For ESLC: Suppose that [], ., X, is not ESLC, so it contains an S-
space or an L-space. Say it contains an L-space. Then it contains a left
separated w; sequence (¥, : a < wip) with the additional property that
{Z4 : @ <wi} is HL. By the above argument, we may thin the sequence
and say that WLOG, there is a k € w such that (Z,[k : a < wy) is left
separated in [, , Xn. But {Z,[k : @ < wi} is also HL because it is
the continuous image of an HL space (Lemma 2.3), so [],,_, X, is not
ESLC. O

A property may be both productive and quasi-productive (such as com-
pactness), or productive but not quasi-productive (such as “finite” or “scat-
tered” or “discrete”), or quasi-productive but not productive (such as HS,
HL, HC), or neither productive nor quasi-productive (such as “homeo-
morphic to some ordinal < w + 1”). For HS, HL, HC, the Sorgenfrey line
is a simple counter-example to productivity. The productivity of the ccc
is independent of ZFC. We shall see in Section 7 that HG and ESLC are
consistently non-productive.

4. BUTTERFLIES AND SEMI-METRICS

These two standard classes do not provide examples in which ESLC is
non-productive.

The first class is a generalization of metrizable spaces, discussed in
detail in the chapter by Gruenhage [6]. He discusses two generalizations:

metrizable = semi-metrizable = symmetrizable .

But symmetrizable spaces need not be ESLC, since Shakhmatov [13]
shows that it is consistent to have a symmetrizable L-space. Semi-metriz-
able spaces are ESLC, so we give the definition in detail:

Definition 4.1. Given any (T5) space (X, T), the function d : X xX — R
is a semi-metric for X iff d satisfies the following four conditions. As with
metrics, define B(z,e) = {y € X : d(x,y) < €}.

1. For each z,y € X: d(z,y) = d(y,x).

2. For each z,y € X: d(z,y) >0, and d(z,y) =0+ z =y.

3. For each z € X and € > 0: z € int(B(z,¢)).

4. Each U C X is open iff for each © € U there exists ¢ > 0 with
x € B(z,e) CU.
Then X is semi-metrizable iff there exists a semi-metric for X.

Unlike with metrics, B(z,¢) need not be open. But semi-metrizability
is hereditary. We use this to get the following:
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Lemma 4.2. If X is semi-metrizable, then the properties HC, HS, HL,
HG are all equivalent for X. In particular, X is ESLC.

Proof. Tt is sufficient to show that if X is HC, then it is also HG. The “in
particular” then follows from the fact that semi-metrizability is hereditary.

Assume that X is not HG, and let U = {((24,U,) : & < wy) be a
separating sequence. Then for all {«, 8} € [w1]?, either z, ¢ Ug or x5 ¢
U,. Using (4), each U, 2 B(xy,2 ") for some n, € w. Thinning the
sequence, WLOG n, = n € w for all . But now, we have d(zq,z3) > 27"
for all {, B} € [w1]?, so by (3) the sequence (z, : a < wy) is discrete. O

In contrast, the Sorgenfrey line is HS+HL but not HG.
It is easy to see that products of semi-metrizable spaces will still be
ESLC:

Lemma 4.3. The product of two semi-metrizable spaces is semi-metriz-

able.

Proof. Assume that di,d are semi-metrics on spaces X1, Xo, respec-
tively. The function d on X; x X5 defined by: d((z1,x2), (y1,¥2)) =
max(dy(x1,41), d2(z2,y2)) yields B((z1,22),e) = B(x1,¢) x B(x2,¢), and
satisfies the conditions of Definition 4.1. O

The second class here, that of generalized butterflies, is not closed un-
der its own products, but its countable products are ESLC. For example,
the Sorgenfrey line is a generalized butterfly space, but its square is not,
even though it is still ESLC.

The butterfly space (or bowtie space) is a standard example in topol-
ogy. The details vary with the exposition. The next definition presents
a generalization of this concept. For a somewhat different generalization,
see Burke and van Douwen [3].

Definition 4.4. Let (X, d) be a separable metric space with topology T.
A butterfly refinement T of T is obtained as follows. For each z € X
choose sets U for n € w such that z € U2, and U?\{x} is T open, and
diam(U?) N\ 0, and each cl(U2T!, T) C UZ. Then T is the topology on
X with base {U? : © € X & n € w}. A generalized butterfly space is a
butterfly refinement of some separable metric space.

Note that for each x, {U : n € w} is a local base at x in T.

A simple example: If X C R with the usual metric and U} = X N
(x —27", x|, then 7T is the set X with the Sorgenfrey topology. So, unlike
semi-metrizable spaces, generalized butterfly spaces can be HS and HL
without being HG.
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Some remarks on the definition: The assumption that U?\{z} is T
open and diam(U}) \,, 0 guarantees that {U? : z € X & n € w} is
indeed a base for some topology that refines 7, and the assumption that
cach cl(U"+!, T) C U™ guarantees that T is T5. If cach U™ is T open,
then 7 = 7. At the other extreme, Va [U" = {z}] satisfies the definition,
making T discrete.

The 7 = 7 and discrete examples show that T might be both HS
and HL or neither HS nor HL. In fact, a butterfly refinement (X, 7A')
is always ESLC. More generally, Lemmas 4.6 and 3.2 show that every
countable product of generalized butterfly spaces is ESLC. On the other
hand, Lemma 4.5 shows that a product of even two generalized butterflies
need not be a generalized butterfly.

The Sorgenfrey square is not a butterfly refinement of any separable
metric topology on R2. Actually, a much stronger statement is true:

Lemma 4.5. Give R the Sorgenfrey topology, and let Y be any non-
discrete Ty space. Then R XY is not a butterfly refinement of any sepa-
rable metric topology T on R x Y.

Proof. If R xY were a butterfly refinement, then since all such butterflies
are first countable, Y would be first countable. Then Y would contain a
copy of w+1 with its usual topology; that is, a simple convergent sequence.
Then, since butterfly is hereditary, we may assume that ¥ = w + 1.
Let 7 denote the product topology on the set Z := R x (w + 1), using
the Sorgenfrey topology on R. Let 7 be an arbitrary separable metric
topology on the set Z. Now, assume that T is a butterfly refinement of
T, and we shall derive a contradiction.

In the following, diam(E) is the diameter of E using some fixed metric
for 7. Using the terminology of Definition 4.4, we are assuming that: In
T, each z € Z has a local open neighborhood base {U? : n € w} such
that z € U2, and UP\{z} is T open, and diam(U") N\, 0, and each
c(UrHL, T) Cunr.

For each 2 € R: (—o0, ] x (w+1) is a 7 open neighborhood of the point
(z,w), so we can fix n, € w such that U(’;’fw) C (—o00,z] X (w+1). Then,
since UZ;’fw) isalsoa T open neighborhood of (z,w), we can fix m, € w and
g > 0 such that (z —e,, 2] X [mg,w] C U&fw). Let W, = U&’;w)\{(m,w)},
which is T open.

Let B C P(Z) be some countable open base for the topology 7. For
each ¢ € R, choose D, C B such that W,, = |UD,. Let &, = {B € D, :

BN ({z} x [my,w)) # 0}.
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Note that &, # () because {z} X [my,w) C W, = JD,. Also, z1 <
xo = Egy NEyy = B because B € £, - B C Wy, C (—o0,21] X (w+ 1),
while B € £,, — BN ({2} X (w+ 1)) # 0. But this is a contradiction
because |B] = Xy < |R]. O

Whether or not it is a butterfly, a countable product of butterflies is
still ESLC, by Lemmas 3.2 and 4.6.

Lemma 4.6. Fvery finite product of generalized butterfly spaces is ESLC.
i<n Zi, where each Z; has the butterfly

~

topology ’?\; All that we use about 7; is that it refines some separable met-
ric topology T; on Z;, and for each z € Z;, {V € T, : z € V & (V\{z}) €
T:} is alocal base at z in '7; OnJJ,;., Zi, let T denote the product topol-
ogy HKH 7\2, and let T denote the separable metric topology HKn T;. So,
we need to show that (I],_,, Zi, T) is ESLC.

We proceed by induction on n, with n = 0 being the trivial case for
the one-element space. So, fix n > 0, assume that the lemma holds for
n — 1, and we shall prove that in ’f, every left separated w; sequence in
[, Zi has an uncountable discrete subsequence. Essentially the same
argument works starting from a right separated w; sequence.

Let our left separated sequence be (Z, : @ < w;), where each Z, =
(28 1i < n). Let V,, for @ < w; denote the left separating neighborhoods,
which we may assume are of the form V, = HKn Vi. So Z, € V,, and
each V! is 7 open, and 2 € V! and we may furthermore assume that
each VA\{z\} is 7; open. By “left separating” we mean that whenever
o< B Zy ¢ Vs, 50 3 <n 2, & V]

Thinning the sequence, we may assume that for each i, either (1)
Va,B [z, = zj] or (2) Yo, B [ # B — 2z, # zj]. But if (1) holds for
some i, then we can delete that coordinate and apply inductively the
n — 1 case of the lemma. So, WLOG (2) holds for all i.

Thinning some more, WLOG the set {Z,, : @ < wy} is Rj—dense in itself
in the separable metric topology 7. Then, let C' C wy be a club such that
for all £ € C, the set {Z, : € < a < £t} is T dense in {Z, : @ < wy},
where ¢+¢ = min(C\ (¢ + 1)).

We shall now show that whenever &, € C with min(C) < £ < 7 and
< a <9 <n< B <yt wehave z5 ¢ V,. Since we already
know that Z, ¢ Vj, it follows that whenever E C w; contains exactly one
element from the interval (&, £7¢) for each € € C, the set {Z, : a € E} is
discrete in ?, so we are done.

To prove 75 ¢ V,: Fix ¢ € C with ¢ < & <n. Then (T < ¢ < a. Since
V,, is left separating, ) = {Z5: ( < < (TCYNV, D {Z: (<5 < (TN
[Tic, (Vi\{2%}). Thus, since Zj5 is a T limit point of {Z5 : ( < § < (T}

Proof. Our product space is []
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and Hz<n(Vé\{Zé}) is T open, we have Zz ¢ [],_,,(VI\{z4}). Finally,
Zs ¢ [1,c,, Vi = Va, because a # 8 — 2!, # ZZB 4

5. DUALITY AND NORMAL FORMS

The results that we shall prove in Sections 6 and 7 will use the follow-
ing general method for constructing spaces, suggested by the article of
Roitman [12].

Start with a function ¥ : I X J — w, where the sets I, J will often (but
not always) be wi. We may view ¥ as a matrix encoding either an I-
indexed subfamily of w” (the vertical functions) or a J-indexed subfamily
of w! (the horizontal functions). The basic notation is given by:

Definition 5.1. Let I, J be any non-empty sets and fix ¥ : [ x J — w.
For « € I and § € J, define f (o) = g3 (8) = ¥(, ). Then let
FV={f§ :BeJyCw and ¥ = {g) : @ € I} C w’. We drop the
superscript ¥ when ¥ is clear from context.

Our examples in Sections 6 and 7 will all be spaces of the form FY¥ or
GY, where U is constructed by using the COMA. We remark that if X
is any zero dimensional space, then X = FY¥ for an appropriate ¥ (with
|J| = |X| and |I| = w(X)), and X = GY for an appropriate ¥ (with
1] = |X]| and |J] = w(X)).

In this section, we shall show that if F or G fails to have one of the
properties stHL, stHS, stHC, stHG, then there is a simple normal form
for that failure. There are two reasons for doing this:

1. In Sections 6 and 7, these normal forms for failure will help us prove
that a space that we construct in fact has one of the properties stHL,
stHS, stHC, stHG.

2. In this section, we shall use these normal forms to augment the
known duality results for stHL/stHS to get also duality results for
stHG/stHG and stHC/stHC:

Theorem 5.2. For F and G as in Definition 5.1, the following duality

results hold:
1. F is stHS iff G is stHL. 2. F is stHL iff G is stHS.

8. F is stHG iff G is stHG. 4. F is stHC iff G is stHC.

We shall see that if F or G is not st’P for P one of HS, HL, HC, HG,
then a block pattern (defined below) codes neighborhoods witnessing the
corresponding failure; then the normal forms are defined in terms of the
block patterns. Proposition 3.9 of [12] essentially proves (1) and (2). The
same method will also prove (3) and (4).
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We shall begin by describing the block patterns and normal forms for
general I, J, and we shall show that every failure of one of stHL, stHS,
stHC, stHG can be transcribed into normal form. We shall then describe
a simplification of the block patterns and normal forms in the case that
I=J= w1.

If I or J is countable, then F and G are trivially stHG (since they are
either countable or second countable), so assume always that [I| > Ny
and |J| > N;.

Definition 5.3. Assume that |[I| > ¥y and |J| > Xy and m,n € w\{0}.
Assume that I and J are totally ordered by a relation <1. Then (A, B) is
an (m,n) block pattern for I x J iff

A = (A¢ : £ < wy), where all A¢ € [I]™ and the A¢ are pairwise
disjoint, and

B = (B¢ : £ <wr), where all Be € [J]™ and the B are pairwise disjoint.
Given A, B, the A¢ and B¢ are listed in <-increasing order as As =
{ag i< m} and Be = {,Bg : j < n} respectively.

The order < is completely unrelated to the topology; it just gives us
a convenient way of listing each A¢ and B. Here, I need not contain a
<-increasing wi-sequence. In the case that I = J = w;, as the discussion
preceding Definition 5.6 clarifies, we may thin a block pattern so that
¢ < n implies max(A¢ U Be) < min(A, U By)).

Given VU : I x J — w, the duality results are based on the observation
that there are two views of the block pattern: In the horizontal view,
the sets Bg code Ny n—tuples from F ¥ and each n-tuple is assigned a
neighborhood coded by an A¢. In the vertical view, the sets A¢ code N;
m~tuples from GY, and each m—tuple is assigned a neighborhood coded
by a Be.

Horizontal view: For each & < wy, we have the n—tuple fz =
(fﬁgv"'7fﬁg‘l) € F"; each ]?5 is in its neighborhood Ug := {ﬁ e F" .
Vi < mVj<n hj(aé) = c¢ije} C (wh)™. Here, ¢;j¢ = fﬁg(aé) =
(o, B).

Vertical view: For each { < wi, we have the m—tuple gz =
(gag, .. 7gangl) € G™; each ge is in its neighborhood V¢ := {E egm.
Vi <mVj<mn kl(ﬂg) = ¢ijet € (w/)™. Here, ¢;je = gaé(ﬁg) =
(o, B).

These views let us express topological properties of F¥ and G¥ in terms
of block pattern properties, defined as follows:
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Definition 5.4. Fix U : I x J — w. For any (m,n) block pattern (A, B)
and ¢;; € w, say that (A,B,(c;; : i < m & j < n)) satisfies (x) with
respect to U iff

(%) VE <wi Vi <mVj<nU(ag,B)=cij-
Then U satisfies the weak block pattern property WLR, WUL, WCD, or
WSD, respectively, iff for all m,n and (A, B, (¢; j : i <m & j < n)) that
satisfy (x), we have, respectively:

WLR : 3¢ <y <wi Vi, j [U(ay, L) = ciy]

WUL: 3¢ <n<wi Vi,j [Y(ag, B)) = cij]

WCD = 3{g,n} € [wn]? Vi, j [¥(ag, B7) = cij] ,

WSD : ¢, n} € [wi]® [Vi, 5 [¥(ag, B]) = ciy] AND Vi, j [U(ai, B]) = cij]].

The natural construction of ¥ satisfying a weak block pattern property
yields ¥ with the Stronger properties, beginning with “S” instead of “W”,
of Definition 6.8. The acronyms of Definition 5.4 may be taken to refer to
the diagonal of the domain of the sequence (A¢ x B, : (§,1) € w1 X w1),
with the last two acronyms representing the Complement of the Diagonal,
and Symmetric about the Diagonal. The first two acronyms are explained
in Definition 5.8; they make sense for a normalized block pattern, which
we define below.
Now, Theorem 5.2 is obvious from the following:

Lemma 5.5. For V:I x J— w and F and G as in Definition 5.1:
FY is stHS iff W satisfies WLR iff GY is stHL
FY is stHL iff W satisfies WUL iff GY is stHS
FY is stHC iff W satisfies WCD iff GY is stHC
FY is stHG iff W satisfies WSD iff GY is stHG

Remark. We know that stHC < (stHS or stHL) (see Section 2). Tt
follows that WCD < (WLR or WUL). Here, the «+ direction is obvious,
and the — direction can also be proved directly by showing that a counter-
example to the WLR and a counter-example to the WUL can be merged
to yield a counter-example to the WCD.

Proof. The Lemma has eight iffs, but they all involve the same concepts,
so we shall only write out the proof of the first iff:

For the — direction, we show that the failure of WLR yields a left
separated w; sequence in some finite power of F¥. Specifically, we have
an (m,n) block pattern (A, B) along with ¢; ; € w for i < m and j < n
such that (A,B,{(c;; : i« < m & j < n)) satisfies (x) with respect to ¥
but V¢ < n < wy; 3,5 [\I’(a%,ﬂg) # ¢; ;]; that is, the WLR statement

fails. But this shows that ( f; 1 € < wy) is left separated, where fz =
(fﬁg,...,fﬁg—l) e F".
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For the < direction, assume that F¥ is not stHS, and we shall con-
struct a block pattern that contradicts the WLR. We proceed in two
steps:

Step 1. For this step, we temporarily let X = FY to emphasize that
this argument works with any non stHS space. Assume that X is not
stHS, and let n € w\{0} be least such that X™ is =HS. Then there is a
left separated sequence (Z¢ : £ < wi) in X™, where & = (:1:2, . ,xg_l)
Thinning the sequence, we may assume that whenever ¢ < j < n, either
(1) V€ [zg = xé] or (2) V¢ [z} # xé] Then by minimality of n, for each
pair i < j < n, we have (2). Thinning again, WLOG the n—element
sets {xg, e ,x?il} for £ < w; form a delta system with some root R.
But then X%l is =HS, so |R| = 0. So, WLOG we may assume that
the n—element sets are disjoint, with no repetitions; that is, we have
332 = :1037 — & =n & i = j. Finally, assume that X is totally ordered
by some <1 (which is unrelated to the topology). Thinning once more,
WLOG all the n—tuples are ordered the same way, and then, permuting

them, WLOG the order is increasing.

Step 2. Now, X = FY. So, we now have xé = fﬁé € w!, where ﬁg eJ
and B < -+ < 5;—1. If Be = {ﬁg : j < n} then Be € [J]™ and the B
are pairwise disjoint by Step 1. Let fé denote Z¢ = (f1327 e f[_}?—l).

Use the following notation for neighborhoods: If k= (kr :r <n) €
(w!)™, then basic neighborhoods of k are the sets W4 (k) := {h € (w!)" :
Vr < n [h.l|A = k.[A]}, where A € [I]<¥. Thinning again, we may
assume now that the separating neighborhoods are Us = W4, ( fz), where
A¢ € [I™ for some fixed m € w\{0}. Then fé € WAE(fé), and for all
£<n fe ¢ Uy=Wa,(fy), and hence 3a € A, 3j <n [F35(0) # £ (@))-

Thinning, WLOG the A; form a delta system, and thinning again,
WLOG all the fg; () are the same for « in the root. Discarding the root,
we may assume that the A are pairwise disjoint. List A¢ in increasing
order as A¢ = {aé : i < m}. Finally, thinning again, WLOG for each pair
i,7, there is ¢; ; so that fﬁg (ag) = cij (equivalently, \I/(aé,ﬂg) =¢;,;) for
all £&. Now we have our block pattern that refutes the WLR because it
satisfies V& < n 3i, 5 [\I/(ail,,ﬁg) = f/ﬂg (oz;) # ¢ j]. O

Step 2 of the construction of a block pattern in the Lemma 5.5 proof
may be augmented when I = J = w; to produce a normalized block
pattern A. This will simplify the notation in the proofs in Sections 6
and 7. Given a block pattern (A, B), before “finally” thinning to get the
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sequence (¢; j : ¢ < m & j < n), we reduce the pairs of sets A¢, B¢ to
a single block A¢ as follows. For each £ < wi, the sets A¢ and B¢ may
intersect, and their elements can be shuffled together in various ways. But
we may always thin our sequence to have the block pattern satisfy

£ <n— max(A¢ UB¢) < min(4, U By)

Thinning the sequence once more we get |A¢ U Be| = |A,, U By| for all
£ <1 < wi; we may also assume that each pair A¢, B is shuffled together
in the same way so that (v : i < |A¢UBg|) lists its elements in increasing

order. Finally, thin again for each pair 4, j < |A¢ UB¢| so that \II(*yé, 'yg) =
¢, for all ’yé,’yg € A¢ U Be. Then each union A¢ U B¢, now called Ag,
replaces the pair A¢, Be to get a normalized block pattern A.

Definition 5.6. Assume that [ = J = w; and n € w\{0}. Then A
is a normalized block pattern of block size n iff A = (A¢ : £ < wy),
where all A¢ € [w]™ and the A¢ are pairwise disjoint and § < n —
max(A¢) < min(A,). Then, we shall list each A¢ in increasing order as
Agz{aé:i<n}.

To verify that a normalized block pattern satisfies a property of Def-
inition 5.4, we replace each 8 by «. This leads to the normalized block
pattern properties:

Definition 5.7. Fix ¥ : w; X w; — w, normalized block pattern A of
block size n, and (c; ; : i, j < n) with each ¢; ; € w. The requirements for
the normalized block pattern properties LR, UL, CD, or SD are:

LR: JE<n<w Vi,j [\I/(afiwozé) = ¢ ]

UL: 3 <n<w Vi, j[¥(ag, o) = cijl

CD: 3{¢n}e [w1]2 Vi, j [\Il(aé,oz%) = ¢ ] ‘

SD:  3{&,n} € [wi]? [Vi, ) [P(ag, o) = ¢ij] AND Vi, j [¥(ay, af) = cijl].

Now the following explains the acronyms “LR” and “UL”.

Definition 5.8. Partition w; X wy into D U Dyr U Dy, with D =
{(a, @) : @ < wy} the diagonal, and Dy = {(o, ) : @ < f < wy} the
upper left of the diagonal, and Dpgr = {(a,3) : B < a < wy} the lower
right of the diagonal.

If £ <n, then A¢ x A, C Dy, and A, x Ac € Drr. We shall see
that the strong block pattern property SLR depends only on ¥ [Dy g, and
the SUL depends only on ¥[Dyr. Each weak block pattern property,
however, depends on all three of ¥[Dygr, ¥[Dyy and ¥[D; in the con-
struction of a normalized block pattern that proves Lemma 5.5, the values
of the ¢; ; depend on all pairs (agag) € A x Ae.
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We end this section with one more application of duality: it provides
us with some ZFC examples of strongly HG spaces beyond the obvious
ones (such as countable spaces and second countable spaces and countable
sums and products of these). It also illustrates a case where we do not
want to have I = J = w;.

Lemma 5.9. If X is strongly HG and zero dimensional, then so is
C(X,{0,1}) with the topology of pointwise convergence.

Proof. Recall that the topology of pointwise convergence on C(X,{0,1})
is the Tychonov topology on {0, 1}¥ restricted to the subset C'(X, {0,1}).

Now, let I = X and J = C(X,{0,1}), and define ¥(4,j) = j(i), and use
this ¥ to define F and G as in Definition 5.1. But G = X because the map
i+ g; € {0,1}7 is just the Tychonov embedding of the zero dimensional
space X into the cube {0,1}¢CA0H - Also, F C {0,1}! = {0,1}¥ and
it is easily seen that F = C(X,{0,1}). So, the lemma follows from the
fact that F is stHG iff G is stHG. O

Even when X is separable metric, C(X, {0,1}) can be “big” in the sense
that it has size and weight ¢. This is as large as possible, since any space
Y that is HS and HL satisfies w(Y) < ¢ (since Y is separable) and Y| < ¢
(since every point is a G5). To get C(X,{0,1}) to be “big”, apply the
following lemma with, for example, any X C R such that both X and
R\ X are ¢ dense in R:

Lemma 5.10. Let X be separable metric and zero dimenstonal, and as-
sume that | X| = ¢ and X has ¢ different clopen sets. Then |C(X,{0,1})| =
¢ and w(C(X,{0,1})) =c.

Proof. Both |C(X,{0,1})| = ¢ and w(C(X,{0,1})) < ¢ are obvious. Now
assume that x := w(C(X,{0,1})) < ¢ and we shall derive a contradiction.

The standard base for C(X,{0,1}), inherited from {0,1}%, is {N, :
o € Fn(X,2)}, where N, = {p € C(X,{0,1}) : ¢ D o}. So the standard
base has size c.

Let B be an open base for C(X, {0,1}) with |B| = . Since C(X, {0,1})
is HL (by Lemma 5.9), every element of B is a countable union of sets from
the standard base, so there is an E € [X]" such that {N, : 0 € Fn(E, 2)}
is a base for C(X,{0,1}).

Fix any a € X\E. Then fix 0 € Fn(FE,2) such that Ny C Ny(4,1)3-
But now we have a contradiction, since a ¢ dom(o) implies that there is
an f € C(X,{0,1}) such that f D o and f(a) = 0. O

We remark that our C'(X, {0,1}) does have countable net weight, which
is another way to see that it is stHG. Hajnal and Juhasz [7] show that it’s
consistent with ZFC to have an HG space with uncountable net weight.
Such a space also exists under the COMA by Theorem 1.3 or Lemma 7.4.
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6. THE COMA

This axiom does not mention forcing explicitly, although it is inspired
by forcing and it is true in V|1 Cohen real] and in V[lrandom real]. It
is also a consequence of CH. This COMA implies all the new consistency
results in this paper (see Section 7), along with the existence of strong
S-spaces and L-spaces, and the non-productivity of the ccc, as we shall
show in this section. We begin by defining a notion of pseudo-genericity,
which is inspired by forcing.

Definition 6.1. Let M be a transitive model of ZFC — P. Fix I,© €
M such that (|I| = w)™ and 1 < |©] < w (which is absolute). Call
D an (M,I,0) demand iff D € M and D C Fn(I,0) and V{p,q} €
[D]? [dom(p) N'dom(q) = 0] and (|D| = w)™ and sup{|p| : p € D} < w.

If g: I — ©, we say that g meets the demand D iff I3p € D g D p; call
g (I,0) pseudo-generic over M iff g : I — © and g meets every (M, 1,0)
demand D € M.

Remarks. Tt is trivial to find a ¢ € M that meets a given demand
D € M, but when |©| > 1, a pseudo-generic g cannot be in M. Of course,
the case |©]| = 1 is trivial. Note that the “Ip € D g D p” in the definition
can be strengthened to:

Lemma 6.2. Let M, 1,0,D be as in Definition 6.1, with g (I,0) pseudo-
generic over M. Then there are infinitely many p € D g D p.

Proof. If not, the demand D\ {p € D : g D p} would yield a contradic-
tion. O

Two examples of pseudo-generic g are “Cohen reals” and “random reals”.
To prove this, we note that a demand D itself is not a dense set, but for
Cohen and random forcing, it determines a dense set in a natural way:

The Cohen real g is obtained by forcing with P = Fn(7,0). It is
pseudo-generic, because for each demand D € M, D= {geP:Ipce
D q < p} is dense and in M.

The random real g is obtained by forcing with the measure algebra of
©7, using the counting probability measure on ©. It is pseudo-generic,
because for each demand D € M, D= {peoel:IpecDy>dplis
a Borel set of measure 1. To prove that D has measure 1, we use the
assumption that n := sup{|p| : p € P} < w, so that D is a union of an
infinite collection of independent sets, each of measure > |0]~".

One can develop the basics of random real forcing in a model of ZFC — P,
even though the definition of the measure algebra itself requires the Power
Set Axiom.
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In the case that M is countable, the Cohen and random reals exist; but
also, a pseudo-generic g is easily produced directly, without any mention
of forcing.

The COMA involves a chain of w; models, but we first study a pair of
models in the chain, so we define the notion of a pseudo-generic extension:

Definition 6.3. Let M, N be transitive models of ZFC —P. Then
#(g,1,0, M) abbreviates the statement that I, © € M and (|I| = w)™ and
1 <|0| < w and g is (I,0) pseudo-generic over M. Also, b(I,0, M, N)
says that there exists a ¢ € N such that f(g,I,©,M). Then M Cpg N
holds iff M € N and b(I,0,M,N) holds for all 1,0 € M such that
(Il =w)™ and 1 < |0] < w.

We only assume that M C N. We do not assume that M < N (al-
though this will hold in some applications of the COMA), nor do we
assume that M is definable in any way in N (although this will hold in
some other applications).

Our applications of M Cpg N will use b(I, 0, M, N) for various values
of 1,0, but in constructing such pairs, M, N, it will be useful to note
that:

Lemma 6.4. Assume that M, N are transitive models of ZFC — P and
M C N and b(w,2, M,N). Then M Cpg N.

Proof. (1,0, M, N) follows from b(w, 2, M, N) by the following argument,
in which it is always assumed that 1,0 € M and (|I| = w)™ and 1 <
O] < w:

First, note that b(I,©, M, N) < b(w, k, M, N), where k = |©| (which
is absolute). To prove this, note that M contains bijections from I onto
w and from © onto k.

Next, note that b(I,0, M, N) — b(I1,©0’, M, N) whenever |0'| < |0|.

Finally, note that b(w,k, M, N) — b(w x {0,1},k, M, N) — b(w,k x
k,M,N), and from this we are done. To prove the second —: Observe
that each p € Fn(w, k x k) may be coded by a p € Fn(w x 2,k), where

P(f) = (ﬁ(f,0)7ﬁ(£,1)). 0

Definition 6.5. The Chain of Models Axiom (COMA) is the assertion
that statements (1)(2)(3)(4) below hold:

1. We have transitive sets M, = ZFC — P for a < wq, with o < § —
M, C MB'

M, contains « and an injection from « into w.

M, Cpg Myi1- N

Whenever X € [w]" and F : X — |, M, and Vo [F(a) €
[My N ON]<Ro]: there is a Y € [X]®° and a p < w; such that
FlY € M,.

Lkl
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Remarks. Note that a < 8 — M, Cpg M. We do not assume
continuity at limits (M, = {J,., Ma), although this will hold in some
cases. We also do not assume that o < § — M, < Mag.

The COMA cannot be obtained just in ZFC, since it contradicts MA(Ny).
We do not know an elementary proof of this, but we shall see that
the COMA yields strong S-spaces and strong L-spaces, and the non-
productivity of the ccc, all of which contradict MA(Ry).

We can prove the consistency of the COMA in 2% different ways:

Lemma 6.6. A chain satisfying the COMA exists in any model of ZFC+
CH or in any Cohen or random real extension of a model of ZFC.

Proof. Assuming CH, we obtain (M, : @ < wi) as a chain of countable
elementary submodels of H(Ry), built by recursion on « in the standard
way, except that in view of (2), we do not just take unions at limit steps.
The chain is easily built so that (1),(2),(3) hold. The natural construction
also gives us o < 8 implies M, < Mg. Using CH, we can build the chain
so that (J,.,, Mo = H(N1), which implies (4).

Now assume that V' is a model of ZFC.

In V, fix a regular k > 2% and fix B, € [w]¥ for a < w, with
a < f— E, C* Eg; also, fix bijections 1 : w = Eq41\Eq. Still in V,
let M = H(r).

First, consider a Cohen real extension V|1 Cohen real] = V[G], where
G is Fn(w,2) genericover V. Let I' = | JG : w — 2. Let M, = M[I' | E,].
Here, (1) and (2) are trivial because My, O M D ws.

To verify (3): Mgy1 contains hy = T' | (Eqy1\Eq), so let f, =
ho ©tg : w — 2. Then f, is (w,2) pseudo-generic over M,, so
b(w,2, My, May1). Then (3) follows by Lemma 6.4.

To verify (4): Note that each M, N ON = &k, so in V|G|, we have
X € [wi]™ and F : X — [k]<®. Then, since Fn(w,2) is countable, there
is Z € [X]™ such that Z,F|Z € V. Then, Y can be any countably
infinite subset of Z such that Y € V| and p can be 0.

Finally, a random real extension V[lrandom real] also satisfies the
COMA, by essentially the same argument, replacing Fn(w,2) with the
measure algebra of 2¢. To verify (4), we again have, in V[G], X € [w;]™
and F : X — [k]<Y0. We obtain our Y using the fact that the measure
algebra is separable. O

COMA clauses (2) and (4) make possible standard CH-like construc-
tions of chains of models. For example, suppose that we are given a
disjoint collection {A¢ : € € w1} C [wi]<N0 with £ < n — max(4¢) <
min(A4,), as we might get from a block pattern. Let a¢ = max(A¢) and
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X = {ag : £ € w1} and F(ag) = Ae. By (2), we have Vo [F(o) €
[M, N ON]<®]. Then (4) gives us a Y € [X]|¥ and a p < w; such that
FIY € M,. So, there is an I € [w]™ such that (4¢ : £ € I) € M,,.
The typical CH elementary submodel argument would get this just by
assuming that (J, ., Mo = H(Xy).

We shall use the COMA to construct functions ¥ on w; X wy with
various block pattern properties. The natural construction will lead not
to the Weak properties of Definition 5.4, but rather to the corresponding
Stronger properties defined below. The Strong properties require that W
obey a restriction on its images of the partition D U Dygr U Dyr..

Definition 6.7. A restriction is a triple ¥ = (Op,Orr,Opyr), with
©p,01r,Our € [w]<N\ {#}. Then ¥ : w; X w; — w obeys this re-
striction ¥ iff \I/(D) - @D and \I/(DLR) - @LR and \IJ(DUL) - @UL.

The Strong properties replace the requirement (x) of the definition
of the Weak properties with requirement {, which ties the c¢; ; to the
restriction ¥ on W:

Definition 6.8. Fix a restriction T = (Op,Opr,Opy). For any ¢; ; € w,
say that (c; ; : 4,7 < n) satisfies (f) with respect to ¥ iff

('|'> V(l,]) eEnxn [Ci,i €0Op & (Z <j— [Cl‘,j €Oy & Cji € @LR])]

If ¥ : wy xw; — w obeys restriction T, then (¥, ¥) satisfies the strong block
pattern property SLR, SUL, SCD, or SSD, respectively, iff for all n > 0
and all normalized block patterns A of block size n and all (¢; ; : 4,5 < n)
that satisfy (f), ¥ satisfies the corresponding normalized block pattern
property LR, UL, CD, or SD of Definition 5.7.

The values of ¥ on D are irrelevant for these Strong properties, because
a% #* aé in each normalized block pattern property.

When I = J = w; and ¥ obeys restriction ¥, each Strong property im-
plies the corresponding Weak property. Suppose (A, B, (¢;j:i <m & j <
ny) satisfies (x) with respect to ¥, and A is the corresponding normalized
block pattern. Then each ¢; ; = \Il(aé,ag) by (). The normalized block
pattern lists each A in increasing order; thus, since ¥ obeys restriction
T, (cij + 4,5 < n) satisfies (f). The weak properties do not, however,
imply the strong; for a trivial counter-example, let ¥ be the identically
zero function.

The strong block pattern properties use ¥ to restrict the range of W.
The SUL requires ¥(w; X wy) € Oy, the SLR requires ¥(w; X wy) C
O R, and the SSD requires ¥(w; X wy1) € Opr = Opy. Satisfying a
block pattern property implies that ¥ maps onto any {c;; : i,j < n},
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so these restrictions on the range of ¥ are easy to see by considering
¢ij € ¥U(wi xwr). Moreover, letting (¢; ; : 4,5 <n) list Op UBLrUOyy,
we see that U(wy X w1) = Op UOLr UOpL. The SCD is uninteresting,
since (as with the Weak properties) it is equivalent to SLR or SUL; a
counter-example to SLR and a counter-example to SUL can be combined
to yield a counter-example to SCD.

The values on Dpp determine whether W satisfies the SLR property.
That is, for a given (Oyr,Orr,Op), whenever Uy |Drr = U3 Drg, Uy
has the SLR property iff ¥, has the SLR property. This “iff” is false for
the WLR. It is easy to make F¥1 countable (and hence trivially stHS),
while F¥2 has an uncountable discrete subset. Specifically, we can have
Uy (e, 8) =0 whenever 8 > w and ¥y the same as Uy with the exception
that Ua(y,v+ 1) =1 whenever w < v < wy.

In contrast to the Weak versions, some Strong properties alone contra-
dict MA(R;). For example, we get the following “ combinatorial refutation”
of the productivity of the ccc, as described in Lemma 3.1 of Galvin [4].
Galvin [4] showed that CH implies that there are two ccc posets whose
product is not ccc. His proof can be simplified by using a chain of count-
able elementary submodels, as described in the text [9] (see Theorem
I11.8.19). This elementary chain proof is similar to the proof in Lemma
6.6 that CH implies the COMA. The fact that there are such posets in
V|1 Cohen real] and V[l random real] is due to Roitman [11].

Lemma 6.9. Fiz ¥ :w; X w; — w and restriction ¥ = (0p,OLr, OuL)
with 0,1 € Op NOLr N Opr. If (V,%) satisfies either the SUL or the
SLR, then there are two ccc posets whose product is not ccc.

Proof. Start with any partition II : [w;]? — w. This yields posets Ry, Ry
obtained by forcing with homogeneous sets. That is, for 7 € {0, 1}, define
the poset R, = {r € [w1]<Y : V{a, B} € [r]? I({e, 8}) = 7]}. Each R,
is ordered by D, so 1 = (). Then Rq x R; is not ccc because it has the
antichain {({a},{a}) : @ < wi}. Of course, now we need to define II so
that Ry and Ry are ccc.

Assume that (U, T) satisfies the SUL. Then define II : [w1]?> — w by:
II({a, B}) = ¥(a, B) whenever o < 8 < wy.

Finally, fix 7 € {0,1} and assume that R, is not ccc. Let {A¢ : € <
w1} C R, be an antichain; so £ < n — A: U A, ¢ R.. Thinning the
sequence, WLOG the A¢ form a delta system with root R. Then note
that £ <n — (A¢\R)U(A4,\R) ¢ R.. Replacing A¢ by A¢\R, WLOG the
Ag are pairwise disjoint. Thinning some more, WLOG all |A¢| = n and
£ < n — max(A¢) < min(A,); that is, the A¢ form a normalized block
pattern of block size n. Then A¢ = {ag i < n}.
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Now, in Definition 6.8, let ¢; ; = 7 for all 4, 5. Then (}) holds. Applying
the SUL, we get £ < 1 < wy such that Vi, j [\I/(ozé,oz%) =¢; =7]. But
this, along with A¢, A, € R, implies that A: U A, € R;, so we have a
contradiction. O

Note that we get no such result with the Weak properties. In ZFC, we
can get such a ¥ satisfying the WUL or the WLR or even the WSD just
by letting F¥ be one of the stHG spaces described in Section 5.

A strong S-space is also easily read off of Strong block pattern proper-
ties:

Lemma 6.10. Fiz ¥ : wy X w; — w and restriction T = (©p,Orr,OurL)
with 0,1 € Op NOLr N Opy. If (V,T) satisfies the SLR, then there is a
strong S-space.

Proof. Just by the WLR, F¥ is stHS (see Lemma 5.5). But now, WLOG
U =1o0on D and ¥ = 0 on Dyy, since changing ¥ on D U Dy, does
not change the SLR. But then FY¥ is not Lindelf because for each S,
{h : h(B) = 1} is a neighborhood of fs that does not contain f, for any
a > p. O

The COMA implies some non-trivial instances of the SLR, including
the ones used in Lemmas 6.9 and 6.10 (and hence it contradicts MA(Ry)).
The following uses the COMA to construct a canonical map .

Theorem 6.11. Assume the COMA, and let T = (Op,OLr,OuL) be a
restriction. Then there is a ¥ : w; X w; — w such that:

A. (U,%) satisfies SLR iff Oy, UOp C Opg.

B. (‘I’,‘I) satisﬁes SUL iﬁ@LR U G)D Q @UL-

C. (\I/,T) satisfies SSD iff ©p C Opr = OprL.

As mentioned after Definition 6.8, the “=" and “C” hypotheses about
Op,0Orr,Opr in this theorem are required by the strong block pattern
property definitions.

The following introduces the structure of the proof for all three parts,
but the conclusion of part (C) uses some additional lemmas.

Proof of Theorem 6.11. Let (M, : @ < wy) be as in the statement of
the COMA (Definition 6.5). Since ©p # () (by definition of “restriction”),
WLOG 0 € ©p; this will simplify our notation. We obtain the “canonical
map” ¥ : wy X w; — w as follows:

1. ¥(a, ) = 0.

2. Wi({a} x a) is in Mass, and H(@]({a} x a), {a} X a,Orr, M)
holds.

3. Ul(a x {a}) is in My41, and §(¥[(a x {a}),a x {a},Our, My)
holds.
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Assume that (¢; j : 4, j < n) satisfies (1) from Definition 6.8. Let A be
a normalized block pattern of block size n.

Part (B): Assume that ©,r UOp C Opr. Then by (1) each ¢; ; € Opr.
To verify SUL, we find £ < n < wy so that \I/(aé, a%) =¢; ; for all 4, 5.
First, apply COMA(4) to get p < wy and E C wy such that type(E) =

wand (A¢ : £ € E) € M,. In this application of COMA(4), X =

{max(A¢) : £ <wi} and F(max(A¢)) = Ae.

Then E € M,, and, enlarging p if necessary, we may assume that
sup(E) < pand A¢ Cpforall { € E.

Then, fir n with p < 7 < w;. We now use successively pseudo-
genericity of \If(-,ag),\lf(-,oz%), A \I/(~,anm_1). Here, ¥(-, ) abbreviates
¥i(a x {o}). |

Let By = {{ € E: Vi < m [¥(af,af) = ciol}. Then E; is infinite
by pseudo-genericity of ¥(-, ag) (see Lemma 6.2). Also, E; € Ma% so by
pseudo-genericity of U(-,ay), By = {€ € By : Vi < m [¥(ag,aq) = ¢ia]}
is also infinite.

If m = 2, we are done.

If m > 2, proceed to get infinite sets Eg = F D By 2 Ey D -+ D E,y,
and for all & € E,,, we have Vi,j < m [¥(af,af) = ¢;j]. Then, since
E,, # 0, we are done.

The proof of (A) is very similar. O

We have not yet proved (C). If ©p C Oz = Oy, then we have proved
that W satisfies the SLR and the SUL, but this does not give us SSD, for
which we need the same &, to work for both the SLR and the SUL.

For this we introduce a new concept, which is motivated by the forcing
fact that adding two Cohen reals is the same as adding one:

Definition 6.12. Let M be a transitive model for ZFC — P and fix
I,J,6,A € M such that (|I| = |J] = w)® and 1 < |©] < w and
1 < JAl < w. A pair demand is a D = ((pn,qn) : n € w), where
{pn :n € w}is an (M,1,0) demand and {g, : n € w} is an (M, J,A)
demand.

Forg: I — © and h: J — A, say (g,h) meets the pair demand D
iff there is m € w so that g D p,,, and h D ¢n,. The pair (g, h) is pair
pseudo-generic over M iff (g, h) meets every pair demand D € M.

The important point here is that the same m produces the pair ex-
tended by g and h, so this pair pseudo-genericity is stronger than the
assertion that g and h are each separately pseudo-generic. To be pedan-
tic, we should say that (g, h) is (I, ©, J, A) pair pseudo-generic if I, 0, J, A
are not clear from context.
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Lemma 6.13. Suppose (g, h) is pair pseudo-generic over M. Then, using
the notation of Definition 6.12, there are infinitely many m such that
[9 D pm & h D qm).

We also need to verify that such g, h exist:

Lemma 6.14. Fiz I,J, O,A € M as in Definition 6.12 and assume that
M Cpg N. Then there exist functions g : I — © and h : J — A such
that (g, h) is pair pseudo-generic over M and g,h € N.

Proof. WLOG, INJ = 0. Then, fix k€ N such that k: TUJ - ©OUA
is (I U J,© U A) pseudo-generic over M. In N, choose g : I — O such
that ¢g(¢) = k(¢) whenever k(i) € ©; and h : J — A such that h(j) = k(j)
whenever k(j) € A.

Given the pair demand D = ((pn,qn) : n € w), let D = {pn U g :
n € w}; note that p, Ug, € Fn(I U .J,© UA). Since k is pseudo-generic,
we may fix m such that & O p,, U g, which implies that g D p,, and
h D gm. O

Proof of Theorem 6.11 (C). We build the “canonical map” ¥ : wy xwy —
w as in the beginning of the proof of Theorem 6.11, so that it also satisfies:
4. U ({a}xa)U(ax{a})) is in Mq41 and the pair (U]({a}xa),
Ul(a x {a})) is pair pseudo-generic over M,.
Actually, (4) implies (2) and (3).

As in the proof of parts (A) and (B), assume that (¢;; : 4,5 < n)
satisfies (T) from Definition 6.8, and let A be a normalized block pattern
of block size n.

Now we are assuming that Op C Opr = Oy, and we must show
that (U, T) satisfies SSD. That is, we must find £ < < w; so that both

Vi, j [®(af,af) = ¢ ;] and Vi, j [¥(al, o) = ¢; ;] hold.

Note that, by our assumption ©p € Orr = Opy, each ¢; ; € OLr =
Oy, so that we may simultaneously use the arguments for parts (A) and
(B).

First, apply COMA(4) to get p < wy and E C wy such that type(E) =
wand (A¢ : £ € E) € M,. As before, we can get sup(E) < p and E € M,
and A¢ C pforall§ € E. Then, fix n with p <7 < w;. We now use succes-
sively pair pseudo-genericity of (¥(-, o), ¥(ag,-)) , (U(-,al), ¥(a],")),

) (\P('vO‘Z@—l)ﬂ \II(OZZL—U )) :

Let By = {€ € E: Vi <m [¥(ag, o)) = cio & ¥(af),a;) = col}.
Then F; is infinite by Lemma 6.13 and pair pseudo-genericity of
((,a0), ¥(ag,)). Also, Ey € May so by pair pseudo-genericity of
(U(-,al),¥(af,")), Be:={6€Ey:Vi<m [\I!(aé, 04717) =ci1 & \11(04,177 aé) =
c1,:]} is also infinite.
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If m = 2, we are done. If m > 2, proceed to get infinite sets Fg = E 2O
E, D Ey; D --- D E,, such that for all £ € E,,: Vi,j <m [\I!(aé,a{]) =
cij & ¥(af, af) = ¢;ji]. Then, since E,, # (), we are done. O

Properties of ¥ and G¥ under possible combinations of © p, Oy, O r
are given by the following.

Lemma 6.15. Assume the COMA, and let ¥ = (©p,OLr,OuL) be a
restriction, with ©p C OprNOyr and |Op| = 1. There are four possible
inclusion relations that can hold between Oy, and ©pr, and the following
table summarizes the properties of F¥ and G¥ under each of the four,
where ¥ : w1 X w1 — w s built using the “canonical map” of the proof of
Theorem 6.11 (replacing the “¥(a, ) = 0" by “¥ (o, ) € Op”).

Inclusion Relation FY G¥
Our =Orr stHG stHG
Our ; OLr stHS + —-HL | stHL + —-HS
Our 2 OLr stHL + —HS | stHS + —HL
@UL,Z@LR and @UL;_ﬁ@LR -HC -HC

Proof. The positive results are clear from Theorem 6.11 and Lemma 5.5.

As a typical negative result, consider the last line in the table. Assume
that Oy, ,@ O©rr and that Oy, z @LR, and fix m € @UL\GLR and n €
©rr\Our. Then, use pseudo-genericity to choose ordinals &,, o, 7, €
wy for p < wy such that p < v = &, <o, < <& < ay <Ny
and ¥(¢,,a,) = m and ¥(n,,q,) = n. Note that ({,,a,) € Dy, and
(Mu, ) € DrR, so these values m,n are consistent with our restriction
T. Now, let U, = {h € w** : h(§,) = m & h(n,) = n}. Then f,, € Uy,
but v # u — fa, ¢ U, by the choices of n ¢ Oy and m ¢ ©pr. Thus
{fa, : < w1} is a discrete subset of F, and so F is not HC.

To choose the £, a,,n, € wi: Proceed by recursion on p. Given the
Euyay,my for p <wv: Let 7 =sup{n, : p <v}. Thenlet n, =7+ w+w.
Then, using pseudo-genericity of U[({n,} x n,), fix o, with 7+ w < ay, <
7, and ¥(n,,a,) = n. Then, using pseudo-genericity of ¥|(a, X {a,}),
fix & with 7 < &, < 7+ w such that (&, a,) = m. O

7. ProbpucTs OF HG SPACES

Lemma 6.15 points out that using the COMA, one can construct FY
to be stHG. This may seem uninteresting, since non-trivial examples of
stHG spaces exist in ZFC (see Section 5). Using the COMA, however, lets
us construct spaces with features not possible in ZFC. In particular, we
can build a pair of stHG spaces whose product contains a strong S-space,
or a strong L-space, or both; thereby proving Theorem 1.3.
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The proof of Theorem 6.11(C) required us to introduce the concept
of pair pseudo-genericity. The combinations of stHG spaces we build
here will require the notion of s—fold pseudo-genericity, which naturally
generalizes Definition 6.12 and Lemmas 6.13 and 6.14:

Definition 7.1. Let M be a transitive model of ZFC — P and fix s €
w\{0}. Assume that we have I,,,0, € M for u < s such that (|I,| = w)M
and 1 < [0,| < w for each px < s. An s—fold demand D is of the form
D= {{pt:u<s):n € w), where for each p < s {p* : n € w} is an
(M,I,,0,) demand. We say that (g" : u < s) meets this demand iff each
g" I, — ©, and Im € wVu < s [g" D pl]. The sequence (g" : p < s)
is s—fold pseudo-generic over M iff it meets every s-fold demand in M.

Note that as for pair pseudo-genericity, the same m must work for
each p in the definition of meets, so it is not sufficient that each g" be
separately pseudo-generic.

Lemma 7.2. Suppose (g" : p < s) is s—fold pseudo-generic over M.
Then using the notation of Definition 7.1, there are infinitely many m €
wVp <s[gh D phl.

Lemma 7.3. Fiz s € w and (I, : p < 5),(0, : p < s) € M as in
Definition 7.1, and assume that M Cpg N. Then there exist a sequence
(g* : n < 8) € N that is s—fold pseudo-generic over M.

This machinery helps us build the spaces that prove Theorem 1.3,
which we restate:

Theorem 1.3.  Assuming the COMA, there are spaces X,Y that are
strongly HG (and hence strongly ESLC') such that X XY contains a strong
S-space and a strong L-space.

We first prove a weaker version:

Lemma 7.4. Assuming the COMA, there are spaces X,Y that are strongly
HG such that X XY contains a strong S-space or a strong L-space.

Proof. We shall get two functions W', U2 : w; x w; — {0,1}. Each one
separately will be constructed using the COMA as above, using the re-
striction T = (@D,@LR,@UL), where ©p = {0} COpyr=0Orr= {O, 1}.

We now have fz(a) = ¥'(a,f) and f3(a) = ¥?(a,f) and F' =
{f5:B <wi}and F? = {fF: B <wi}. Now F', F* C {0,1}*1.

Using O r = Opy for F' and F? separately, each one will be strongly
HG. We shall arrange for the diagonal A of F! x 2 to be a strong S-space;
so X =Fland Y = F2.

Note that A = {(f3,f3) : B < wi}. We may think of A as arising
from a single function ¥ : w; x w; — {0,1} x {0,1}, where ¥(a, 8) =
(Ul(a, B), ¥2(a, B)). Although ¥ maps into {0, 1} x {0, 1} instead of into
4 ={0,1,2,3}, all the previous results will apply to ¥ if we arrange for
¥ to be constructed properly from our pseudo-generic functions.
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Furthermore ¥? will be related to ¥! in the following way: For (a, 3) €
Dy, we shall have ¥2(a,3) = ¥!(a,3), so the only values of ¥ on
Dy will be (0,0) and (1,1). On Dpgr, ¥ will take all four values
(0,0),(0,1),(1,0),(1,1). Of course, on D, ¥ will take only the value
(0,0).

So, the combined function ¥ corresponds to T% = (0%, 0% 5, 05L),
where ©F, = {(0,0)} (so (0, 0) acts like 0) and O7 ; = {(0,0), (0,1), (1,0),
(1,1)}, and ©};, = {(0,0), (1,1)}; so that for A = F¥, we have 6}, &
©7 R, so that by Lemma 6.15, A will be stHS and —HL; that is, a strong
S-space.

This argument requires the three functions ¥', ¥2, and ¥ to be ob-
tained by the canonical construction with appropriate restrictions. To get
this, we modify the proof of Theorem 6.11 and obtain the following for
1=1,2:

1. ¥(a,a) =0.

2. UVii({a} x a) € Myy1, and #(U)({a} x a),{a} X a,OLr, M,)
holds.

3. U'(a x {a}) € Maya, and £(¥'[(a x {a}),a x {a},Our, Ma)
holds.

4. The pair (U/[({a} x @), ¥/ [(a x {a})) is pair pseudo-generic over
M,.

5. Uli(a x {a}) = ¥?[(a x {a}).
6. The triple (U![({a} x a), ¥ [(ax{a}), V3 [({a} x a)) is in Ma4q
and is three-fold pseudo-generic over M.
7. The pair (¥']({a} x ), U?[({a} x @) is pair pseudo-generic over
o
If we instead want the diagonal to be a strong L-space, then we would
replace (5) by U'[({a} x a) = ¥?[({a} x a).

Actually, (2)(3)(4)(7) are consequences of (5) + (6). We list them be-
cause for each i, items (1)(2)(3)(4) construct (¥?,T) satisfying SSD so
that each F* is strongly HG.

To verify that this also produces a canonical construction for ¥, the
following table lists the canonical requirement number (1)(2)(3)(4) and
the relevant condition from the list (1 — 7) above. In the table “ppg”
abbreviates “pair pseudo-generic”

requirement condition
(1) ¥(a,a)=(0,0) (1)
(2) 8 [ (o} xa),{a} X a, 075, Ma) (6)
(3) #(¥ [ (ax{a}),ax{a}, 07, M) (3)(5)
4) (] ({a}xa),¥]| (ax{a}))isppg over M, | (5)(6)
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The preceding proof builds a sequence of approximations to our spaces
X, Y, and the diagonal A. At stage «, we construct sequences of type
«: the horizontal ones, ¥![(a x {a}) and ¥?[(a x {a}), along with the
vertical ones, U![({a} x a) and ¥2[({a} x a). Each one separately is
pseudo-generic over M,. The condition that U!|(a x {a}) = ¥?|(a x
{a}) reduces this to three different sequences, leaving us with the triple
(U1 ({a} x ), U (a x {a}), ¥2[({a} x a)), which we make three-fold
pseudo-generic over M,. Together, these conditions build the diagonal of
F1 x F? to be a strong S-space. If we instead want the diagonal to be
a strong L-space, using the revised condition (5), we make the triple of
functions (¥![({a} x ), ¥ [(a x {a}), ¥?[(a x {a})) three-fold pseudo-
generic over M.

Proof of Theorem 1.3. We build two examples as in Lemma 7.4:
W15 W25 where the diagonal is a strong S-space, and W'l W2l where
the diagonal is a strong L-space. That is, we build two pairs of stHG
spaces: One pair is F'% and F2° , with F'¥ x F2% containing a strong
S-space. The other pair is F' and F2L | with F'¥ x F2L containing a
strong L-space. Then X = F'SUFY and Y = F2UF?L. We build in
enough s—fold pseudo-genericity so that X and Y are both strongly HG.

At stage a we construct the following sequences of type a. There are
horizontal ones:

U (ax {a}), ¥ )(a x {a}) , T (a x {a}), ¥*F[(a x {a}),
along with vertical ones:
U({a} x @), ¥ ({a} x a) , ¥({a} x ), ¥*F({a} x a) .

Each of these separately is pseudo-generic over M, but we also have two
equations

V[ x {a}) = ¥ [(ax {a}) and ¥'E[({a} x @) = U [({a} x a)

relating them, leaving us with a sextuple of different functions, which we
make six-fold pseudo-generic over M,,. O

Thus, by Theorem 1.3, productivity of ESLC does not follow from CH;
our example builds a strong S-space and a strong L-space into a product
of strongly HG spaces. In contrast, strong S-spaces and strong L-spaces
are refuted by MA(R;) [8]. Assuming PFA, there are no S-spaces [16], and
hence HS implies ESLC. That is, under PFA, a space is ESLC iff none of
its subspaces is an L-space. Just in ZFC, [10] constructs an L-space. We
do not know whether it is possible to build an L-space into a product of
ESLC spaces.
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